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NANOMECHANICS OF SURFACES AND INTERFACES

An engineering revolution is currently underway in that devices at the nanometer scale are fabricated. Successful
design and development of nanoscale devices and systems will have a significant impact in our lives. The micro-
electronics industry is currently pursuing 0.15-micron process technology and this will be extended to the 100-nm
process technology in the next few years. The information storage industry is investigating control and processing
of nanometer grain magnetic thin films for ultra high-density data storage. Biotechnology of DNA and protein
microarrays involving oligonucleotide molecules attached to glass or plastic substrates promises to monitor the
whole human genome on a single chip so that researchers can have a better picture of the interactions among
thousands of genes simultaneously. We, as students of Mechanics, have an important role to play in these new
developments. This is not unexpected; even Aristotle gave Mechanics a sense of wonder:Nature works against
man’s needs, because it always takes its own course. Thus, when it is necessary to do something that goes beyond
Nature, the difficulties can be overcome with the assistance of Engineering. Mechanics is the name of the Engi-
neering discipline that helps us over those difficulties; as the poet Antiphon put it ‘‘Engineering brings the victory
that Nature impedes.’’

The emerging field of nanomechanics is concerned with extending concepts and methods in traditional mechanics
to describe the mechanical response of nanoscale devices~e.g., the deformation modes of nanotubes!. At nanometer
length scales, conventional computational methods~e.g., finite element method! for design and analysis are no
longer appropriate. There is a compelling need for novel modeling and simulation techniques suitable for nanoscale
science and engineering as well as innovative experiments to validate these methods.

Modeling and simulation of materials at the nanoscale will require not only atomic and molecular modeling, but
also modeling at both the mesoscopic and continuum scales. This is especially true of mechanical properties that
depend on phenomena at all possible length scales. For example, it is known that atomic and molecular arrange-
ments~and energies! at the cores of dislocations and at the tips of cracks play a dominant role on the mechanical
properties of materials. These effects manifest themselves through the properties and behavior of imperfections and
through the collective behavior of these imperfections at the continuum scale. The grand challenge of nanoscale
modeling and simulation is to develop computational methods capable of spanning different length scales. The
validation of such computational methods will also require comparison with experiments, especially ones that
directly reveal material behavior at multiple length scales. One example is the nanoindentation experiment that,
besides being a widely used experimental method to measure nanoscale material properties, also appears to be idea
for validating modeling and simulation methods. We need more experimental methods that provide direct informa-
tion about mechanical properties of materials at all length scales of interest, from the atomic and molecular scale,
through the mesoscopic to the continuum scale.

The group of eight papers that follows is intended as a preliminary overview of some of the current topics and
opportunities of interest to the researchers from a traditional mechanics background. The authors have utilized their
varying expertise in applied physics, materials, and mechanics to provide an exciting view in the world of nano-
mechanics. We hope that the readers of the Journal will find this work useful and stimulating.
Copyright © 2002 by ASMEJournal of Applied Mechanics JULY 2002, Vol. 69 Õ 405
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Effect of Nonlinear Elastic
Behavior on Bilayer Decohesion
of Thin Metal Films From
Nonmetal Substrates
Nonlinear unloading behavior has been observed in thin metal films on substrates.
present work, the effects of this nonlinear unloading behavior on the strain energy re
rate in bilayer decohesion experiments, in which a highly stressed overlayer (‘‘driver
used to decohere a layer (‘‘target’’) from a substrate, is modeled. Cases where eithe
driver or the target layer are nonlinear are considered. For particular combinations
stiffnesses and thicknesses, the difference between linear and nonlinear unloading
ior can be quite large (several hundred percent) at experimentally observed stress l
For practical cases of CR/CU and CU/glass driver/target layer combinations, the m
mum difference is about 25%.@DOI: 10.1115/1.1468998#
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1 Introduction
The adhesion between thin metal films and nonmetal substr

is a major technological concern and a number of analytical
experimental investigations on this topic have been reported~@1–
7#!. Decohesion of a thin metal film from a nonmetal substrate
a very complicated process~@4#! which depends on many factor
including: the cohesive energy at the interface, elastic, and pla
properties of the film and substrate, thickness of the film, str
level in the film, the geometry of the crack, and environmen
effects. Furthermore, two decohesion modes have been obse
Depending on the adhesion between the thin film and the subs
and the stresses, cracks may initiate and propagate along the
substrate interface~@5,6#! or start at the interface, extend into th
substrate and evolve into a trajectory parallel to the interface~@1–
3#!.

An example of much current interest is provided by the em
gence of copper as the next generation metallization materia
microelectronics. Because of its excellent electrical conductiv
and resistance to electromigration, Cu is used in a wide arra
applications including Si-based integrated circuits, flat panel
plays and other large area electronics, multichip modules, cir
boards, and individual high-performance thin film devices~e.g.,
transistors, resistors, capacitors!. In these applications, Cu layer
are deposited on, and are in turn covered with, other layer
many different types of material including oxide and nitride b
riers, polymer dielectrics, and metallic seed and adhesion lay
Due to differential thermal expansion between Cu and the typ
nonmetal substrates~e.g., Si, glass, polymer! that are used in such
applications, very high stresses may arise in the metalliza
which, in turn, may lead to decohesion failure. A number of rec
studies have focused on adhesion between Cu and various
layers~@6,7#!.

In recent studies of the thermomechanical behavior of Cu
films, a very strong Bauschinger-like effect has been observe

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar
15, 2001; final revision, December 15, 2001. Associate Editor: D. A. Kouris. Disc
sion on the paper should be addressed to the Editor, Professor Robert M. McM
ing, Department of Mechanical and Environmental Engineering University
California–Santa Barbara, Santa Barbara, CA 93106-5070, and will be accepted
four months after final publication of the paper itself in the ASME JOURNAL OF
APPLIED MECHANICS.
Copyright © 2Journal of Applied Mechanics
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which the yield stress of the film on reverse loading is reduced
the point that it becomes negative: i.e., during unloading, the fi
begins to yield plastically in compression while the appli
stresses are still tensile~@8,9#!. An example is shown in Fig. 1
Here, the stress in a 1-mm thick Cu film encapsulated by thin
Si3N4 barrier ~underlayer! and passivation~overlayer! films on a
Si substrate is shown as a function of temperature during
second thermal cycle between room temperature and 60
~@10#!. Also shown is the ‘‘thermoelastic line’’ that the stres
would follow if the deformation during heating were purely ela
tic. It is evident that the data deviate from the thermoelastic l
beginning at a temperature of about 100°C, where the stress o
film is still tensile. The fact that the data lie above this line~re-
laxation towards more tensile stresses! immediately after yielding
indicates that the plastic strains are compressive.

As in classical descriptions of the Bauschinger effect, t
‘‘negative yielding’’ behavior indicates deformation that is drive
by energy stored in the film during the previous loading~cooling!
cycle. A mechanism for this type of behavior based on the stor
and recovery of energy in the form of dislocation line length
interfaces has been proposed elsewhere~@8#!. In the present work,
we consider the effect of this nonlinear unloading behavior on
driving force for decohesion crack propagation in two ‘‘driv
film’’ bilayer decohesion problems: In one, a highly stressed lin
elastic overlayer~the ‘‘driver’’ ! is used to drive a decohesio
crack between an underlying metal film~the ‘‘target’’! having un-
loading behavior like that shown in Fig. 1 and the substrate. In
other, the metal film is the driver and is used to cause an un
lying linear elastic layer to decohere from the substrate. In b
cases, the effect of the nonlinear unloading in the metal fi
shown in Fig. 1 on the strain energy release rate during deco
sion is considered. General solutions for these bilayer proble
are presented, along with predictions for particular cases inv
ing Cu films.

2 Bilayer Modeling
The model can be described using the thought experiment il

trated in Fig. 2. Figure 2~a! shows a bilayer film on a substrat
with a decohesion crack running from the right to the left alo
the bilayer/substrate interface. Due to internal stresses, the d
hered bilayer curls away from the substrate. Our general stra
will be to compare the strain energy per unit film area,U1` , far

h
us-
eek-
of
until
002 by ASME JULY 2002, Vol. 69 Õ 407
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ahead of the decohesion crack~shaded area on the left in Fig
2~a!! with the strain energy per unit area far behind the deco
sion crack,U2` ~shaded area on the right in Fig. 2~a!!. The strain
energy per unit area available to drive the crack is then jusG
5U1`2U2` .

To find U1` and U2` , we need to know the stresses in th
layers. We assume that, before decohesion, layers 1 and 2 su
uniform stressess1

o ands2
o due to the constraint imposed by th

substrate~Fig. 2~b!!. To find the stresses in the decohered bilay
we imagine releasing both layers from the substrate as show
Fig. 2~c!. We then apply equal and opposite moments,M, and
uniaxial forces,S, per unit width to the two layers as shown
Fig. 2~d! in order to match their lengths and curvatures along
layer 1/layer 2 interface. When these conditions are met,
stresses in the layers are the same as those in the decoher
layer.

Fig. 1 Thermomechanical behavior of a 1- mm thick Cu film
encapsulated between Si 3N4 layers on a Si substrate „†10‡…. The
solid line indicates the expected thermoelastic behavior of the
film. The data deviate upward from the thermoelastic line be-
ginning at about 150°C during initial heating indicating the on-
set of compressive plastic yielding although the film is still in
tension. This nonlinear unloading behavior is included in the
subsequent decohesion modeling.
408 Õ Vol. 69, JULY 2002
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For a bilayer film, the stress state before decohesion is, in g
eral, biaxial in the plane of the film. When the bilayer is releas
from the substrate andS and M are applied, it curves along th
direction perpendicular to the crack front. The stresses are rela
in this direction, but parallel to the crack front the decoher
bilayer has no curvature and hence continues to support stress
this direction. In other words, the stress state is approximately
corresponding to plane strain in the plane with normal in the
rection parallel to the crack front. However, to make this probl
more tractable, we neglect the stresses parallel to the crack f
This uniaxial treatment is similar to treating the sample as i
were a decohering narrow strip~@5#!.

2.1 Model for the Linear Driver Film Experiment. In the
driver film experiment, a highly stressed ‘‘driver’’ film~layer 1 in
Fig. 2! is deposited onto a ‘‘target’’ film of interest~layer 2! in
order to measure the adhesion between the target film and
substrate~@11#!. In general, the driver film is selected such th
s1

o.s2
o so that the bilayer curls up when it decoheres from

substrate. A typical driver film is a refractory metal~e.g., Cr!
evaporated at low temperature so as to support very high stre
after deposition. Such a film does not show the nonlinear unlo
ing behavior shown in Fig. 1~@11#!. Thus, we model the driver a
linear elastic and compare the cases where the target film exh
linear and nonlinear unloading behavior.

2.1.1 Linear Unloading in Target Film. We begin with the
case where layers 1 and 2 are both linear elastic and have uni
initial stressess1

o ands2
o , Young’s moduliE1 andE2 , and thick-

nessesh1 andh2 , respectively. The strain energy per unit area
ahead of the crack~the shaded area on the left side of Fig. 2~a!! is

U1`5
~s1

o!2h1

2E1
1

~s2
o!2h2

2E2
. (1)

The stresses in the two layers after the layers have been rele
from the substrate~Fig. 2~c!! andS andM are applied~Fig. 2~d!!
can be written as
Fig. 2 Schematic of the bilayer adhesion problem. „a… The strain energy release rate
can be obtained by comparing the strain energy in the film far ahead of and far behind
the decohesion crack front. „b… Far ahead of the crack, the strain energy is just that
arising from the initial stresses in the two layers. We then imagine „c… releasing the
films from the substrate and „d… applying edge forces S and moments M to ensure
that the two layers have the same length and curvature along the interface. When
these two conditions are met, the layers can be joined, and have the configuration of
the bilayer behind the crack. The strain energy can be calculated from S and M and
the properties of the layers.
Transactions of the ASME
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s15
S

h1
1S Sh1

2
2M D y1

I 1
, (2a)

s252
S

h2
1S Sh2

2
1M D y2

I 2
, (2b)

where I 15h1
3/12 and I 25h2

3/12 are the moments of inertia pe
unit width, andy1 andy2 are coordinates normal to the plane
each layer~measured down from the center of each layer
shown in Fig. 2~d!!, for layer 1 and layer 2, respectively. Th
requirement that the change in strain along the interface plan
the same in both layers~that is, ath15y1/2 andh252y2/2! when
the layers are removed from the substrate and rejoined as sh
in Fig’s 2~b!–2~d! can be expressed as

1

E1
F S

h1
1S Sh1

2
2M D h1

2I 1
G2«1

T

5
1

E2
F2

S

h2
2S Sh2

2
1M D h2

2I 2
G2«2

T , (3)

where

«1
T5

s1
o

E1
(4a)

and

«2
T5

s2
o

E2
. (4b)

The requirement that the curvatures be the same along the
1/layer 2 interface in Fig. 2~d! can be written as

1

E1I S Sh1

2
2M D5

1

E2I 2
S Sh2

2
1M D . (5)

To find U2` , we must solve Eq’s.~3! and~5! for SandM, and
use these values in the expressions for the stresses in the lay
Eq. ~2!. The strain energy per unit width far behind the crack~the
shaded area on the right side of Fig. 2~a!! can then be found from

U2`5
1

2 E2h1/2

h1/2 s1
2

E1
dy11

1

2 E2h2/2

h2/2 s2
2

E2
dy2 . (6)

The solution can be put into a considerably more useful fo
by making the following substitutions:

d5
h1

h2
, (7a)

v5
E1

E2
, (7b)

1

E
5

1

E1
1

d

E2
5

1

E1
~11dv!, (7c)

x5
6~11d!

d~11vd!
, (7d)

g5
vd2~11d!

2~11vd3!
, (7e)

and

D«T5«1
T2«2

T5
s1

o

E1
2

s2
o

E2
5

1

E1
~s1

o2vs2
o!. (7f)

If we then let

s5
S

Eh1D«T (8a)

and
Journal of Applied Mechanics
r
f
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m5
M

Eh1
2D«T , (8b)

then by combining Eqs.~4! and~6! and using the substitutions in
Eqs. ~7! and ~8!, after substantial manipulation we find solution
for the stresses in the layers after decohesion~Eqs.~2a! and~2b!!
which can be written as

s15
s1

o2vs2
o

~11vd!~11xg! S 1112g
y1

h1
D (9a)

and

s25
s1

o2vs2
o

~11vd!~11xg! S 2d1
12g

vd

y2

h2
D . (9b)

The solution to Eq.~6! is then

U2`5
h1

2E1
F s1

o2vs2
o

~11vd!~11xg!
G2F 11vd112g2S 11

1

vd3D
~11vg!2

G .

(10)

Finally, using Eqs.~1!, ~7a!, ~7b!, and ~10! we find the strain
energy release rate,G5U1`2U2` , for the linear elastic case to
be

G5
h1

2E1

F ~s1
o!21

v

d
~s1

o!22F s1
o2vs2

o

~11vd!~11xg!
G2

3F 11vd112g2S 11
1

vd3D
~11vg!2

G G . (11)

2.1.2 Nonlinear Unloading Behavior in Target Film.We as-
sume that a film undergoing isothermal unloading~as during de-
cohesion! would follow the behavior shown in Fig. 1, at least
strains corresponding to low temperatures. We approximate
behavior by a series of straight lines as shown in Fig. 3. Using
known thermal expansion coefficients of the Cu film and the
substrate, we can convert the stress-temperature behavior a
the path ABCDE, into stress-strain behavior with the zero ela
strain axis at point C, as shown in Fig. 4~@11#!. Since the deco-
hered film will never be reloaded, we can treat the nonlinear
loading behavior shown in Fig. 1 as if it were elastic. That
although the nonlinear behavior may arise from dislocation m
tion during unloading~@8,10#!, the stresses will decrease along
path similar to that shown in Fig. 4 and this may be treated a
nonlinear elastic unloading process.

The initial slope in Fig. 1~segment AB in Fig 4! is seen to
correspond to that which would be predicted from the well-kno

Fig. 3 The linearization of the Cu film unloading problem is
accomplished by approximating substrate curvature s – T data
with straight lines during heating
JULY 2002, Vol. 69 Õ 409
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Thus, the effect of the nonlinear unloading on the strain ene
release rate can be visualized by comparing the case of li
unloading~along line AF! with that of nonlinear unloading which
initially follows the line AB, but then deviates to a second bran
BD, and then to the third branch, DE. Sinces1

o.s2
o , the stresses

in layer 2 after decohesion will be more compressive than thos
layer 1. Thus, compared with the linear case, an element in
nonlinear layer provides additional strain energy~the area in the
triangle BCG! as it is unloaded to zero stress, and costs sign
cantly less strain energy as the stress becomes compressive d
the higher compliance of the second and third branches.

In the present model, we consider only the first and sec
branch, allowing the stress to continue along the second branc
far as necessary~in the direction BDH!. The stresses in layer 2
will then, in general, lie along the path ABH after unloadin
However, the difference between the linear and non linear c
will be largest if all of the stresses in this layer lie along t
second branch. Thus, we only consider solutions wheres2

max

,s2* , wheres2
max is the ~algebraic! maximum stress ands2* the

stress at the top of the second branch~point B in Fig. 4!.
The strain energy per unit area far ahead of the crack front

the bilayer now becomes

U1`* 5
~s1

o!2h1

2E1
1

h2

2 F ~s2
o!2

E2
1~s2

o!2S 1

E2*
2

1

E2
D G , (12)

where E2* is the compliance of layer 2 on the second bran
Since we limit solutions to cases wheres2

max,s2* , Eqs. ~2!–~6!
above can be modified for the nonlinear unloading case simply
substitutingE2* for E2 , S* for S, andM* for M. The change in
strain along the interface in layer 2 during the unloading part
the thought experiment~Fig. 2~b–c!! becomes

~«2
T!* 5

s2*

E2*
1

s2
o2s2*

E2
(13)

Fig. 4 The s–« behavior corresponding to the approximation
of the s – T data in Fig. 3 along the path ABCDE obtained using
the temperature-dependent thermal expansion coefficients of
Cu and Si †11‡
Si.
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~compare with Eq. 4~b!!. Otherwise, Eqs.~2!–~6! remain the
same. The substitutions given by Eqs.~7! now become

d5
h1

h2
, ~unchanged from~7a!! (14a)

v* 5
E1

E2*
, (14b)

1

E*
5

1

E1
1

d

E2*
5

1

E1
~11dv* !, (14c)

x* 5
6~11d!

d~11v* d!
, (14d)

g* 5
v* d2~11d!

2~11v* d3!
, (14e)

and

~D«T!* 5«1
T2~«2

T!* 5
s1

o

E1
2

s2
o

E2
1s2* S 1

E2
2

1

E2*
D

5
1

E1
~s1

o2vs2
o2s2* ~v* 2v!!. (14f)

If as before we now let

s* 5
S*

E* h1~D«T!*
(15a)

and

m* 5
M*

E* h1
2~D«T!*

, (15b)

and follow a similar procedure to that described above, we fi
solutions for the stresses in the layers after decohesion~compare
with Eqs.~9a! and ~9b!! which can be written as

s15
s1

o2vs2
o2s2* ~v* 2v!

~12dv* !~11x* g* ! S 1112g*
y1

h1
D (16a)

and

s25
s1

o2vs2
o2s2* ~v* 2v!

~12dv* !~11x* g* ! S 2d1
12g*

v* d

y2

h2
D . (16b)

The strain energy per unit area in the decohered bilayer then
comes

U2`* 5
h1

2E1
Fs1

o2vs2
o2s2* ~v* 2v!

~12dv* !~11x* g* !
G2

3F 11v* d112S 11
1

v* d3D ~g* !2

~11v* g* !2
G . (17)

Finally, using Eqs.~12!, ~14a!, ~14b!, and ~17!, we find the
strain energy release rateG* 5U1`* 2U2`* for the case where
layer 2 exhibits nonlinear unloading as shown in Fig. 4 to be
G* 5
h1

2E1 F ~s1
o!21

v

d
~s2

o!21~s2* !2
~v* 2v!

d

2Fs1
o2vs2

o2s2* ~v* 2v!

~12dv* !~11x* g* !
G2F 11v* d112~g* !2S 11

1

v* d3D
~11v* g* !2

G G . (18)
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2.1.3 Limits on Solutions.We implement the requiremen
that s2

max,s2* by observing that the maximum stress in layer
occurs aty25h2/2. Thus, from Eq.~16b!, we only consider solu-
tions for which

s2
max5

s1
o2vs2

o2s2* ~v* 2v!

~12dv* !~11x* g* ! S 2d1
6g*

v* d D,s2* (19)

Note that, since we are only considering films that curl up, we a
limit our solutions to cases whereD«T ~Eq. ~7f!! and (D«T)* ~Eq.
~14f!! are both positive. We also limit solutions to cases wh
E2* <E2 so thatv* >v.

2.2 Model for a Nonlinear Driver Film. We now consider
the case where the driver film is nonlinear and the target laye
linear. This would be the case where a metal film with behav
like that shown in Fig. 1 is used as a driver to cause a linear ta
layer to decohere. The lower layer may be distinct, but it co
also be part of the substrate;i.e., decohesion occurs by extensio
of a crack along a plane parallel to the film/substrate interface
located a distance below it in the substrate. This mechanism
been observed, for example, in decohesion of thin metal fi
from silicate glass substrates~@1–4#!.

We could derive new solutions for this problem by using t
thought experiment of Fig. 2 and assuming that layer 1 is non
ear and layer 2 is linear. However, we can use the derivat
above to describe this problem if we simply invert the geome
of the sample as shown in Fig. 5. Layer 1 is~still! linear, and we
consider the cases where layer 2 is~still! linear or nonlinear as
before~paths AF and ABH, respectively, in Fig. 4!. The solutions
to this problem are the same as those shown in Section 2.1 an
solutions for the strain energy release ratesG and G* given in
Eqs.~11! and~18!, respectively, still apply. However, the range
variables over which the solution is valid changes. The requ
ment that the bilayer curvesdownupon decohesion from the sub
strate means thatD«T ~Eq. ~7f!! and (D«T)* ~Eq. ~14f!! must both
be negative. The maximum~algebraic! stress in layer 2 occurs a
the interface (y252h2/2), so the requirement thats2

max,s2* be-
comes

s2
max5

E* ~D«T!*

11x* g* S 2d2
6g*

v* d D,s2* . (20)

As before, we require thatv* >v.

3 Results
We wish to determine the conditions under which the differen

between the linear and nonlinear solutions becomes significan
our derivation, the stresses,s1

o , s2
o , ands2* are explicit, so we

specify these stresses and calculate strain energy release rat
various values ofd, v, andv* .

3.1 Linear Driver Film. We begin by considering the nor
malized values of the strain energy release rates obtained by
tiplying both sides of Eqs.~11! and ~18! by 2E1 /h1 . As a frame

Fig. 5 Schematic of the bilayer decohesion problem when
layer 2 is the driver and layer 1 is the target. For this configu-
ration, Eqs. „1…–„18… still hold and the solution can still be used.
Only the range of validity of the solutions „Sections 2.1.3 and
2.2… changes.
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of reference, we use values from experimental measurements
are reported elsewhere~@11#!. In these experiments, Cr drive
films were used to cause Cu films to decohere from glass s
strates. The Cr films were found to have a stress as-deposite
1280 GPa, independent of thickness. For Cu we use the va
obtained from Fig. 4. The normalized strain energy release ra

G5
2E1

h1
G and G* 5

2E1

h1
G* , (21)

for the case of a bilayer curling up withs1
o51280,s2

o5400, and
s2* 5150 ~Fig. 4! are plotted in Fig. 6 as a function ofv andv*
for a thickness ratio ofd51. It is evident thatG, which has no
dependence onv* , goes to zero asv decreases. This is becaus
G→constant asE1→0 ~layer 1 becomes infinitely compliant! and
G→0 asE2→` ~layer 2 becomes infinitely stiff!. On the other
hand,G* increases withv* at all v values and decreases to
constant asv decreases. The latter arises becauseE2* must scale
with E1 in order for v to decrease at constantv* . Thus, G*
→` as E1→0 ~such that the product is constant! and G*
→constant asE2→`. The region in which the solution is valid is
limited at lower values ofv and v* by the requirement tha
s2

max,s2* , at higher values ofv and lower values ofv* by the
requirement thatv* >v, and at higher values ofv andv* by the
requirement thatD«T and (D«T)* both be positive.

It is evident that the difference between the linear and n
linear cases increases asv decreases andv* increases. Figure 7
shows the fractional difference in the strain energy release r
given by

F5
G*

G 21, (22)

over a narrower range ofv and v* for the same stresses an
thickness ratio as in Fig. 6. As expected,F50 whenv5v* , and
increases asv decreases andv* increases. For the Cr/Cu system
we haveE15248 GPa,E25230 GPa,E2* 5106 GPa, so log(v)
50.018 and log(v* )50.369. The difference in strain energy re
lease rates between the linear and nonlinear case for this syst
about 5%. For systems with smallerv or largerv* , this differ-
ence rises quickly.

Figure 8 showsG and G* as a function ofd and v* for v
51. These values both increase asd→0, and decrease asd→` as
a result of the normalization by 1/h1 . In Fig. 9,F is shown as a

Fig. 6 Normalized strain energy release rates G „lower sur-
face … and G* „upper surface … as defined in Eq. „21… for linear
and nonlinear bilayers, respectively, with s1

oÄ1280, s2
oÄ400,

and s2*Ä150 as a function of the stiffness ratios v „Eq. 7„b……
and v* „Eq. 14„b…… at a thickness ratio of dÄ1 „Eq 7„a……. The
bilayer curves up as shown in Fig. 2. As v\0, G\0 and G*
\constant. G* increases with increasing v* .
JULY 2002, Vol. 69 Õ 411
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function of d and v* for v51. As expected, along the linev
5v* 51, F50. A small maximum occurs at all values ofv*
greater than 0 at about log(d)521.2. The heavy line at log(v* )
50.369 indicates the behavior of the Cr/Cu system. The m
mum along this line~at log(d)'21.2! is about 24%. The gap in
the solution arises from the requirement thats2

max,s2* .

3.2 Nonlinear Driver Film. We now consider the cas
shown in Fig. 5 where the target film~now layer 1! is linear and
the driver film ~now layer 2! is either linear or nonlinear. Thes
solutions are similar in form to those described in Section 3
Figure 10~compare with Fig. 6! showsG and G* ~Eq. ~21!! as
functions ofv andv* for d51, s1

o50, s2
o5400, ands2* 5150.

These stresses correspond to a nonlinear metal film like
shown in Fig 1 decohering an unstressed layer. The solution fG
does not depend onv* and goes to zero asv decreases, and tha
for G* becomes constant withv asv decreases and constant wi

Fig. 7 Fractional difference in strain energy release rate, F
„Eq. „22……, as a function of the elastic stiffness ratios v and v*
corresponding to the data shown in Fig. 6 „dÄ1…. The differ-
ence is zero along the line vÄv* and increases rapidly as v
decreases and v* increases. The point marked with a cross
indicates the stiffness ratios for the case of a Cr ÕCu bilayer. The
strain energy release rate is about 5% higher for nonlinear than
for linear unloading „branches BH and BF, respectively, in Fig
4… at this point. Note that the scale and perspective are different
from Fig. 6.

Fig. 8 Normalized strain energy release rates G „lower sur-
face … and G* „upper surface … as defined in Eq. „21… for linear
and nonlinear bilayers, respectively, with s1

oÄ1280, s2
oÄ400,

and s2*Ä150 as a function of the stiffness ratio v* „Eq. „14b……
and the thickness ratio d „Eq. „7a…… for vÄ1 „Eq. „7b……. The
bilayer curves up as shown in Fig. 2. Both G and G* go to zero
as d goes to zero and increase as d increases.
412 Õ Vol. 69, JULY 2002
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v* asv* increases. As can be seen in Fig. 11~compare with Fig.
7!, the fractional differenceF is a smooth function that is zero fo
v5v* , and goes to infinity asv decreases andv* increases. For
the case of a nonlinear Cu driver film decohering a glass ta
layer ~E1570 GPa,E25230 GPa,E2* 5106 GPa! the strain en-
ergy release rate is about 15% higher than if the Cu layer wer
unload linearly.

In Figs. 12 and 13~compare with Fig’s 8 and 9!, the same
calculations ofG andG* , andF, respectively, are shown as func
tions ofd andv* for v50.3 ('E1 /E2570/230). In Fig. 13, the
heavy line indicatingv* 50.66 ('E1 /E2570/106) represents
the Cu/glass bilayer system. Along this line,F increases rapidly as
d decreases ford.1, exceeding 15% at log(d)'20.2, decreases

Fig. 9 Fractional difference in strain energy release rate, F
„Eq. „22……, as a function of the elastic stiffness ratio v* and the
thickness ratio d corresponding to the data shown in Fig. 8
„vÄ1…. The difference is zero along the line log „v* …Ä0 and
increases as v* increases. F increases as d increases and the
upper linear layer dominates. As d decreases, F approaches a
constant that depends on v* . The dark line indicates the stiff-
ness ratios for the case of a Cr ÕCu bilayer. The difference in
strain energy release rate reaches a maximum of about 24% at
about log „d…ÄÀ1.2. Note that the scale and perspective are dif-
ferent from Fig. 8.

Fig. 10 Normalized strain energy release rates G „lower sur-
face … and G* „upper surface … as defined in Eq. „21… for linear
and nonlinear bilayers, respectively, with s1

oÄ0, s2
oÄ400, and

s2*Ä150 as a function of the stiffness ratios v „Eq. „7b…… and v*
„Eq. „14b…… at a thickness ratio of dÄ1 „Eq. „7a……. The bilayer
curves down as shown in Fig. 5. As v\0, G\0 and G*
\constant. G* increases with increasing v* .
Transactions of the ASME
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slightly and then increases again slightly, becoming constan
about 17%~the difference between linear and nonlinear Cu lay
alone! asd→0.

4 Discussion
The calculations above show that non-linear unloading

shown in Figs. 1, 3, and 4 can have a significant effect on
strain energy release rate of a bilayer depending on the stre
elastic constants and thicknesses of the layers.

In each case, the general form of the solution is very sim
regardless of whether it is the driver or the target film which
non-linear~compare Figs. 6–9 with Figs. 10–13!. This is to be
expected since the same solutions are used; only the stresse
the range of parameters where the solutions are valid differ. L
obviously, the general shapes of the solutions shown in Figs. 6
do not change significantly over a wide range of reasonable ten
stress values, although, again, the magnitudes ofG, G* , andF, as

Fig. 11 Fractional difference in strain energy release rate, F
„Eq. „22……, as a function of the elastic stiffness ratios v and v*
corresponding to the data shown in Fig. 10 „dÄ1…. The differ-
ence increases rapidly as v decreases and v* increases. The
point marked with a cross indicates the stiffness ratios for the
case of a Cu Õglass bilayer. The strain energy release rate is
about 15% higher for nonlinear than for linear unloading
„branches BH and BF, respectively, in Fig 4 … at this point. Note
that the scale and perspective are different from Fig. 10.

Fig. 12 Normalized strain energy release rates G „lower sur-
face … and G* „upper surface … as defined in Eq. „21… for linear
and nonlinear bilayers, respectively, with s1

oÄ0, s2
oÄ400, and

s2*Ä150 as a function of the stiffness ratio v* „Eq. „14b…… and
the thickness ratio d „Eq. „7a…… for vÄ0.3 „Eq. „7b……. The bilayer
curves down as shown in Fig. 5. Both G and G* go to zero as d
goes to zero and increase as d increases.
Journal of Applied Mechanics
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well as the range of parameters where the solutions are v
change. Thus, the solutions shown are representative of the be
ior that might be expected for bilayers containing films with u
loading behavior like that shown in Fig. 1.

Interpretation of the effect of the thickness ratiod on the frac-
tional difference in the energy release rateF ~Figs. 9 and 13! is
straightforward. As the lower metal layer becomes thicker relat
to the upper layer (d→0), the solutions forG andG* approach
the behavior of the lower layer alone, becoming constant ind. At
a constant lowd, the difference between the linear and nonline
solutions, and thusF, increases asv* increases. Asd increases,
the strain energy becomes concentrated in the upper linear l
and the behavior of a nonlinear lower layer becomes irrelev
The strain energy difference becomes small at allv* as the con-
tribution of the lower layer becomes small. The location of t
maximum in F depends on whether the nonlinear layer is t
driver or the target. If the nonlinear layer is the target~Fig. 2!, the
maximum occurs at an intermediate value ofd ~Fig. 9!. This is
due to the upper layer compressing the lower layer after unlo
ing, driving it further along the line BH in Fig. 4, thereby increa
ing the strain energy difference in comparison to the linear fi
which unloads along BF. If the nonlinear layer is the driver~Fig.
5!, the maximum difference between the linear and nonlin
cases~Fig. 13! occurs asd→0 since the stress is more tensile
layer 2 and reducing the influence of layer 1 allows the str
energy in layer 2 to be further reduced.

For the specific cases of Cr/Cu and Cu/glass driver/target c
binations, this model predicts that the nonlinear unloading in F
1 increases the strain energy release rate by 15–25% comp
with linear unloading at particular values ofd ~Figs. 9 and 13!. Of
course, the total strain energy release rate available depends o
total thicknesses of the layers, so for a given target layer th
ness, effects of this magnitude will only be seen in experime
when the fracture toughness of the interface lies in an approp
range. Since low thickness ratios are needed to maximize the
ferences and the stresses in the Cu layers are relatively mo
the effects of nonlinear behavior will be most evident for syste
with low fracture toughness.

Larger effects than those shown for the Cr/Cu and Cu/gl
bilayers are, in principle, possible. In general, the solutions rev
that the differences between the linear and nonlinear unload

Fig. 13 Fractional difference in strain energy release rate, F
„Eq. „22……, as a function of the elastic stiffness ratio v* and the
thickness ratio d corresponding to the data shown in Fig. 12
„vÄ0.3…. The difference is zero along the line log „v* …Ä0 and
increases as v* increases. F increases as d increases and the
upper linear layer dominates. As d decreases, F approaches a
constant that depends on v* . The dark line indicates the stiff-
ness ratios for the case of a Cu Õglass bilayer. The difference in
strain energy release rate reaches a maximum of about 17% as
d\0. Note that the scale and perspective are different from Fig.
12.
JULY 2002, Vol. 69 Õ 413
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cases increase asv* becomes high at constantv, or v becomes
low at constantv* , in the range of valid solutions. Whenv* is
high, the difference between the slopes of the first~AF! and sec-
ond ~BH! unloading branches in Fig. 4, and thus the difference
the overall elastic behavior, is maximized. Whenv is low, the
always-linear upper layer~layer 1! is very compliant compared to
the linear or nonlinear lower metal layer~layer 2!. If the metal
film is the target, a compliant driver pushes the metal film fart
into compression, thus maximizing the difference between the
ear and nonlinear unloading cases. If the non-linear metal film
the driver, a compliant target allows the metal to unload fart
towards the compressive regime with the same outcome.

In practice, larger values ofF may be difficult to achieve. One
can reducev by decreasingE1 . However, ifE1 is reduced, bothv
andv* are reduced. Interestingly, this does not change the v
of F significantly. Calculations withE1510 and 1 GPa, and laye
2 values for Cu as above~E25230 GPa,E2* 5106 GPa! both re-
turn values ofF'25% andF'17% for cases where the met
film is the target or the driver, respectively. For the case of
metal target, the solutions were only valid when the stress in
driver layer (s1

o) was reduced to about 50 and 25 Mpa forE1
510 and 1 GPa, respectively.

One could imagine increasingv* , by decreasingE2* . How-
ever, this would require changing the material behavior and m
be difficult to do~although maybe not impossible if it is a micro
structural effect~@8,9#!. But we note that our crude approximatio
includes only the second branch~line BH! in Fig. 4!. If the com-
pliance of the third branch were used~line DE in Fig. 4! ~@11#!,
the difference between the linear and nonlinear cases would
larger.

It is important to note that the mechanism which has been p
posed to account for the nonlinear unloading behavior in a m
film depends on the energy stored in the form of dislocations
the film/substrate and film/overlayer interfaces. If the decohes
crack tip runs along an interface with the metal, the dislocati
could escape through the free surface created at the crack tip
the stored energy needed to provide the nonlinear behavior w
not be available. Thus, the model provided here applies stri
only to cases where the decohesion crack does not run alon
interface with the non-linear metal film. This is inherent when t
nonlinear layer is the driver~Fig. 5!, but it could also apply when
the nonlinear layer is the target as long as a third layer constr
ing dislocations to lie in the film is present. For example, in th
study of adhesion of Cu interconnect systems with thin layers
SiO2 and TaN separating the Si substrate from the Cu film, La
and Dauskardt@7# saw that decohesion occurred along t
SiO2 /TaN interface. To the extent that the adherent TaN la
constrains dislocations to lie in the Cu film, nonlinear unload
like that shown in Fig. 1 could affect the strain energy release r

The accuracy of the solutions presented here is limited by
assumption of a uniaxial stress state and by our rough linear
proximation of the shape of the unloading curve in Fig. 3. B
cause of the approximation of the stress state, we used mea
biaxial moduli in our calculations~@11#! rather than Young’s
moduli. Another possible limit to the ability of these model ca
culations to accurately predict experimental data is the fact
we ignore the plastic work that is done when deforming the fi
However, this approach could be valid in some practical ca
Plastic deformation at the crack tip may be insignificant when
nonlinear layer is the driver~Fig. 5!, and may be at least reduce
when a thin adherent layer~as TaN in the example above! remains
adhered to the decohering nonlinear target.
414 Õ Vol. 69, JULY 2002
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Despite these limitations, the comparisons~Figs. 7, 9, 11, 13!
are expected to quantify the relative differences between the n
linear and linear cases quite well. To the extent that nonlin
behavior such as that shown in Fig. 1 occurs in bilayer decohe
experiments, the present model should provide a good estima
the difference relative to a simple linear analysis.

5 Conclusions
A model that can be used to determine the strain energy rel

rate for elastic decohesion of a bilayer in which one of the lay
may show nonlinear elastic unloading has been presented.
model is based on the nonlinear unloading behavior observed
ing thermomechanical testing of Cu thin films. In this model, t
nonlinear behavior is treated as two different linear branches.
a Cr overlayer driving decohesion of a nonlinear Cu film, t
model predicts that the strain energy release rate could be
creased by about 25% relative to a linear Cu film. For a Cu fi
driving decohesion of a glass layer, the difference between lin
and nonlinear Cu is about 15%. For bilayers having a nonlin
layer with more pronounced nonlinearity the strain energy rele
rate can be several times that which would be predicted assum
both layers to be linear. For a given nonlinearity, the solution
not very sensitive to the compliance of the linear layer. Nonlin
unloading as observed in thin metal films may have a signific
effect on strain energy release rate in bilayer decohesion exp
ments.
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of an epitaxial film as a function of the film thickness, surface free energies, and su
stresses is obtained. It is shown how this formalism can be used to determine the c
thickness for epitaxy.@DOI: 10.1115/1.1468997#
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Introduction
The mechanics of thin film epitaxy has been an area of exp

mental and theoretical interest for many years. One of the cen
issues involves determining the equilibrium coherency stress
strain states of the film as a function of the film thickness.
standard approach to analyzing this problem has been to m
mize, with respect to the coherency strain, the sum of the volu
strain energy of the film and the energy of the film-substrate
terface for a given film thickness~@1#!. However, it has been
pointed out that this approach ignores the strain energy assoc
with the free surface of the film~@2,3#!. This energy contribution
can have a significant effect on the equilibrium state of the s
tem, especially at small film thicknesses.

Recently, it has been shown that the thermodynamics of
film epitaxy ~@2,3#!, as well as the kinetics of coherency stra
relaxation~@3#!, can be conveniently analyzed using the conce
of surface free energy and surface stress~@2–12#!. The surface
free energy is a scalar property defined to be the reversible w
per unit area to create new surface. For a solid-fluid interface,
surface free energy is the surface work performed during p
cesses such as cleavage and creep. The surface stress is a
that is associated with the reversible work to introduce an in-pl
elastic strain at the surface. Physically, for the solid-fluid int
face, the surface stress is related to the work to change the su
atom density while the surface free energy can be taken as
work to change the number of atoms at the surface. Although
surface free energy for a solid-fluid interface must be posit
~otherwise the solid would spontaneously cleave!, the components
of the surface stress tensor can be positive or negative.

In a manner analogous to that used for a solid-fluid surface,
possible to define a surface free energy and surface stresses
solid-solid interface. Since there are two solid phases that ca
independently strained, there are in general two distinct sur
stresses for the solid-solid interface~@2,3,6,9#!. The type of inter-
face stress of interest for the epitaxy problem can be assoc
with the reversible surface work when one of the phases
stretched along the interface keeping the other phase fixe
simple model for this interface stress has been given based o
reversible work associated with changing the density of interfa
misfit dislocations as a film is strained parallel to the interfa
keeping the substrate fixed~@3#!. ~The other type of interface
stress can be associated with the reversible surface work to st
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both phases along the interface equally; this type of interf
stress can affect the intrinsic stress state of nonepitaxial fi
~@2,13#!.!

In this paper, the mechanics of thin film epitaxy is develop
using a formal equilibrium thermodynamics approach incorpo
ing linear elasticity. The problem is formulated in a general w
and then the constraints and approximations needed to reduc
necessary complexity while retaining the essential physics
identified. By carefully considering each of the deformatio
needed to introduce an elastic strain state in a film while keep
the in-plane area fixed, all of the important volume and surfa
thermodynamic parameters are obtained in a natural way. T
analysis extends and generalizes previous discussions of the
lem that treated the special case of an elastically isotropic sys
~@2,3#!.

Coherency Stress and Strain States
Consider a Cartesian coordinate system with the 1-axis

2-axis in the plane of the film and the 3-axis perpendicular to
plane of the plane of the film. Suppose an epitaxial film is p
tially or completely lattice matched to the substrate, resulting
uniform coherency stress and strain states in the film. Let
components of the coherency stress and strain tensors be de
ass i j and« i j , respectively. The degree of lattice matching at t
interface will determine the values of the in-plane strain com
nents«11, «12, and«22. Since lattice matching results in a sta
of plane stress, the componentss13, s23, ands33 will all be zero.
The remaining strain components«13, «23, and «33 and the re-
maining stress componentss11, s12, ands22 can be determined
by solving the simultaneous set of equations obtained fr
Hooke’s law~for plane stress!:

s i j 5 (
k,l 51

3

Ci jkl «kl ; « i j 5 (
k,l 51

2

Si jkl skl ; (1)

whereCi jkl andSi jkl are the components of the elastic stiffness
and compliances tensors, respectively, for the film. Although i
often convenient to use a Lagrangian measure of strain in sur
thermodynamics problems involving solids~@8,9#!, a Eulerian
measure will used here since the surface areas in the proble
be treated will then be invariant.

For most cases of interest, it will be energetically favorable
an epitaxial film with a small film thickness to be complete
lattice-matched with the substrate if the misfit between film a
substrate is not too large. Since the volume strain energy of
film will scale with thickness, there is a critical thickness abo
which it is energetically favorable to reduce the degree of latt
matching by introducing misfit dislocations at the film-substra
interface~@1#!. This is because the resulting reduction in volum
strain energy of a film will more than compensate the increas

h
us-
eek-
of
until
002 by ASME JULY 2002, Vol. 69 Õ 415



n

t

d
a

a

t

r
s

c
n

n
a

m
e a
he
to
he

tail
l

ints

of
e

the
that

ndi-
se

sed
lly
le

er,

not
am-

the
at

om-
en-
les
the

ro-
not

the
ther
s of

be
rm,
ing

ic
g the
uan-
’’
the
ose
sid-
for

er-
ns
e

the energy resulting from the creation of the misfit dislocatio
However, it is also important to recognize that there will be
contribution to the change in the energy of the system resul
from the concomitant elastic deformation at the free surface of
film that can be positive or negative, and thus is an effect that
either impede or promote lattice matching.

Thermodynamic System
Figure 1~a! schematically illustrates the system under consid

ation. It is composed of a thin solid film of thicknesst and in-
plane areaA that is bounded by two parallel, planar surfaces. O
surface of areaA8 is the boundary between the film and a vap
phase~henceforth referred to as the free surface of the film! and
the other surface of areaA9 is the solid-solid interface between th
film and a much thicker substrate. The system is constraine
that during any change in state, all of the surfaces remain par
and planar, and the areasA, A8, andA9 are equal to each othe
and remain fixed. This means that a change in the volume of
of the phases is a result of a change in dimension along the 3-
In the case of the thin film phase, the volume of can be expres
as At, and a change in volume of the film is associated with
change in film thicknesst. It will also be assumed that the in-plan
dimension of the film is much larger than the thickness so that
film edge effects can be neglected.

Suppose the film experiences a uniform, in-plane elastic st
as shown schematically in Fig. 1~b!. Let the in-plane component
of this strain be denoted as« i j , wherei , j 51,2. In order to main-
tain the constraint that the in-plane areaA remains unchanged, it is
necessary for some atomic rearrangement, analogous to a
process, to result in an in-plane ‘‘creep’’ strain with compone
b1152«11 and b2252«22 ~see Fig. 1~c!!. It is noted that this
atomic rearrangement leaves the volume of the film~after it has
been elastically strained! unchanged. The in-plane area as a fun
tion of strain can be expressed as

A5Ao (
i , j 51

2

@11~« i j 1b i j !d i j #, (2)

whereAo is the area at zero strain andd i j is the Kronecker delta.
Since the area of the free surface of the film,A8, and the film-
substrate interface areaA9 are constrained to remain constant a
equal toA, they can also be expressed as functions of surf
elastic strains« i j 8, « i j 9 and surface creep strainsb i j 8, b i j 9:

A85Ao8 (
i , j 51

2

@11~« i j8 1b i j8 !d i j #, (3)

A95Ao8 (
i , j 51

2

@11~« i j9 1b i j9 !d i j #. (4)

Fig. 1 „a… Thermodynamic system for thin film epitaxy, „b… ap-
plication of in-plane elastic strains to the film and surfaces, „c…
application of in-plane creep strains to the film and surfaces
that return the in-plane film area and surface areas to their ini-
tial values.
416 Õ Vol. 69, JULY 2002
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Thermodynamic Formalism
An important principle of thermodynamics is that for a syste

that is isolated from its surroundings and is constrained to hav
fixed total entropy, the equilibrium state is the one for which t
internal energy is a minimum. From this principle, it is possible
obtain the conditions for thermodynamic equilibrium by using t
virtual variation method developed by Gibbs@14–17#. The physi-
cal interpretation of a virtual variation has been discussed in de
by Reiss@16#. Mathematically, it involves setting an infinitesima
variation in the internal energyU of a system composed of n
components equal to zero, holding the entropyS, volumeV, and
number of moles of the componentsN1 , N2 , . . .Nn constant:

dUS,V,N1 ,N2 , . . .Nn
50. (5)

In addition to the keepingS, V, N1 , N2 , . . .Nn fixed, it is also
necessary to include the effects of all other special constra
imposed on the system during the variation.

The internal energy of a thermodynamic system is a function
the extensive variables~@15,17#!. For the system of Fig. 1, thes
variables areS, V, N1 , N2 , . . . A, A8, andA9. Since the areas are
functions of the strains« i j , « i j8 , « i j9 , b i j , b i j8 , b i j9 , the internal
energy can be expressed as

U5U~S,V,N1 ,N2 , . . .Nn ,Ao«11,Ao«12,Ao«22,Aob11,

Aob12,Aob22,Ao8«118 ,Ao8«128 ,Ao8«228 ,Ao8b118 ,Ao8b128 ,

Ao8b228 ,Ao9«119 ,Ao9«129 ,Ao9«229 ,Ao9b119 ,Ao9b129 ,Ao9b229 !. (6)

It has been noted previously that lattice matching between
film and substrate results in an in-plane coherency stress, so
the film is in a nonhydrostatic stress state. As a result, the co
tions for thermodynamic equilibrium are more complex than tho
obtained for the case of a solid that is hydrostatically stres
~@18#!. For example, for a system involving a hydrostatica
stressed crystalline solid in equilibrium with a fluid, it is possib
to define the chemical potential of the solid for componentk as
mk

s5(]Us/]Nk
s), where the superscripts refers to the value for the

solid, as is done in conventional bulk thermodynamics. Howev
for a nonhydrostatically stressed crystalline solid,mk

s for a com-
ponent that predominantly occupies lattice sites is in general
well defined. Instead, it is necessary to define a different par
eter, called the diffusion potentialMkh , for componentsh and k
that occupy lattice sites in the solid.Mkh involves the change in
internal energy of the system when an atom of component h in
crystal is exchanged with an atom of component k in the fluid
constant entropy, volume, and number of moles of the other c
ponents. Further complicating the analysis is that there is in g
eral a coupling among variations involving the number of mo
of the different components and variations associated with
different strains.

In order to reduce unnecessary complexity, it is useful to int
duce certain simplifying constraints and assumptions that do
significantly alter the basic physics of the problem. Each of
phases will be constrained not to exchange matter with the o
phases, so that there can be no variation in the number of mole
any of the components within the phases. In addition, it will
assumed that the bulk of the phases are compositionally unifo
and that both of the surfaces can be treated as a Gibbs ‘‘divid
surface’’ ~@5,7,19#!. Using this construct, the thermodynam
quantities associated with bulk phases are calculated assumin
phases are uniform, even though the actual values of these q
tities may vary in the proximity of the surfaces. Any ‘‘excess
values of the thermodynamic quantities of the system, equal to
difference between the actual values for the system and th
obtained assuming the bulk phases are uniform, are then con
ered surface thermodynamic quantities. Gibbs showed that
fluid systems, this allows a proper accounting of all of the th
modynamic quantities and will rigorously produce the conditio
for describing thermodynamic equilibrium. Although it may b
Transactions of the ASME
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that there is not the same degree of rigor when applying
approach to systems involving nonhydrostatically stressed so
it should be an adequate approximation for the present prob
@20#. Finally, it will be assumed that the bulk of the substra
remains undeformed during any variation in state of the syst
and that the vapor pressure is much smaller than the magnitud
the coherency stresses in an epitaxial film.

Conditions for Equilibrium
The virtual variation of the internal energyU as given in Eq.

~6!, incorporating the constraint that there can be no exchang
matter among the phases, can be expressed as

dU5TdS2PdV1 (
i , j 51

2 F S ]U

]« i j
D d« i j 1S ]U

]b i j
D db i j 1S ]U

]« i j8
D d«8

1S ]U

]b i j8
D db i j8 1S ]U

]« i j9
D d« i j9 1S ]U

]b i j9
D db i j9 G , (7)

where the definitionsT[(]U/]S) andP[2(]U/]V) have been
used. According to Eq.~6!, the conditions for equilibrium can be
obtained by setting the variation in Eq.~7! equal to zero, keeping
S andV fixed. Since the entropy can be varied independently
the other variations on the right-hand side of Eq.~7!, one condi-
tion for equilibrium is that

TdS5TvdSv1TfdSf1TsdSs50, (8)

when the total entropy of the system is held fixed:

dS5dSv1dSf1dSs50. (9)

In Eqs.~8! and~9!, the superscriptsv, f, ands denote vapor, film,
and substrate, respectively. The only way in which Eqs.~8! and
~9! can be simultaneously satisfied is forTv5Tf5Ts. Identifying
T as the temperature means that at equilibrium, the temperatu
uniform in the system~condition for thermal equilibrium!.

Substituting Eq.~8! into Eq. ~7! and setting the variationdU
equal to zero gives

2PdV1 (
i , j 51

2 F S ]U

]« i j
D d« i j 1S ]U

]b i j
D db i j 1S ]U

]« i j8
D d«8

1S ]U

]b i j8
D db i j8 1S ]U

]« i j9
D d« i j9 1S ]U

]b i j9
D db i j9 G50. (10)

The terms in Eq.~10! with the variationsd« i j are the work to
elastically strain the volume of the film, and the terms with t
variationsd« i j8 andd« i j9 are the concomitant work terms to stretc
the free surface and film-substrate interface, respectively. S
the process of atomic rearrangement, as illustrated in Fig. 1~b!,
does not change the volume of the film, there is no work ass
ated with the terms involving the creep straindb i j , and thus
(]U/]b i j )50. The terms with the variationsdb i j8 and db i j9 rep-
resent the work to create new surface area by adding atoms a
free surface and film-substrate interface, respectively. Since
shear strain variationsdb128 and db129 do not create new area
(]U/]b128 )5(]U/]b129 )50. It is possible to associate all of th
nonzero partial derivatives with certain film or surface paramet
so that Eq.~10! can be rewritten as

2PdV1 (
i , j 51

2

@Vfs i j d« i j 1A8 f i j d« i j8 1A8gdb i j8 1A9gi j d« i j9

1A9cd i j db i j9 #50. (11)

In Eq. ~11!, s i j is the volume stress state of the film,f i j andg are
the surface stress and surface free energy, respectively, for the
surface of the film, andgi j andc are the surface stress and surfa
free energy, respectively, for the film-substrate interface. Con
tent with the discussion given previously regarding the phys
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meaning of the surface thermodynamic properties, it is noted
the partial derivatives in the work terms associated with crea
new surface area by introducing the creep strainsdb i j8 and db i j9
are related to the scalar quantitiesg and c, while the partial de-
rivatives in the work terms involving elastic deformations are
lated to the stress tensorss i j , f i j , andgi j . It is also recalled that
the surface stressgi j is associated with the surface work when o
phase~the film! is elastically stretched keeping the phase~the
substrate! fixed.

Consideration is now given to the effects of constraining
areasA, A8, and A9 to remain fixed at the constant valueAo
during the virtual variation. It is seen from Eqs.~2!, ~3!, and ~4!
that these area constraints lead to the relationsdb1152d«11,
db2252d«22, db118 52d«119 , db228 52d«228 , db119 52d«119 ,
and db229 52d«229 . Using these relations, expressingVf5At
5Aot, and employing the assumption that2PdV is negligible
compared to the other work terms, Eq.~11! can be rewritten as

Ao (
i , j 51

2

@ ts i j 1 f i j 1gi j 2~g1c!d i j #d« i j 50, (12)

which leads to the key result:

ts i j 5~g1c!d i j 2 f i j 2gi j . (13)

Equation~13! characterizes the system at mechanical equilibriu
and can be considered as representing a force balance betwee
film stresss i j and a ‘‘surface pressure’’@ f i j 1gi j 2(g1c)d i j #/t.

Critical Film Thickness
It is seen from Eq.~13! that in the limit of an infinitely large

film thicknesst, the equilibrium coherency stress, and therefo
the equilibrium coherency strain, of the film approaches zero.
the film thickness is reduced, the magnitude of the component
the equilibrium coherency stress and strain tensors increase u
critical thickness is reached, corresponding to the largest thickn
for total lattice matching between film and substrate to be therm
dynamically favorable.

Equation~13! can be used to determine the critical thickne
when the stress tensors and surface free energies are evalua
the strain state corresponding to a completely lattice matched fi
Let the in-plane coherency strain components for such a film
denoted as« i j

c for i, j 51,2. The other strain components«13
c , «23

c ,
and«33

c , as well as the components of the coherency stress te
s i j

c can be obtained using Hooke’s law for plane stress as give
Eqs.~1!. A surface force tensorBi j can be defined as

Bi j 5~g1c!d i j 2 f i j 2gi j . (14)

Let Bi j
c denote the value of the surface force tensor evaluate

the strain state for a completely lattice matched film. In genera
is expected thatf i j and g will be only weakly dependent on the
coherency strain. Recently, a simple model for the surface t
modynamic parameters of a solid-solid interface suggested
althoughc is expected to have a strong dependence on the st
gi j 2cd i j can be taken as approximately independent of str
~@3#!. The critical thickness for epitaxy corresponds to the value
t when the representation ellipse~quadric! for Bi j

c /t makes tangen-
tial contact with the representation ellipse fors i j

c . This is illus-
trated in Fig. 2. Figure 2~a! refers to the general case whens i j

c

andBi j
c do not share the same set of principal axes. Ifs i j

c andBi j
c

do share the same set of principal axes, tangential contact is m
along one of those axes, as illustrated in Fig. 2~b!. In this case, the
critical thickness can be determined from Eq.~13! using the prin-
cipal values for the tensor components. If the system displ
threefold or higher rotational symmetry about the 3-axis, the s
face stress tensors can be taken as scalarsf and g, and Hooke’s
JULY 2002, Vol. 69 Õ 417
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law for the coherency stress can be written assc5Ym, whereY is
the biaxial~plane stress! elastic modulus andm is the total film-
substrate misfit. The critical thicknesstc will then be

tc5~g1c2 f 2g!/Ym. (15)

It has been assumed that the surface force, equal to (g1C
2 f 2g) for an isotropic system, has the same sign as that for
components of the strain tensor when the film is partially or co
pletely coherent, and this is expected to be true for the vast
jority of systems. As mentioned earlier, a model has been
sented ~@2,3#! in which an expression forg was derived by
considering the surface work to change the density of misfit
locations at the film-substrate interface. For most cases of inte
the model predicts thatg will be larger in magnitude than (g
1C2 f ) and have a sign opposite ofm. However, the model
expression forg has dependence on the film thicknesst such that
the magnitude ofg can be significantly reduced for small value
of t. In certain systems this results in the surface force (g1C
2 f 2g) and misfitm having opposite signs, so that Eq.~15! gives
the unphysical resulttc,0. What actually occurs is the develop
ment of an in-plane elastic strain in the film that will have a si
opposite that for the misfitm. This anomalous coherency stra
behavior generated in such systems has been discussed else
~@3#!.

Fig. 2 Representation ellipses for s i j
c

„dashed … and B ij
c Õt

„solid … when t is equal to the critical thickness; „a… general sys-
tem where s i j

c and B ij
c Õt do not share the same set of principal

axes, „b… system where s i j
c and B ij

c Õt share the same set of prin-
cipal axes
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Domain Dynamics in a
Ferroelastic Epilayer on a
Paraelastic Substrate
This paper models the domain dynamics in a ferroelastic epilayer within the t
dependent Ginzburg-Landau (TDGL) framework. Constrained on a paraelastic subs
of square symmetry, the epilayer has rectangular symmetry, and forms domains o
variants. The domain wall energy drives the domains to coarsen. The spontaneous s
induce an elastic field, which drives the domains to refine. The competition bet
coarsening and refining selects an equilibrium domain size. We model the epil
substrate as a nonequilibrium thermodynamic system, evolving by the changes
elastic displacements and the order parameters. The free energy consists of two par
bulk elastic energy, and the excess surface energy. The elastic energy density is ta
be quadratic in the strains. The surface energy density is expanded into a polynom
the order parameters, the gradients of the order parameters, and the strains. In
expansion, the surface stress is taken to be quadratic in the order parameters. Th
lution equations are derived from the free energy variation with respect to the o
parameters. The elastic field is determined by superposing the Cerruti solution. Exa
of computer simulation are presented.@DOI: 10.1115/1.1469000#
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1 Introduction
The thermodynamics and kinetics of bulk ferroelectric mate

als have been extensively studied~@1#!. However, there is little
systematic study on the ferroelectric thin films~@2,3#!. This paper
considers some important issues on the domain dynamics
ferroelastic epilayer on a paraelastic substrate. Consider a
roelastic epilayer on a paraelastic substrate. The epilayer is m
thinner than the substrate. They are coherent, accommodatin
lattice mismatch by elastic deformation. At high temperatures,
epilayer and the substrate surface both have square symmetr
have different lattice constants. To compensate for the lattice m
match, the epilayer is under a uniform, biaxial stress state, and
substrate is unstressed. At low temperatures, the epilayer has
angular symmetry, but the substrate surface still has square
metry. Because of the broken symmetry, the epilayer now has
variants, equivalent upon a 90-deg rotation~Fig. 1!. Within the
Ginzburg-Landau framework~@1#!, we characterize the ferroelas
tic state by two order parameters, (p1 ,p2), taken to be the com-
ponents of a vector lying in the plane of the layer. If the epila
were unconstrained by the substrate, the two variants would h
different spontaneous strain states, equivalent after the 90-de
tation. This paper considers the epilayer constrained on the
strate. It is sometimes assumed in the literature that the en
ground state is a single-variant epilayer on the substrate. This
is illustrated in Fig. 2~a!. The stress state in the epilayer is unifor
and biaxial, with unequal components in the two directions. T
substrate is unstressed. Assuming that the epilayer is of a s
variant, Pertsev et al.@2# showed that the constraint of the su
strate could alter the Curie temperature and even induce
phases.

However, the epilayer of a single variant on the substrate is
the energy ground state~@3–7#!. This is readily understood a

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar
15, 2001; final revision, December 22, 2001. Associate Editor: D. A. Kouris. Disc
sion on the paper should be addressed to the Editor, Prof. Robert M. McMee
Department of Mechanical and Environmental Engineering University of Californ
Santa Barbara, Santa Barbara, CA 93106-5070, and will be accepted until
months after final publication of the paper itself in the ASME JOURNAL OFAPPLIED
MECHANICS.
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follows. In Fig. 2~b!, the two variants coexist and form domain
To aid the argument, imagine that suitable forces are applied
the domain walls, so that the stress state in the old varian
unchanged, the stress state in the new variant is equivalent to
old one after the 90-deg rotation, and the substrate remains
stressed. Consequently, the state in Fig. 2~b! has the same elasti
energy as the state in Fig. 2~a!. Now gradually reduce the force
on the domain walls, and allow the epilayer and the substrat
deform. After the forces are completely removed~Fig. 2~c!!, the
displacements are generally in directions opposite from the
plied forces in Fig. 2~b!. Consequently, after elastic relaxation, th
two-variant state in Fig. 2~c! has lower elastic energy than th
single-variant state in Fig. 2~a!. That is, when the symmetry is
broken, due to the substrate constraint, the single-variant epil
is no longer the energy ground state. This suggests that Pe
et al.’s assumption of a single variant is excessively simplistic a
questions the validity of their results.

Figure 3 illustrates a domain pattern of a periodic array of
ternating variants. The smaller the domain size, the more ela
energy is relaxed. Consequently, elasticity drives domains to
fine. On the other hand, variants coexist at the cost of adding
domain wall energy. The smaller the domain size, the longer
collective domain walls. That is, the domain wall energy driv
the domain to coarsen. The competition between the elastic
ergy and the domain wall energy selects an equilibrium dom
size, which minimizes the combined energy~@3–14#!. It is also
expected that the minimization of the combined energy can se
an equilibrium domain pattern.

This paper introduces a model within the time-depend
Ginzburg-Landau~TDGL! framework to simulate domain dynam
ics in the epilayer. The epilayer may have different propert
from the bulk, particularly if the epilayer is only a few monolaye
thick. It may also be possible that a marginally paraelastic b
crystal is ferroelastic within a few surface layers. Motivated
these considerations, we will model the epilayer-substrate a
single system. The model parallels that for an epilayer with co
position modulation~@12–14#!. In the present model, the free en
ergy of the system consists of two parts: the bulk elastic ene
and the excess surface energy. The elastic energy density is t
to be quadratic in the strains. The excess surface energy dens
expanded into a polynomial of the order parameters, the gradi

h
us-
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of the order parameters, and the strains. In this expansion,
surface stress is taken to be quadratic in the order parameters
derive the evolution equations from the free-energy variation
sociated with variation in the order parameters, and determine
elastic field by superposing the Cerruti solution. To illustrate
model, we present preliminary results from computer simulatio

The TDGL framework has been applied to bulk ferroelas
crystals~@15–17#!. In a bulk ferroelastic single crystal, howeve
elasticity does not refine domains. In fact, the single-domain c
tal is the energy ground state. The bulk elasticity problem lacks
intrinsic length scale. For an infinite, polydomain crystal, the to
elastic energy in the crystal is independent of the domain siz
long as the domain pattern is self-similar as domains coarsen
this case, domains coarsen to reduce the domain wall energy
situation is different if the system is not an infinite single cryst
For a thin ferroelastic film on a substrate~@4–9#!, the film thick-
ness provides a length scale. In a polycrystalline crystal, the g
size provides a length scale~@18,19#!. In both cases, elasticity
does limit the size of the domains. In the model introduced in t
paper, the length scale is provided by the introduction of the
face stress, as will be identified in a later section.

2 Free Energy and Kinetic Law
Even for a single crystal, atoms in a few surface layers h

different energy from atoms in the bulk. The deposition of t
epilayer further changes the energy state. We model the subs
epilayer system as a bulk solid coupled with a superficial obj
The total free energy consists of two parts: the bulk elastic ene
and the excess surface energy, written as

G5E WdV1E GdA, (1)

whereW is the elastic energy density, andG is the excess surfac
energy density. The first integral is over the volume of the en
system, and the second integral is over the surface area cover
the epilayer. Following@14#, we interpret the surface energy as t
excess free energy relative to bulk elastic energy. Thus,G includes
the effects of the mismatch between the two materials, as we
the presence of the empty space above.

In the rectangular coordinate system, the surface coincides
the (x1 ,x2) plane, and the material occupies the half-spacex3
,0. Reference the displacement vector in the systemui from an
infinite, unstressed crystal of the same composition as the
strate. The strain tensor« i j relates to the displacement gradien
namely,

« i j 5
1
2 ~ui , j1uj ,i !. (2)

The Latin subscripts run from 1 to 3.

Fig. 1 Broken symmetry and lattice mismatch. The substrate
has square symmetry. The epilayer has rectangular symmetry,
with two variants.
420 Õ Vol. 69, JULY 2002
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We assume that the substrate is elastically isotropic,m being the
shear modulus, andn Poisson’s ratio. The elastic energy densityW
is quadratic in the strain tensor:

W5mF« i j « i j 1
n

122n
~«kk!

2G . (3)

Fig. 2 Schematic illustration of elastic refining; „a… a single-
variant epilayer, „b… a two-variant epilayer with appropriate
forces applied around the new domain, „c… the external forces
removed

Fig. 3 A domain pattern in the epilayer constrained on the
substrate
Transactions of the ASME
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The stressess i j in the bulk are the differential coefficients of th
elastic energy density:

dW5s i j d« i j . (4)

The repeated subscripts imply the summation convention.
We characterize the ferroelastic state of the epilayer by

order parameters,p1 and p2 , which form the components of a
vector lying in the plane of the epilayer. For example, when
layer is also ferroelectric, this vector coincides with the polari
tion. The excess surface energy densityG is a function of the order
parameters, the gradients of the order parameters, and the st
Following the Ginzburg-Landau formalism, we expandG into a
Taylor series to the lowest terms inpa,b and«ab :

G5 f L~pj!1 f G~pa,b!1 f ab~pj!«ab . (5)

The Greek letters run from 1 to 2. The physical content of ev
term in ~5! is interpreted as follows.

The first term in~5! is the Landau expansion. We assume th
the epilayer has square symmetry in the high-temperature ph
The Landau expansion takes the following form~@15–17#!:

f L5a01a1~p1
21p2

2!1a11~p1
41p2

4!1a12p1
2p2

21a111~p1
61p2

6!

1a112~p1
4p2

21p1
2p2

4!. (6)

Herea0 is the surface energy density of the epilayer on the s
strate when the epilayer is in the paraelastic phase (pa50) and
the substrate is unstrained («ab50). The coefficienta1 is propor-
tional to T2TC , i.e., the temperature difference from critic
point, TC . WhenT,TC , a1,0, and the function has four well
~Fig. 4!. Each well corresponds to an unconstrained ferroela
variant. There is no reason to regard the coefficients in~6! to be
the same as those of bulk materials.

The second term in~5! stands for the gradient energy, which
taken to be quadratic in the gradients of the order parame
~@15–17#!:

f G~pa,b!5
1
2 g11~p1,1

2 1p2,2
2 !1g12p1,1p2,21

1
2 g44~p1,21p2,1!

2

1
1
2 g448 ~p1,22p2,1!

2. (7)

The g parameters are positive constants. This is a continuum
scription of the domain wall energy.

The third term in~5! gives the strain dependence. We have o
included the linear terms of the strains, neglecting the excess
tic constants of the epilayer relative to the substrate. The la
could also be included as a refinement of the theory. The co
cients f ab are the components of the surface stress tensor.
surface stress tensor has been incorporated into the contin

Fig. 4 The Landau expansion as a function of the order pa-
rameters. The four wells correspond to spontaneous states.
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elasticity theory by adding a strain-dependent surface energ
the free energy@10–14#. In this paper, we expand the surfac
stressf ab in terms of the order parameters:

f 115 f 02
1
2 b11p1

21
1
2 b12p2

2

f 225 f 01
1
2 b12p1

22
1
2 b11p2

2 (8)

f 1252b44p1p2 .

Here f 0 is the surface stress when the epilayer is in the paraela
state. In the ferroelastic state, the surface stress is taken t
quadratic in the order parameters. The surface stress couple
domain pattern in the epilayer to the elastic deformation in
substrate.

The epilayer-substrate is a nonequilibrium thermodynamic s
tem. The system can vary by two means: the elastic displacem
and the order parameters. Characterize a virtual change of
system bydui anddpa . The free-energy variation associated wi
this virtual change is

dG5E F ] f L

]pa
2

]

]xb
S ] f G

]pa,b
D1

] f jh

]pa
«jhGdpadA

1E F S s3a2
] f ab

]xb
D dua1s33du3GdA1E s i j , jduidV.

(9)

We assume that elastic relaxation is much faster than dom
switching. At a given time the system reaches elastic equilibri
instantaneously. Consequently, the energy variation assoc
with the elastic displacements vanishes, leading to the fam
equilibrium equations in elasticity:

s i j , j50, (10)

and the boundary conditions:

s3a5
] f ab

]xb
, s3350. (11)

Associated with the virtual change of the order parameters,
variation of the free energy defines a thermodynamic force,Fa ,
namely,

E FadpadA52dG. (12)

A comparison of~9! and ~12! gives that

Fa52F ] f L

]pa
2

]

]xb
S ] f G

]pa,b
D1

] f jh

]pa
«jhG . (13)

Following @12–14#, we adopt a linear kinetic law that the rat
of the change of the order parameters is proportional to the d
ing force, namely,

]pa

]t
5LFa , (14)

whereL is the kinetic coefficient. Combining~13! and ~14!, we
obtain the evolution equations for the order parameters:

]pa

]t
52LF ] f L

]pa
2

]

]xb
S ] f G

]pa,b
D1

] f jh

]pa
«jhG . (15)

Assuming elastic equilibrium and using the divergence th
rem, we obtain the free energy as follows:

G5E @ f L1 f G2
1
2 s3aua#dA. (16)

The integral extends over the surface area.
JULY 2002, Vol. 69 Õ 421
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3 Dimensionless Equations, Length Scales, and Tim
Scale

The four wells in the functionf L ~Fig. 4! correspond to four
states of spontaneous polarization. The value of the spontan
polarizationps satisfies

a112a11p
213a111p

450, (17)

giving

ps5S 2a1

a111Aa11
2 23a111a1

D 1/2

. (18)

We useps to normalize the order parametersp1 andp2 .
Introduce dimensionless parameters

a118 5
a11ps

2

ua1u
, a128 5

a12ps
2

ua1u
, a1118 5

a111ps
4

ua1u
, a1128 5

a112ps
4

ua1u
,

(19)

g15
g121g442g448

g11
, g25

g441g448

g11
. (20)

The driving forceFa in ~13! contains three terms. The compar
son of the terms involvingf L and f G defines a length scale:

b5A g11

22a1
. (21)

This length represents the width of the domain wall in t
Ginzburg-Landau framework. We useb to normalize the spatia
coordinates. Figure 5 shows the shape of a 90-deg domain wa
@15#, a boundary value problem was solved to obtain the ana
cal result for the 90-deg domain wall. In our work, the simulati
from evolution equations shows similar shape, and the dom
wall width is comparable tob.

In ~13! a comparison between the gradient energy term and
surface stress term defines another length scale:

Fig. 5 Domain wall shape. The domain width is on the order
of b.
422 Õ Vol. 69, JULY 2002
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l 5
4pmg11

b11
2 ps

2 . (22)

This length scales the size of an individual domain in an equi
rium pattern. As stated in the Introduction, the equilibrium dom
pattern is an outcome of the competition between refining du
elasticity and coarsening due to domain wall energy.

The time scale can be derived from the evolution Eqs.~15!,
giving

t52
1

2a1L
. (23)

We will report time in the unit oft.
In terms of the dimensionless quantities introduced above,

evolution equations become

]p1

]t
5p1,111g1p2,211g2p1,22

2
b

l S 2p1«111
b12

b11
p1«222

2b44

b11
p2«12D1p122a118 p1

3

2a128 p1p2
223a1118 p1

52a1128 ~2p1
3p2

21p1p2
4!

(24)

]p2

]t
5p2,221g1p1,121g2p2,11

2
b

l S b12

b11
p2«112p2«222

2b44

b11
p1«12D1p222a118 p2

3

2a128 p2p1
223a1118 p2

52a1128 ~2p2
3p1

21p2p1
4!.

In the above the strains have to be determined by solving
elastic field in the semi-infinite solid subject to the followin
boundary conditions on the surface:

s3152p1

]p1

]x1
1

b12

b11
p2

]p2

]x1
2

b44

b11
S p2

]p1

]x2
1p1

]p2

]x2
D

s3252p2

]p2

]x2
1

b12

b11
p1

]p1

]x2
2

b44

b11
S p2

]p1

]x1
1p1

]p2

]x1
D (25)

s3350

where the stress is normalized byb11ps
2/b. The elastic field in a

half-space due to a tangential point force on the surface is kn
as the Cerruti field@20#. A superposition gives the needed stra
field:

«115E E s31H 2
2~123n!~x2j!

@~x2j!21~y2h!2#3/2

2
6n~x2j!3

@~x2j!21~y2h!2#5/2J djdh

1E E s32H 2n~y2h!

@~x2j!21~y2h!2#3/2

2
6n~y2h!~x2j!2

@~x2j!21~y2h!2#5/2J djdh
Transactions of the ASME
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«225E E s31H 2n~x2j!

@~x2j!21~y2h!2#3/2

2
6n~x2j!~y2h!2

@~x2j!21~y2h!2#5/2J djdh

1E E s32H 2
2~123n!~y2h!

@~x2j!21~y2h!2#3/2

2
6n~y2h!3

@~x2j!21~y2h!2#5/2J djdh

«125
1

2 E E s31H 2
2~122n!~y2h!

@~x2j!21~y2h!2#3/2

2
12n~x2j!2~y2h!

@~x2j!21~y2h!2#5/2J djdh

1
1

2 E E s32H 2
2~122n!~x2j!

@~x2j!21~y2h!2#3/2

2
12n~x2j!~y2h!2

@~x2j!21~y2h!2#5/2J djdh. (26)

The strains are normalized byb11ps
2/4pmb. The displacements

normalized byb11ps
2/4pm, are

u15E E s31H 2~12n!

@~x2j!21~y2h!2#1/2

1
2n~x2j!2

@~x2j!21~y2h!2#3/2J djdh

1E E s32H 2n~x2j!~y2h!

@~x2j!21~y2h!2#3/2J djdh
(27)

u25E E s31H 2n~x2j!~y2h!

@~x2j!21~y2h!2#3/2J djdh

1E E s32H 2~12n!

@~x2j!21~y2h!2#1/2

1
2n~y2h!2

@~x2j!21~y2h!2#3/2J djdh.

4 Computer Simulation
To illustrate the model, we now present several prelimin

computer simulations. Referring to@16,17#, we adopt the follow-
ing parameters:

a118 50.5, a128 51.74, a1118 50.063, a1128 50.148

g12/g1151.1, g44/g1150.9, g448 /g1150.1

b/ l 51.0, b12/b1150.05, b44/b1150.111, n50.3.
(28)

We have not carried out a comprehensive parametric study.
The evolution equations have both spatial and temporal der

tives. We discretize the infinite surface into an array of square
size N3N. All fields are assumed to be periodically replicat
from one square to another. Each square is the computation
cell, which is subdivided into grids of spacingDx. Spatial deriva-
tives are approximated with finite difference. At every time st
the elastic field is calculated by evaluating the double integr
and the order parameter field is updated by using the E
method. In our simulation, we useN5128,Dx51.0, and adaptive
time steps. The ratio of two length scales isb/ l 51.0. The singular
integrals in~26! and~27! are evaluated by adopting a technique
the Appendix. Since the double integrals must be calculated
Journal of Applied Mechanics
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every grid point, the simulation is rather slow. The evolution c
also be simulated in reciprocal space~@12–17#!, which we will
implement for this model in the future.

For a given domain pattern, i.e., a prescribed field of the or
parameters, the free energy can be computed from Eqs.~16!, ~25!,
and ~27!. In the first simulation, we specify a parallel doma
pattern, fix the domain spacing, but allow the domain walls
relax locally. We calculate the free energy as a function of
domain spacing. Figure 6 illustrates the effect of substrate c
straint. The domain size in this figure is the width of the doma
along~x,y! coordinates of Fig. 5. As discussed in the Introductio
without the substrate, the total free energy of the epilayer
creases with the increase of the domain size, and the single
main has the lowest energy. With the substrate constraint, s
the competition of elasticity and domain wall energy selects
equilibrium domain size, a valley exists on the curve of ene
versus domain spacing. For the domains smaller than the equ
rium size, the relaxation of the elastic energy cannot accom
date the rapid increase of the domain wall length, so the m
domains, the higher the free energy.

Figure 7 compares the domain evolution with substrate
without substrate constraint. Through every grid point we draw
short line segment, representing the magnitude and the direc
of the order parameter. The left column shows the result with
substrate, and the right one without substrate. In both cases
start with the initial condition of a small random perturbation
the order parameter field from zero, corresponding to the parae
tic state. When the layer is constrained, parallel domains fo
and the domain size approaches to what has been shown in F
When the layer is unconstrained, the domains coarsen, being
ited only by the calculating cell size.

5 Summary
This paper presents a formalism to simulate the evolution

domain patterns in ferroelastic epilayers. The surface stress du
the spontaneous strains can be relaxed by the substrate med
elastic interaction. Free energy is divided into two parts. One
the elastic energy of the semi-infinite substrate, and the othe
the excess surface energy, which has the ingredients of the La
expansion, the gradient energy, and the surface stress. Evol
equations are derived from energy variation. Computer simula
ascertains that the competition of coarsening and refining is
sponsible for equilibrium domain patterns. The formalism p
sented in this paper is flexible, and can be used to study o
phenomena involving surface phase transition and pattern for
tion.

Fig. 6 Free energy versus domain spacing. Without substrate
constraint, the energy decreases as the domain size increases.
With substrate constraint, the energy reaches a minimum at a
specific domain size.
JULY 2002, Vol. 69 Õ 423
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Fig. 7 Comparison of domain evolution in simulations with
substrate constraint and without. The left column is the result
with substrate, and parallel domains can be seen. The right
column is the result without constraint, and the structure keeps
coarsening.
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Appendix
The integrals~26! and ~27! extend over the entire surface. T

save computation time, we only extend the integrals to a fin
square of size 16b316b in our simulation. The integrals are sin
gular whenx5j andy5h. Let « be a small number, say the gri
spacingDx. We treat the singularity as follows:

E
x2«

x1«E
y2«

y1« s31~j,h!~x2j!

@~x2j!21~y2h!2#3/2 djdh

5E
x2«

x1«E
y2«

y1« @s31~j,h!2s31~x,y!#~x2j!

@~x2j!21~y2h!2#3/2 djdh

'E
x2«

x1«E
y2«

y1« F]s31

]x
~j2x!1

]s31

]y
~h2y!G~x2j!

@~x2j!21~y2h!2#3/2 djdh

52
]s31

]x E
x2«

x1«E
y2«

y1« ~x2j!2

@~x2j!21~y2h!2#3/2 djdh

52
]s31

]x
•«•E

21

1 E
21

1 s2

@s21t2#3/2 dsdt

54 ln~&21!«
]s31

]x
.
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Confined Capillary Stresses
During the Initial Growth of Thin
Films on Amorphous Substrates
Changes in substrate curvature indicating the existence of compressive stress in is
crystallites are commonly observed during the initial stages of thin film depositio
metals on glass or ceramic substrates. Following the suggestion of Abermann et a
Abermann et al., 1978, Thin Solid Films,52, p. 215), we attribute the origin of this
compressive stress to the action of capillary forces during film growth. As new at
layers are deposited, the capillary forces acting on atoms near the surface are stor
transformation strains in the bulk of the crystallites. To test this concept, we propose
models for evaluating the capillary strains and their induced compressive stresses
crystalline. A finite element analysis is performed to show that the model predic
agree well with experimental data.@DOI: 10.1115/1.1469001#
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1 Introduction

Controlling stresses in deposited thin films has become an
portant challenge of microelectronic technology. It is well know
that there are relationships between the film stress and the c
sponding microstructure at various stages of growth. Better un
standing of how film microstructures and stress develop
evolve may lead to better control of final stress states and mi
structures in deposited thin films.

Film stress, obtained from substrate curvature, has been m
sured during growth of sputter-deposited Pt on amorphous
strates of SiO2 ~@1#! and is observed to be compressive at thic
nesses less than about 5 Å. This can be seen in Fig. 1 whe
negative curvature is evident due to the compressive stress.
stress changes to being tensile in thicker films, leading to a ten
maximum at about 33 Å, after which the stress becomes comp
sive again. The development of tensile stresses in the interme
stage is thought to be due to crystallite coalescence~@2#! and those
in the later compressive stage due to ‘‘peening.’’ Such stress
havior is commonly observed during the deposition of high m
bility metal films by evaporation~@1,3,4,5#!.

In this paper we focus on the origin of the compressive str
during the initial stage of film growth. This compressive stress
observed when the film is not continuous but consists of a num
of isolated crystallites~or islands!. Following the suggestion o
Abermann et al.@3#, we attribute this stress to the action of ca
illary forces during growth. We envision that, as new layers
atoms are deposited, the capillary forces acting on atoms nea
free surface become stored as transformation strains in the bu
the crystallites. Three models for evaluating the capillary stra
and their induced compressive stresses in a crystallite are
posed in Section 2. The capillary strains stored in an island

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar
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sion on the paper should be addressed to the Editor, Prof. Robert M. McMee
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Santa Barbara, Santa Barbara, CA 93106-5070, and will be accepted until
months after final publication of the paper itself in the ASME JOURNAL OFAPPLIED
MECHANICS
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related to the induced curvature measured in experiments in
tion 3. The models are evaluated numerically and compared w
experimental data in Section 4.

2 Models
The origin of the compressive stress in pre-coalescence cry

lites is thought to be due to surface stress. Here we adopt
qualitative picture of these compressive stresses first given
Abermann et al.@3# and develop quantitative models to descri
the curvature changes in this stage of film growth. The phys
mechanism idealized here involves contributions to this comp
sive stress from two sources:~1! residual stresses built into th
crystallites during growth by capillary forces and~2! stresses as-
sociated with the capillary forces exerted by the current confi
ration of the surface.

As discussed by Abermann et al.@3#, during deposition an is-
land is under compression due to surface stress. While the is
is small the surface-induced stresses significantly deform
atomic lattice of the island. This deformation is considered to
locked into the system during growth as bonding at the isla
substrate interface occurs while the island is in this compres
state. Assuming that no interfacial slipping or plastic relaxat
occurs, the compression in the island due to its surface stress
be represented by a transformation stress. This stress depen
the growth history of the island and also on how one concept
izes the growth process. As there is little fundamental informat
on these aspects of the problem, three models for the equiva
transformation stress will be proposed for comparison. Analysi
TEM micrographs of pre-coalescence of films indicates that
island heights are approximately half of the average base diam
~@1#!. Hence we assume that the islands are hemispheres of ra
R0 as shown in Fig. 2~a!. The x-y plane coincides with the sub
strate surface, the originO is at the center of curvature of th
island, and the verticalz-axis is an axis of rotational symmetr
which acts out of the substrate.

For a solid surface, it has been pointed out~@6#! that one needs
to distinguish between surface energyg and surface stressf. While
the surface energy defines the reversible work to form a n
surface by a process such as cleavage, surface stress is the r
ible work per unit area required to elastically deform a surface
that it is commensurate with the bulk. These two quantities di

h
us-
ing,
a–
four
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in fundamental concept but are usually of the same order of m
nitude. We will use surface stress to calculate the capillary for

2.1 Spherical Layer Transformation Models

2.1.1 Spherical Layer Model (Model I).Imagine that an is-
land grows as a number of hemispherical monolayers. These
ers are always complete and hence we can simulate the gr
process by simply increasing the number of layers. Each la
forms under the action of the current surface capillary press
due to surface stress

P~R!5
2 f

R
(2.1)

wheref is the surface stress of the island andR is the radius of the
spherical layer. Consequently the state of compression in th
land will not be uniform as it grows but will decrease as the la
radius increases. Consideration of an infinitesimal element
thin spherical shell under radial loadingP(R) yields a stress dis-
tribution of ~@7#!

s r52P sQ5sF52P2
R

2

dP

dR
(2.2)

where the (R,Q,F) spherical coordinate system has been u
and all shear transformation stresses are zero. The spherical
distanceR is the distance from the originO, Q is the horizontal
angle between thex-axis and the projection of the radius into th
x-y plane, andF is the vertical angle between the radius and
x-y plane. If the pressure is constant then a hydrostatic pres
distribution results as expected. As new atomic layers are de
ited, atoms near the surface become embedded in the cryst
and attempt to change to their normal bulk state. This shift
reference for the stress-free state is represented by transform
stresses

sR
T5

2 f

R
sQ

T 5sF
T 5

f

R
. (2.3)

2.1.2 Cylindrical Layer Model (Model II). In this model the
adatom attachment process during the growth of a new sphe
monolayer is assumed to initiate at the perimeter of the islan
base. In this case, it is imagined that a single hoop of ato
initially forms on the substrate around the base of the island
then the layer is completed by further deposition on top of th
peripheral atoms. It is in the initial hoop formation stage that
bonding of the layer to the substrate occurs. In this situation
initial hoop of atoms can be considered to be subject to a sur
stress in the plane of the island-substrate interface such tha
magnitude of the capillary pressure experienced by the hoop

Fig. 1 In-situ curvature versus nominal thickness for a Pt film
deposited on a SiO 2 substrate
426 Õ Vol. 69, JULY 2002
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P~r !5
f

r
(2.4)

wherer is the radius of the hoop. As before, consideration of
stress state in a thin plane stress hoop element subject to r
loading ~@7#! yields

s r52P su52P2r
dP

dr
sz50 (2.5)

where the (r ,u,z) cylindrical coordinate system has been us
and all shear transformation stresses are zero. The radiusr is the
horizontal distance from the origin andu is the horizontal angle
between the radius and thex-axis. As new atomic layers are de
posited on a crystallite, the stress-free state is shifted from
compressed state to the normal bulk state. This shift is represe
by transformation stresses

s r
T5

f

r
su

T5sz
T50. (2.6)

2.1.3 Current Capillary Forces. The above concentric laye
models account for the residual stresses locked into a crysta
during growth due to its capillary history. This does not take in
account the effect of the surface stress on the island in its cur
configuration. To do this it is necessary to apply a uniform pr
sure of 2f /R0 over the surface of a hemispherical island of rad
R0 . The surface stress must also be balanced at the periphe

Fig. 2 „a… The problem geometry, „b… the loading on the island
and substrate due to current capillarity and capillarity history
Transactions of the ASME
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Fig. 3 A simplified model of the problem as a beam subject to a pure bending
moment
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the island where the substrate-island, island-vapor, and subs
vapor interfaces meet. We assume that the substrate-vapor su
energy and the substrate-island energy are identical. This m
that the surface tensions are automatically balanced in the plan
the substrate surface and that the island will adopt a~near! hemi-
spherical shape. The island surface stress acts vertically up
from this point and must be included in the model. The result
force will be balanced by deformation of the substrate.

The combined loading on the island due to the capillary hist
(s i j

T ) and the current capillary is shown in Fig. 2~b!.

2.2 Local Transformation Model „Model III …. It is natural
to assume that the island atoms in contact with the substrate a
in the same atomic plane and that there is no plastic deforma
of the atomic structure of the island during growth, i.e., it is
perfect crystal. These two requirements imply that an island
lowed to relax its residual stress state by removing it from
substrate should experience no other stresses besides the n
capillary pressure. This is not the case for the concentric la
transformation models described above, as the nonuniform na
of transformation stresses induces Poisson effects which di
the relaxed island. An implicit assumption in these models is t
the current capillary pressure is always 2f /R or f /r , which is
strictly true only for a free-standing spherical or cylindrical dro
let free from the substrate. Furthermore, these models have
geometric restrictions to hemispherical or cylindrical crystallite

In order to relieve the above limitations, we propose a lo
transformation model in the following. The origin of the capilla
pressure is thought to be due to the difference between the na
lattice parameter of the surface atoms and that of the bulk ato
We imagine that a crystallite would be stress-free if all the ato
were in the surface state. Consider a sphere of radiusR represent-
ing the bulk material enveloped by a concentric spherical she
thicknessb representing the surface layer. Apply a uniform th
mal expansion of«T to the sphere to transform its lattice spaci
from the surface value to the bulk value. Lame´’s equations for
spherical symmetry~@7#! can be readily used to find the elastici
solution to this problem. It is found that a constant hydrosta
stress

s r
b5sQ

b 5sF
b 5

2E«T

3~12n! F R3

~R1b!321G

hanics
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is generated in the bulk~denoted by superscriptb!, and a variable
hoop stress

sQ
s 5sF

s 5
2E«T

3~12n! F R3

~R1b!3 1
R3

2r 3G
is generated in the surface layer~denoted by the superscripts!,
whereR,r ,R1b. The surface hoop stress is equivalent to t
surface stress induced by the surface tension, i.e.,sQ

s 5sF
s

5 f /b. Assuming the surface layer thickness is much smaller t
the bulk dimension (b!R), this is the case if«T5(12n) f /Eb.
Therefore the corresponding hydrostatic transformation stress
quired to transform from a surface atom to a bulk atom is

s r
T5sQ

T 5sF
T 5

E«T

~122n!
5

~12n!

~122n!

f

b
(2.7)

whereb is taken to be the effective thickness of the surface mo
layer. Imposing a uniform expansion in the bulk of a free drop
excluding the surface monolayer immediately generates the
pected capillary pressures r

b5sQ
b 5sF

b 522 f /R within the drop-
let.

For a thin film deposited on a substrate, we assume tha
atoms in a crystallite experience the same surface-to-bulk tr
formation given by~2.7! during the deposition process. We a
tribute the origin of the compressive stress in the crystallite to
transformation. Since adatoms are attached while they are in
surface state, the crystallite would be stress-free if all the ato
were in the surface state. The surface-to-bulk transforma
causes a compressive stress to be developed within the crysta
This model naturally returns to the state of free crystallites wh
the substrate is removed and is not limited to hemispherica
cylindrical geometries. There is no need to assume that the cu
capillary pressure remains in the form of 2f /R as the crystallite
grows. In fact, due to the substrate constraint, the current capil
pressure is expected to be smaller than 2f /R because the crystal
lite will not be able to expand the same amount as a free drop

In the case of a free droplet, we could alternatively start w
the statement that the droplet would be stress-free if all the at
were in the bulk state. Imposing a uniform contraction given
~2.7! in the surface monolayer also generates the expected c
lary pressure 2f /R. However, thisbulk reference statecannot be
JULY 2002, Vol. 69 Õ 427
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directly applied to the film deposition process because adat
are attached to the crystallite and the amorphous substrate w
they are in the surface state.

3 Induced Curvature Model for an Isolated Island
Consider the simplified geometry shown in Fig. 3 where

hemispherical island of height and radiusR0 sits on top of the
center of a cylindrical section of substrate of radiusL and depth
ts . We assume that the relaxation strain in the island and subs
is of the form of that found in a plate subject to a uniform bend
moment such that all the strain components are zero except

« r5«u52kz8 (3.1)

where z8 coincides with thez-axis and is the vertical distanc
from the neutral plane of the island-substrate assembly and
curvature,k, is the two-dimensional curvature in ther -z plane.
This is taken to be positive if there is a tensile stress in the isla
i.e., the island contracts and the assembly is concave. The isla
assumed to be thin compared to the substrate so that the ne
plane can be taken to coincide with the neutral plane of the s
strate in isolation, i.e.,z85z2

1
2ts . In reality the strain field in and

around the island is quite complex but we can test the validity
this assumption later. It should apply near the base of the is
where its free surfaces are sufficiently constrained by the s
strate. This is the most important region for transmission of str
into the substrate. Near the top of the island the stresses will r
much more readily. This effect will be taken into account by t
adoption of a numerically calculated geometrical parameter.

We use an energy method to determine the form of the relat
ship between loading, island size, and induced curvature. The
elastic energy in the system,U, has contributions from both the
island (Ui) and the substrate (Us) such that

U5Us1Ui5
1

2 EVs1Vi

~s i j 2s i j
T !~« i j 2« i j

T !dV

whereVs andVi are the substrate and island volumes,s i j
T and« i j

T

are the transformation stress and strain components, ands i j and
« i j are the stress and strain components taken with referenc
this transformed state.

The transformation stresses are applied to the island only so
elastic stored energy in the substrate is simply

Us5
1

2
E

Vs

s i j « i j dV5
1

2Ēs

E
2

1
2 ts

1
2 ts E

0

L

2~Ēskz8!2.2prdrdz8

5Ēs

pL2ts
3

12
k2 (3.2)

where Ēs5Es /(12ns) is the biaxial modulus determined from
the Young’s modulus,Es , and the Poisson ratio,ns of the sub-
strate.

To illustrate the calculation of the elastic energy in the isla
we consider the transformation stress state of~2.2! proposed for
model II. For the assumed cylindrical geometry this gives

Ui5
1

2Ēi

E
ts/2

ts/21R0E
0

R0F S 2Ēikz82
f

r
D 2

1~2Ēikz8!2G2prdrdz8

5p
Ēi ts

2R0
3

4
k21p f tsR0

2k1constant

where the biaxial modulus of the island,Ēi5Ei /(12n i), is de-
termined from the Young’s modulus,Ei , and the Poisson ratio
n i , of the island material.

The total elastic stored energy
428 Õ Vol. 69, JULY 2002
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3L2

12
1

Ēi ts
2R0

3

4
D k21pgtsR0

2k1constant

adopts the minimum energy configuration such that]U/]k50 so

k52
6g

Ēsts
2
S R0

L
D 2

assumingR0!ts .1 Given the unconservative assumption abo
the form of the strain field in this analysis it is proposed that
actual curvature for a hemispherical island subject to this type
transformation stress is

k52aAAk0 (3.3)

where

k05
6g

Ēsts
2

,

a is a numerically determined geometrical parameter which
pends on the type of loading, andAA5R0

2/L2 is the areal fraction
for this geometry. A distribution of islands can be considered to
a collection of these subproblems. Variousa-parameters have
been calculated~see Section 4.2! and are given for different types
of loading in Table 1. For the case considered herea5aB . By
superposition of linear elastic solutions, the combined effect
more than one of these loadings is simply additive. For instan
from ~2.1! we find for model I thata52aE1aF1aG . The va-
lidity of Eq. ~3.3! is tested in Fig. 4 for a loading of type B for P
islands on SiO2 . The parameteraB is found to be approximately
invariant of the island size except for an edge-effect as the isl
approaches the edge of its catchment area. A weighted mean v
of a over the growth life of the island is taken. Two examples
the other types of loading are also shown in Fig. 4. The curr
capillary pressure~loading type A! has a more pronounced edg
effect but in generalaA andaH both remain approximately con
stant. Again, weighted mean average values for Pt on SiO2 are
quoted in Table 1.

Model III is fundamentally different from models I and II. In
this case the curvature scales with the volume of the island ra
than the surface area. In addition, the problem is no longer s
invariant as the ratio of the thickness of the surface layer to

1It is useful to note that this method derives the Stoney formula~@3#! of Eq. ~4.1!
for a continuous film (R05L) of thicknesst0 subject to a uniform tensile transfor
mation stresss0 .

Table 1 The a parameter is equivalent to the curvature pro-
duced by a dense packing of pre-coalescence Pt islands with
unit surface energy density on a SiO 2 substrate of unit thick-
ness. It is given here for 13 different types of capillary loading.
Where one transformation stress is shown, the other transfor-
mation stresses are zero. These contributions can be easily
used to calculate the curvature due to combined loads as they
are simply additive.

Parameter Loading Type Value

aA Current Capillarity Pressure 0.229
aB s r52R0 /r 0.115
aC su52R0 /r 0.039
aD sz52R0 /r 20.058
aE sR52R0 /R 0.014
aF sQ52R0 /R 0.011
aG sF52R0 /R 0.020
aH s r521 0.056
a I su521 0.016
aJ sz521 20.044
aK sR521 0.009
aL sQ521 0.016
aM sF521 0.003
Transactions of the ASME
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island radius,b/R0 , depends on the chosen length scale. The
fore the induced curvature for model III of~2.7! can be expressed
in the general form

k III 52aT~b/R0!
~12n!

~122n!

R0

b
AAk0

whereaT is a dimensionless geometric parameter which is a fu
tion of b/R0 . Finite element calculations for this function a
shown in Fig. 5. When the island is small (R0,5b) it is less
effective at bending the substrate as the transformed ‘‘bulk’’ v
ume is small compared to the initially stress free surface layer
the island gets very large (b/R0→0) the effect of the surface laye
becomes negligible andaT→aK1aL1aM , the sum of the
a-parameters representing a volumetric expansion without a
face layer. In general, the stress induced in the surface layer b
volumetric expansion is much less than the free surface stressf /b.
This is because the expansion is heavily constrained by the un
lying substrate. In practice the curvature is not sensitive to
behavior ofaT for small islands as the areal fraction is very sm

Fig. 4 Variation in a-parameters with the relative island size,
R0 ÕL . The parameter remains approximately constant for small
island sizes but there is a pronounced edge-effect as the island
perimeter approaches the edge of the island catchment area.
This effect is most obvious in the case of the current capillarity
loading „type A …. The effect with other loading types is similar
to that shown for loading types B and H. The constant values
quoted for a in Table 1 are weighted averages over the growth
period of the island, *0

1a„h…h3d h, where hÄR0 ÕL and a con-
stant volumetric growth rate is assumed.

Fig. 5 The geometrical parameter aT varies with island size R0
given a constant surface layer thickness b
Journal of Applied Mechanics
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at this stage. Hence it is proposed that a reasonable model for
parameter is the large island asymptotic value ofaT5aK1aL
1aM .

3.1 Summary of Three Different Models. Based on the
relationship~3.3! derived in the previous section, the three stre
state models of Section 2 result in the following expressions
the induced substrate curvature:

k I52~aA12aE1aF1aG!AAk0

k II 52~aA1aB!AAk0

k III 52~aK1aL1aM !
~12n!

~122n!

R0

b
AAk0

52~aK1aL1aM !
~12n!

~122n!

L

b
AA

3/2k0 (3.4)

where it is interesting to note that model III differs fundamenta
from models I and II in the sense that the former predicts that
induced curvature depends on the island size whereas the
predicts that it does not.

It is clear from the above that, apart from basic material a
geometrical parameters, the only growth state variable require
know the current stress state is the areal fraction,AA . Given the
geometry in Fig. 2~a! the areal fraction is simplyAA5pR0

2/pL2

5(R0 /L)2. Conservation of mass demands that the volume of
islands is equal to the volume of material deposited such tha

3/2pR0
35pL2 t̄ f

which implies that

AA5S 3 t̄ f

2L
D 2/3

. (3.5)

This is a very simple model which assumes that islands all nu
ate a distance 2L apart at the start of deposition and that no furth
nucleation takes place during growth. However, the compari
with experimental measurements in Fig. 6 shows that it provid
coincidentally or otherwise, a very good description of the ge
metrical evolution of this system and therefore this express
will be utilized in calculating~3.4! in this paper.

4 Numerical Implementation

4.1 Finite Element Model. Due to the nonuniformity of the
expected deformation field, the model is implemented numeric
using the finite element method. The problem is assumed to h
the geometry shown in Fig. 2~a!. An individual island can there-

Fig. 6 A comparison of the areal fraction model of „3.5… with
experimental data „1…. The best correlation is obtained with a
grain radius of LÉ40 Å.
JULY 2002, Vol. 69 Õ 429
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fore be analyzed in isolation from the others and the problem
be reduced to a two-dimensional axisymmetric one. The thickn
of the substrate,ts , is much greater than the radial span of t
catchment area,L, by four to five orders of magnitude. Finit
element analysis of a problem with such an extreme aspect ra
numerically problematic and unnecessary. Any nonuniform de
mation of the substrate will occur local to the surface and so o
a small representative depth,D, of the substrate needs to be co
sidered~where D!ts!. Results for a thick substrate can be e
trapolated from these thin substrate calculations as it is known
globally the substrate is subject to a pure bending deformat
Geometric boundary constraints imply that the outer boundar
the substrate section (r 5L) must remain linear and hence th
radial displacements of this boundary must be a linear functio
the axial coordinate,z, as shown in Fig. 3, as expressed in~3.1!.
These constraints on the boundary displacements are enforce
the introduction of appropriate Lagrangian terms into the va
tional functional of the elastic potential used in the finite elem
analysis. Six-noded triangular elements are used. The subs
mesh is quite coarse far from the surface as the displacement
is highly predictable in this region. The capillary history transfo
mation stresses are calculated in the axisymmetric coordinate
tem at the elemental Gauss points and are incorporated into
nodal force matrix. The forces at each node on the island sur
due to the current capillary pressure and the vertical surface
sion at the edge of the island are also added into the nodal f
matrix. The transformed island is allowed to expand and relax
internal elastic energy subject to the constraints placed on it by
substrate. The vertical angular rotationq of the radial perimeter of
the substrate is obtained and the curvature calculated fromk
5q/L.

4.2 Testing the Thin Substrate Assumption. As discussed
above, the aspect ratio of the problem using the actual subs
thickness is extreme and therefore it is necessary to extrap
information from an analysis of a system with a substrate of s
nificantly reduced thickness. The Stoney formula is used to
and validate this proposition. This formula demonstrates that, f
thin continuous film on a thick substrate, the induced curvatur
a substrate due to a tensile stresss0 in a film of thicknesst0 is
inversely proportional to the square of the substrate thicknessts ,
such that

ks5
6s0t0

Ēsts
2

. (4.1)

Fig. 7 Comparison between the substrate curvature obtained
from the finite element analysis, k, and that predicted by the
Stoney formula, ks , with varying substrate thickness D. It can
be seen that the two models converge for large substrate thick-
nesses above 100 times the film thickness t 0 .
430 Õ Vol. 69, JULY 2002
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By comparing this theoretically predicted value with the val
calculated by the finite element model for a uniformly stress
continuous film on a relatively thin substrate of thickness,D, a
representative small thickness can be chosen from which the t
substrate results can be satisfactorily extrapolated. The resul
such a comparison are shown in Fig. 7. It is clear that the mo
works and that the correct curvature can be predicted to within
percent using a substrate that is 100 times the film thickn
Thicker substrates cause numerical problems as the finite ele
stiffness matrix becomes nearly singular and so we have ta
D5100R0 in subsequent calculations.

4.3 A comparison of the Three Capillary History Models
for Pt on SiO2. The three curvature models defined in Eqs.~3.4!
are evaluated for the Pt on SiO2 system using the numerically
calculateda-values in Table 1. The material parameters are giv
in Table 2. The results are compared with experimental meas
ments ~@1#! in Fig. 8. The substrate thickness used ists
5110mm. The areal fraction model of~3.5! was used. The ma-
terial parameter for model III in~3.4c! was taken to beL/b
514.5 based on the best fit of~3.5! to the experimental area
fraction data forL540 Å and the lattice spacing for Pt for th
surface layer thicknessb52.775 Å. In this case~3.4! can be writ-
ten

k I5kC20.0008AA520.0038AA520.00043t̄ f
2/3

k II 5kC20.0016AA520.0046AA520.00051t̄ f
2/3 (4.2)

k III 520.0138AA
3/2520.00052t̄ f

Fig. 8 Comparison between compressive stress curvature
predictions of „4.2… and experimental results „†1‡…. All three
models are of the correct order of magnitude. The models are
only valid before an appreciable amount of island coalescence
occurs and tensile stresses start developing in the film. The
experimental data indicates that this is around 5 Å.

Table 2 Properties of materials considered in this paper

Material
Young’s Modulus

E ~GPa!
Poisson Ratio

n
Surface Energy

g ~J/m2!

SiO2 74 0.23 -
Pt 168 0.38 2.5
Cu 130 0.34 1.75
Ag 83 0.37 1.25
Pd 121 0.39 1.95
Ni 200 0.31 2.3
Mo 329 0.31 2.85
W 411 0.28 3.2
Transactions of the ASME



Table 3 a-parameters for materials with the elastic properties given in Table 2. The parameter g„aA¿aB… gives an indication of
the relative magnitude of the curvatures predicted for model II of „3.4…. The a-parameters are not strongly dependent on the elastic
properties of the materials and it can be seen from the rightmost column that the variation in their surface energies is more
significant in determining the induced curvature.

Material aA 2aE1aF1aG aB aK1aL1aM g(aA1aB)

Pt 0.229 0.059 0.115 0.028 0.860
Cu 0.196 0.087 0.133 0.041 0.575
Ag 0.163 0.088 0.155 0.042 0.398
Pd 0.212 0.064 0.131 0.030 0.669
Ni 0.215 0.082 0.111 0.038 0.750
Mo 0.222 0.061 0.085 0.030 0.875
W 0.212 0.061 0.076 0.029 0.950
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where in models I and II the current capillary contributes a c
vature ofkC52aAAAk0520.0030AA . All three models predict
initial curvatures of the correct order of magnitude. The appro
mation made in deriving~4.2c! for model III slightly overesti-
mates the curvature fort̄ f,2 Å. The scatter in the experimenta
results is sufficiently large to make any detailed correlation di
cult. These models cease to accurately represent the stress
once the islands start to coalesce at a nominal thickness of a
5–6 Å as tensile stresses begin to develop. This is thought t
due to island coalescence~@3#!.

4.4 Dependence of Curvature on Elastic Properties and
Island Shape. The above results indicate that the compress
stresses present in islands on amorphous substrates in the
stages of growth are fairly insensitive to the model chosen
predict them. This has also been found to be the case with var
the island shape. Assuming semi-spherical islands, the dihe
angle between the island surface at its perimeter and the subs
surface was varied from 60 deg to 90 deg~hemisphere!. The cur-
vature was found to vary by only 10 percent over this range~de-
spite a 30 percent change in volume! and no strong dependence o
island shape was observed.

A number of other materials suitable to this type of experim
were considered. They and their material properties are liste
Table 2. The relevanta-parameters for the three models derived
this paper are given in Table 3. It is found that, although
elastic properties of the deposited material do affect the indu
curvature, the surface stress is the more dominant factor. In
eral, the elastically softer materials such as Cu, Pd, and Ag h
larger contributions from the capillary history. This is because
induced curvature depends on the transformation strain in th
land which is inversely proportional to the Young’s modulus
the material, as the transformation stress is not dependent o
elastic properties. The origin of a negative curvature from
current capillary contribution of models I and II requires som
explanation as one might expect from examination of these fo
in Fig. 2~b! that they could produce a positive curvature. T

Fig. 9 The deformation mechanism „exaggerated … due to the
current capillarity forces acting on an elastically stiff island
generates a negative curvature. If the island is elastically much
softer than the substrate then the current capillarity can gener-
ate a positive curvature.
Journal of Applied Mechanics
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mechanism by which a negative curvature is produced is show
Fig. 9. Essentially the capillary forces bend an island’s edges
wards and push its center downwards. This downward cen
movement exerts a pressure on the substrate below, which is
placed radially outwards from the axis of symmetry generatin
negative curvature. This effect is more dominant if the island
a high Poisson ratio and high Young’s modulus. In fact, if t
Young’s modulus of the island material is reduced below 50 p
cent of that of the substrate material this mechanism is no lon
apparent and the current capillary pressure generates a po
curvature.

For model III, the underlying physical arguments suggest t
the substrate constrains the expansion of the bulk atoms to
equilibrium lattice spacing. This results in the induced surfa
stress being much less than that for an unconstrained crysta
Finite element calculations indicate that the maximum induc
surface stress in this case is less thanf /10. This suggests that th
values forf used in models I and II are excessively large. If th
were the case, these models would not predict induced curvat
of the magnitude observed experimentally.

5 Conclusions
We have developed three models to explain the compres

stress in isolated crystallites during the initial growth of thin film
on amorphous substrates. Models I and II account for contri
tions to this compressive stress curvature due to the effec
transformation strain accumulated inside crystallite layers dur
deposition and that due to the capillary forces acting on the
face of the crystallite. These contributions are found to be co
parable for Pt on SiO2 although this depends on the elastic pro
erties of the system under consideration. Model III is a lo
transformation model in which we assume all atoms in a crys
lite experience a surface-to-bulk transformation strain during
deposition process and attribute the origin of the compres
stress in the crystallite to this transformation. Model III natura
returns to the state of free crystallites when the substrate is
moved and is not limited to a particular island geometry. Althou
model III differs fundamentally from models I and II, the induce
curvatures predicted by all three models seem to agree equ
well with the existing experimental results. As noted earlier,
curvature predicted by model III increases with the island s
whereas models I and II do not. Hence it would be of some in
est to conduct further experiments with different island sizes
clarify this distinction between these two approaches.
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Interpretations of Indentation Size
Effects
For very shallow indentations in W, Al, Au, and Fe-3wt%Si single crystals, hard
decreased with increasing depth irrespective of increasing or decreasing strain grad
As such, strain gradient theory appears insufficient to explain the indentation size
(ISE) at depths less than several hundred nanometers. Present research links the IS
ratio between the energy of newly created surface and plastic strain energy dissip
Also, the contact surface to plastic volume ratio was nearly constant for a rang
shallow depths. Based on the above, an analytical model of hardness versus dept
vides a satisfactory fit to the experimental data and correlates well with embedded
simulations.@DOI: 10.1115/1.1469004#
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Introduction
Material length scales have been a subject of great intere

nearly all engineering and science disciplines. Of large interes
the mechanics/materials community are those material len
scales in the 0.1 to 10mm regime, that have been investigate
with small volume torsion wire~@1#! and nanoindentation~@2,3#!
experiments. The principle theoretical treatment, with origins
gradient microstructure analysis~@4–7#!, has been the use o
strain gradient plasticity approaches~@1,3,8–10#!. Most effective
in tying the materials and mechanics approaches together
microstructurally based strain gradient analysis propose by
et al.@9# and most clearly applied to the indentation size effect
Nix and Gao@3#. This utilized the time-honored strain gradien
from geometrically necessary dislocation relationships~@11#!
which have been repeatedly verified by experiment~@2,12#!.

In the same time frame, propelled by the discoveries of sc
ning tunneling and atomic force microscopies, principally t
physics and chemistry communities addressed much lower co
forces in the nanonewton regime and examined various nan
bology issues. As polymer surfaces came under scrutiny, s
probes were elevated to largermN forces by using stiffer stainles
steel cantilevers and previous continuum models are being us
examine adhesive forces~@13#!. These involve using the Johnso
Kendall Roberts~JKR! ~@14#! and Derjaguin Muller Toporov
~DMT! ~@15#! approaches, and later an incorporation of a Dugd
zone to smoothly obtain the JKR/DMT transition~@16#!.

In the region of scale between these atomistic and grad
microstructure regimes, there are possibly one or more phen
ena that may contribute to an indentation size effect. It is
intent here to review briefly a number of these effects which
be related to small volumes under contact. This is poss
through some recent nanoindentation results~@17#!. Specifically,
because the previous experimental body of literature~@2,3#! deal-

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar
15, 2001; final revision, January 8, 2001. Associate Editor: D. A. Kouris. Discus
on the paper should be addressed to the Editor, Prof. Robert M. McMeeking, De
ment of Mechanical and Environmental Engineering University of California–Sa
Barbara, Santa Barbara, CA 93106-5070, and will be accepted until four months
final publication of the paper itself in the ASME JOURNAL OF APPLIED MECHAN-
ICS.
Copyright © 2Journal of Applied Mechanics
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ing with the indentation size effect emphasized depths of pene
tion greater than 100 nm and atomic force microscopy had
phasized nm level contacts, we recently evaluated two mater
^100& crystals of aluminum and tungsten, in the regime of 10
500 nm~@17#!. At the suggestion of Baskes and Horstemeyer@18#
who considered the surface to volume ratio to be key, we b
experimentally and theoretically determined plastic zone sizes
surfaces of contact to assess the importance of this paramete
the time neither research group had a physical rationale of w
this was important except that atomistic simulations on the
side ~@19#! and an experimental evaluation on the other~@17#!
strongly suggested that surface to volume,S/V, was the critical
parameter. In the present study we group two more mater
^001& Fe-3wt%Si and̂001& Au with the previous two for critical
evaluations of possible contributions to contact forces. First, h
ever, it is appropriate to briefly review the background of tw
recent studies and a hierarchy of scales that may influence co
forces and therefore any indentation size effect~ISE!.

Background
Interest in the indentation size effect~ISE! has resurfaced a

number of times; e.g., in 1970 Gane and Cox@20# demonstrated
that in Au single crystals that hardness could be increased b
factor of three by decreasing the contact diameter from 104 to
102 nm. A rekindled interest in the ISE was fostered by the ava
ability of depth sensing instrumentation~@21#! and nearly two de-
cades later, Stelmashenko et al.@22# showed a similar hardnes
increase at shallow depths in various orientations of single cry
tungsten. They also had a reasoned explanation in terms o
local dislocation hardening due to geometrically necessary di
cations. The hardness,H, was given by

H5AamFb2r01
b cotb

d G1/2

(1)

with A anda nondimensional coefficients of constraint and Tay
hardening,m the shear modulus,b the burgers vector,r0 a back-
ground dislocation density, cotb the wedge shape, andd the di-
agonal of a Vicker’s hardness diamond indenter. Using a reas
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able value ofAa;1.5, the fit to both their data and more rece
data for spherical tips~@17,23,24#! is seen in Fig. 1 for single
crystal tungsten. This agreement is remarkable considering
the spherical indenters ranged from 85 to 5000 nm in radius,
Vicker’s indenter is a sharp, four-sided pyramid and Stelmash
ko’s data represents five crystal variants while the present da
only for ^001&. Note thatd/2.5 is used for the comparison to mak
equivalent areas of contact for the two types of indenter tips.
some of the low data points for the spherical contact radii,a,
represent contact depths of only 10 nm, the scatter observed c
be partially a result of surface roughness~@25,26#!.

Such findings along with other observed material scale effe
led to a phenomenological theory of strain gradient plasticity
Fleck and Hutchinson@1,27# and somewhat later to a mechanism
based strain gradient plasticity theory by Gao et al.@9#. While the
mechanism-based theory can~@9#!, it is generally recognized tha
such strain-gradient plasticity theories should not be used at
shallow depths in the vicinity of 100 nm or less. Also, such sm
size scales become close to the realm of atomistic simulat
where depths of penetration of 1 nm have easily been achie
~@28#!. These two facts caused us recently to examine the
effect in some detail both experimentally~@17#! and computation-
ally ~@19#!. Regarding the experiments, both average pla
strains, «̄p , and strain gradients,x̄5d«p /dc, were estimated
from experimental measures of«̄p

1 and plastic zone size,c. As
summarized in Fig. 2, the average gradient for a given inde
tion, x̄, increased slightly for both small and large spherical
radii at shallow depths of penetration less than 100 nm. Howe
deeper penetration depths in the single crystal aluminum produ
decreasing values ofx̄ with increasing depths for the sharpe
cones but remained spherical-like for the bluntest ones. This
be rationalized partially from simple geometric arguments as
and Gao@3# have done for geometrically necessary dislocatio
emanating from a sharp wedge. The comparison in Fig. 3 sugg
that for the spherical tip the average gradient for a spherical c
tact would be independent of the contact radius~or depth! while
the value ofx would fall off as 1/a for a sharp wedge. This
reinforced current views that continuum-based gradient plasti
models are not appropriate to very small plasticity scales. Tha
hardnesses at the shallowest depths were accompanied by
gradients which were increasing or nearly constant for inde

1These will be addressed in more detail in the experimental section which follo

Fig. 1 Hardness as a function of contact dimension in Š100‹
tungsten crystals showing the ISE
434 Õ Vol. 69, JULY 2002
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tions at greater depth. For that reason anad hocmodel was ini-
tially determined based upon the observedc/a ratio which was
found to first order to be~@17#!

S c

aD 2

.
h

a
; h5material constant. (2)

Given that even in this small scale range that the plastic zone
is described well by Johnson’s cavity model~@29,30#! one can use

c5F 3P

2ps f
G1/2

(3)

whereP is the applied indentation load ands f is an appropriate
flow stress. Coupled with Eq.~2! it was shown that a first-orde
prediction of the ISE could be made~@17#!. This still wasn’t sat-
isfying, however, as there are no principles of physics or mech
ics involved that would explain the indentation size effect.

One can take another look at Eq.~2! and see that if the contac
area,pa2, is coupled to a hemispherical volume of deformin
material, (2/3)pc3, then a surface-to-volume ratio can be defin
as

S

V
5

3a2

2c3 (4)

or

S

V
5

3

2h
•

a

c
, (5)

Eq. ~5! deriving from the size scale parameter of Eq.~2!. Given
that thea/c ratio was mildly varying by only a factor of two with
contact radii up to about 1mm, this suggests for shallow depths o
penetration that the surface to volume ratio defined by Eq.~5! is
nearly constant!

At the same time, molecular dynamics simulations using e
bedded atom method potentials~@19#! were performed on single
crystal nickel. With simple shear boundary conditions, Horste
eyer and Baskes~@19#! showed a dependence of the yield stress
the specimen size. It was proposed that dislocation nucleation
a critical phenomena that determined the yield point as a func
of volume-to-surface area. This initially caused some confus
between the two research groups until it was clarified as to h
volume-to-surface area was being assessed. This is discusse
note added in proof.

Since the surface-to-volume ratio appeared to play a piv
role for shallow contacts, we reviewed contact forces overws.

Fig. 2 Average strain gradients, x, versus depth of penetra-
tion, d, into Š100‹ W „open symbols … and Š100‹ Al „closed sym-
bols … crystals. Four different diamond tip radii used in each
case.
Transactions of the ASME
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Fig. 3 Schematic of spherical and sharp wedge contacts showing difference
in strain gradient dependence on contact shape
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scale of interest,<10 mm, as summarized in Table 1# ~@2,3,12,31–
41#!. For the present study we believe the first three catego
represent forces too small to be significant to an ISE. Clea
adhesive forces can be important particularly to polymer cont
where pull-off forces can be in the 10mN regime. However, for a
number of metal/metal and diamond/metal contacts in labora
air, the pull-off forces were less than 1mN representing a force
generally less than about three percent of the total.

Consider, next, the level of contact forces associated with
face energy and surface stress. While the forces in a narrow
nulus around a surface contact have a limited area of influe
surface energies and excess surface stress may act over ar
least as large as the extent of the plastic zone around the con
Consider first surface energy,gs , which is the work to create new
surface as might be related to creating cracks in an oxide
below the contact or new surface as slip steps emerge aroun
indenter. In another type of experiment on small wires, finite lo
are found where creep rates become zero because of the su
hanics
ries
rly,
cts

ory

ur-
an-
ce,
as at
tact.

lm
the

ds
rface

energy effect~@33#!. Regarding surface stress, the work in elas
cally deforming surface atoms, this is sufficiently large to trigg
surface reconstruction and lattice parameter changes in s
spheres~@34–36#!. For example, if one considers the surface wo
only associated with the surface stress,ss , this can be converted
through the Laplace pressure on a sphere to a change in la
parameter~@16#!. ~See Appendix A.! Such observations of lattice
parameter changes by TEM electron diffraction have been fo
~@34–36#!. Regarding the next scale level of forces and lengt
there has been a large effort~@38–40,42,43#! in attempting to
describe both nucleation and yield forces associated with the o
of plasticity and the arrest of a displacement excursion.

Finally, the well-documented ISE for sharp-wedge tips driv
into single and polycrystals and interpreted in terms of len
scales associated with strain gradient plasticity needs little in
duction here~@2,3#!. Such indentation experiments can be d
scribed by
les
Table 1 Contact Forces: a Hierarchy of Scales

Phenomena Observations Forces/Energy Sca

Jump to contact~@3#! STM/AFM van der Waals nM/Å
Film dewetting~@32#! AFM van der Waals versus

surface tension
~Laplace pressure!

nN/nm

Adhesion~@16#! Surface forces apparatus
AFM/nanoindentation

van der Waals,
chemical bonding:
JKR/DMT

mN/nm

Creep of small volume
wires ~@33#!

Load at zero creep as a function
of wire diameter—ISE?

Surface energy,gs
~work to create a new
boundary!

mN/nm

Lattice parameter (a0)
changes~@34–36#!

TEM observations showa0
scales as 1/R in spheres

Thin film yielding under
an electrolyte~@37#!

Voltage driven surface stress
affects nanoindentation induced
yielding

Surface stress,ss
~work to elastically
deform surface atoms!

mN/nm

Yield initiation
~@38–40#!

Drumhead effect;
oxide film effect in
nanoindentation—ISE?

Film elasticity, image
forces, film fracture

mN/nm
↓
mN

Yield arrest~@24,40#! Displacement excursion
in indentation—ISE?
TEM, SEM Rosettes

Dislocation array
stress field

mN/nm
↓
mN

Small wire torsion~@41#!
Indentation size effects
~ISE! ~@2,3,12#!

Torque versus wire size or
hardness in sharp-wedge
penetration~ISE!

Strain-gradient modified
Taylor hardening

mN/nm
↓ ↓
mN mm
JULY 2002, Vol. 69 Õ 435



Table 2 Details of load „P…, displacement „d…, contact radius „a…, plastic zone radius „c …, hardness „H…, and surface to volume
„SÕV… at the end of yield excursions in Š100‹ Fe-3wt%Si, RtipÄ70 nm. „Note that only every other data point in Fig. 7 „c… is detailed
here. …

P
mN

d
nm

a
nm

c
nm

H
GPa H/sys

S/V
m2131025

SS

VD2S H

sys
D3

m22310214

38 8 33.5 224 10.8 30 1.50 6.08
50 10.5 38.2 258 10.9 30.3 1.27 4.49
60 21 54.2 282 6.5 18.1 1.96 2.28
74 24 58.0 313 7.0 19.5 1.65 2.02
94 40 74.8 353 5.35 14.9 1.91 1.21
100 40.5 75.9 364 5.52 15.3 1.79 1.14
114 48 85.7 389 4.93 13.7 1.88 0.91
118 52 91.1 396 4.53 12.6 2.00 0.80
150 62 104 446 4.43 12.3 1.82 0.62
155 70 114 453 3.79 10.5 2.10 0.51
163 70 114 465 3.98 11.1 1.94 0.52
175 84 132 482 3.19 8.9 2.02 0.39
198 95 146 512 2.95 8.2 2.40 0.31

In Š100‹ Au, RtipÄ205 nm with only every third data point in Fig. 7„a… detailed:
16 6.5 51.6 309 1.99 24.9 1.35 2.81
20 7.6 55.8 345 2.04 25.5 1.14 2.15
21 9.0 60.7 354 1.81 22.6 1.25 1.80
30 12 70.1 423 1.94 24.2 0.97 1.33
48 14 75.8 535 2.66 33.2 0.56 1.15
40 15.5 79.7 489 2.00 25 0.81 1.04
50 16.5 82.2 546 2.35 29.4 0.623 0.986
44 18 85.9 512 1.90 23.8 0.825 0.918
48 20 90.6 535 1.86 23.2 0.804 .807
47 22 95.0 530 1.66 20.7 0.989 .733
58 25 101 588 1.81 22.6 0.832 .799
62 27 105 608 1.79 22.4 0.759 .647
72 30 111 656 1.86 23.3 0.654 .541
70 33 116 646 1.65 20.6 0.749 .490
71 34 118 651 1.62 20.2 0.757 .472
88 40 128 725 1.71 21.4 0.645 .408
92 47 139 741 1.52 19 0.712 .348
98 52 146 765 1.46 18.2 0.714 .307
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H0
5A11

d*

d
(6)

whereH0 is the hardness in the absence of strain gradients,d* is
a length scale parameter, andd is the depth of penetration. W
would like to point out two aspects. First, the form of Eqs.~1! and
~6! are identical withH05Aam/c1 andd* 5c2b but the interpre-
tation is different. Stemashenko@22# originally only considered
hardening due to geometrically necessary dislocations while
and Gao@3# considered a flow stress given by

s f5sysAf 2~«!1d* xrG (7)

with hardening a function of both strain and strain gradient. T
second point is that both average strain and average strain g
ents tend to increase with increasing depth for ‘‘sharp tips’’ at v
shallow depths or for larger spherical tips at all depths. See Fig
Since Eq.~7! implies larger flow stresses for deeper depths
penetrations with spherical tips, this did not seem to explain
shallow penetration data of Fig. 1. Some corroboration of this
light loads was found by Yasuda et al.@43# who documented tha
the dislocation density of the isotropic plastic zone increased w
increasing depths of penetration. For that reason they rejecte
model of Stelmashenko et al.@22# which only emphasized the
dislocation density aspect. The above aspects led us to the co
sion that for very shallow indents that a model based upon
face,S, to volume relation,V, considerations might be promising

Experimental
Details of the loads, displacements, plastic zones, contact r

strains, and strain gradients are given elsewhere~@17#! for ^100&
Al and ^100& W. For this study also analyzed in the same w
were ^100& Au @44# and ^100& Fe-3wt%Si~@17–23#! single crys-
436 Õ Vol. 69, JULY 2002
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tals. Justification in terms of geometrically necessary dislocati
gave strains asd/c and average gradients,x̄, asd/c2. Tip radii of
500, 1000, 5000, and 20,000 nm were used for the^100& Al, 85,
360, 1800, and 5000 nm for the^100& W and single tips of 70 nm
and 205 nm for̂ 100& Fe-3wt%Si and Au, respectively. In on
instance a 700 nm spherical diamond tip was used for tungste
noted. Since the Fe-3wt%Si and Au were not published elsewh
these are shown in detail in Table 2. The Fe-3wt%Si tip used
determine strain gradient was relatively sharp and since it wa
three-sided Berkovich, an appropriate area function for the tra
tion from spherical to triangular was utilized to define contact a
and an effective radius of contact.2 For further justification of the
strain and strain gradients used, we had accomplished a nume
analysis of a very shallow contact into simulated nanocrystal
tungsten with a yield strength of 4 GPa and a modulus of 4
GPa. The 500 nm spherical tip at the end of a 90-deg cone
driven into the tungsten to a depth of 167 nm. The approach~@45#!
used was an explicit, numerical formulation utilizing the fini
difference method for a three-dimensional model based on la
deformation, elastoplastic contact mechanisms. Moving bou
aries and quasi-static states were handled with an updated
grangian approach. The resulting Mises strain as a function
distance from the tip is shown in Fig. 4 with strains up to abo
0.5. The average strain in the zone was 0.154 whereas if we
siderd/c it is 0.209 for this 800 nm plastic zone. Further, one c
curve fit and show the average gradient in the zone to be a
53105 m21 while d/c2 is 2.63105 m21. The difference between

2Previously, we had shown for different shapes of indenters that Eq.~3! gave an
appropriate account of measured plastic zones~@30#!. While such a shape change a
deeper depths will not affect the surface to volume ratio or mean pressure det
nations, this may bias their relationship with displacement. The reader shoul
aware that such variance would cause a small shift in some of the data plots w
depth to the one-third power is encountered.
Transactions of the ASME
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these and the 1/2R gradient of 106 m21 indicated in Fig. 3 is due
to the ‘‘gage length’’ basis of ‘‘c’’ and ‘‘ a’’ used, the former being
preferred.

Theoretical
To understand how important the surface to volume,S/V, ratio

is, estimates of surface work and the volume work associated
plastic deformation under a contact are in order. Considering
the surface work, a number of contributions including both s
face energy and surface stress are examined. For the genera
the total work associated with creating either new area,dA, or new
surface energy,dg, can be written as

gdA5gdA1Adg (8)

using Maugis’ terminology~@16#!. He goes on to demonstrate th
for a surface ofN atoms with an areaA5Na0 that the surface
work is due to both elastically stretched bonds,da0 , and new
numbers of atoms exposed,dN, giving

gdA5ga0dN1ssNda0 (9)

whereg is surface energy andss is the surface stress. With th
definition of straindA/A being both plastic,«p , and elastic,«« , it
follows that ~@46#!

g5g
«p

«
1ss

«E

«
(10)

where« is the total strain. Thus, the total surface work,Ws , is
made up of new area associated with irreversible plastic wor
well as elastically stretched bonds associated with revers
work. There are a number of possible contributions to indenta
surface work as follows:

~i! creating new surface associated with straining mate
outside the contact. This could involve oxide fracture,gs

ox ,
oxide/metal interface fracture,g i

m2ox , and/or slip step
emergence in the metal itself,gs

m :
Ws

i 5p~c22a2!@f1gs
ox1f2w

m2ox1f3gs
m#;

wm2ox5gs
m1gs

ox2gm. (11a)

~i! creating surface by fracture of oxide,gs
ox , or the metal/

oxide interface,m2ox, giving
Ws

ii5pa2@f4gs
ox1f5w

m2ox#; wm2ox5gs
m1gs

ox2gs
mox.

(11b)

~i! formation of adhesion between the diamond indenter
and the oxide surface film:

Ws
iii 5pa2@f6w

d2ox#; wd2ox5gs
d1gs

ox2gs
dox. (11c)

Fig. 4 Mises strain as a function of distance, r , from indenter
tip for a three-dimensional finite difference numerical analysis
Journal of Applied Mechanics
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~i! surface stress deformation work outside the area of con
Ws

iv5p~c22a2!@f7ss#. (11d)

Note here that the interfacial energies,w, are the Dupre´ works of
adhesion and thef i are the fraction of areas contributing. Sinc
f 15 f 4 , f 25 f 5 , one can show to first order for an annulus
plastic deformation ofc;2a that these sum to

Ws
total;(

i
ws

i ;4pa2 f̄ @gs
ox1gs

m#;

gs
ox;gs

m , f̄ .0.125

Ws
total;pa2gs

m . (12)

Further simplifying assumptions were that we could ignore s
face stress, thatf 1 and f 2 for fractured oxide or metal/oxide in
terfaces were about a quarter of the contact area fraction unde
indenter,f 6 , and thatgs

d;gs
ox.gdox,gmox. While one can easily

argue the details, the simple relation we desired here is that to
order the total surface work is given by the product of the cont
area and metal surface energy.

Next, consider the volume deformation associated with pla
work, Wp . From a continuum standpointWp can be defined in
terms of the plastic volume,V, and the tensile yield stresssys ,
for an elastic-perfectly plastic material giving

Wp5VE
0

«p

sysd«p . (13a)

Defining an incremental strain as befored«p5dd/c and noting
that the hemispherical plastic volume would be (2/3)pc3 one sees
that

Wp5VE
0

d sys

c
dd5

2

3
pc2sysd. (13b)

There is a hidden assumption that ‘‘c’’ is constant but recent ex-
periments~@47#! with direct AFM imaging demonstrate a substa
tial plastic zone prior to the yield excursion. An alternative way
examining this work is to define an incremental work similar
that proposed by Cheng and Cheng@48#. Using Eq.~3! with s f
;sys gives

dWp5Pdd5
2psysci

2

3
dd (13c)

with ci the instantaneous plastic zone size. If we assume thaci
5c5constant, then

Wp5
2psysc

2

3 E
0

d

dd5
2

3
pc2sysd. (13d)

It is seen that~13b! and~13d! are identical. Further corroboratio
is taken from the dislocation theory by assuming that concen
loops of length from near zero toc ~c/2 on average! move down
glide cylinders to produce work under a shear stress,tys . This
gives

Wp5.
d

b
number
of loops

• tysbpc
force per unit length

x average loop length

• c
distance
moved

5pc2tysd. (13e)

Taking tys;(2/3)sys makes (13b)5(13d)5(13e). Still since c̄
,c but only slightly and the displacement excursions have b
shown to be about half the total displacement~@40#!, it follows
that a good estimate of the plastic work is

Wp.c2tysdexc. (14)

Using the total displacement with Eqs.~12! and ~14!, the surface
to volume work ratio is given by

Ws

Wp
5

2pgs
m

tysd
S a

cD 2

. (15)
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Fig. 5 Ratio of surface to volume works as a function of indentation depth
into Š100‹ Al and Š100‹ Fe-3wt%Si single crystals
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What this illustrates is that if thea/c ratio is nearly constant a
shallow penetration, then the portion of surface work resist
penetration rapidly decreases with increasing depth of penetra
asgs

m andtys are constant. Back at Eq.~5! it was suggested tha
for relatively shallow depths of penetration thatS/V may be
nearly constant. We next examine this and the surface work a
ment as to how this gives rise to an indentation size effect.

Results and Discussion
First, bothWs andWp were determined from Eqs.~12! and~14!

using either calculated values ofc and a as for Fe-3wt%Si or
AFM imaged values for aluminum crystals. Values for shear yi
stress were 180 MPa for Fe-3wt%Si and 30 MPa for aluminu
These data as shown in Fig. 5 illustrate two points. First, for v
shallow penetrations the surface work can be a significant por
of the total work. While a surface work contribution of 10% ma
not seem significant we believe the values in Fig. 5 to be
underestimate of the true ratios. After these calculations w
made it was suggested that the surface area could easily be l
than thepa2 used if the vertical surface steps associated with b
oxide fracture and slip band emergence were used, e.g., pile
Consider just a native oxide fracture of 3 nm, and approxima
half of the dislocation loops emerging at the free surface to fr
ture oxide. One can show that the surface steps as long tr
through the plastic zone could produce a new area about t
times larger thanpa2. Second, the solid curves are Eq.~15! with
c/a a single value of three for both materials. Going back to E
~5! then this does strongly imply that if the size scale parame
were relatively unchanged, that the surface to volume ratios wo
also be constant and near to each other. From data of prev
~@17,23,44#! and present investigations,S/V values were calcu-
lated and are shown as a function of depth in Fig. 6. Here i
remarkable to see how constant theS/V values are up to depths o
about 200 nm~note the scale difference for aluminum!. The
slightly greater scatter for Al and W can be partially attributed
using four different tip radii in each case. As to the averageS/V
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Fig. 6 Surface-to-volume ratio, defined by projected contact
area to plastic volume, as a function of indentation depth for „a…
Š100‹ W and Š100‹ Fe-3wt%Si; „b… Š100‹ Au and Š100‹ Al single
crystals. Solid and dashed curves represent the mean SÕV val-
ues for each material. Note the different scales for the two ma-
terials in „b….
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Fig. 7 Fit of the proposed model „Eq. „19…… for four Š100‹ oriented single crys-
tals. Single tips of 205 nm and 70 nm radii used in „a… and „c…, respectively;
multiple spherical tips with radii noted used in „b… and „d…
d

e
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values, these tended to be in the(1-2)3105 m21 regime for all
four materials, the ranking of which we consider later.

With S/V;constant for a given material at shallow depths,
was straightforward to arrive at an ISE. DefiningS/V53a2/2c3,
it is seen that

S S

VD 2/3

5
~3/2!2/3a4/3

c2 . (16)

For plastic contacts of a spherical tip Johnson@29# takes a2

;2dR which is nearly the geometric value and combining th
with the mean pressure defines hardness as

H.
P

pa2 .
P

2pdR
. (17)

But we had already demonstrated that the plastic zone coul
given by Johnson’s cavity model, Eq.~3!, so that by eliminating
P, ~17! becomes

H5
s fc

2

3dR
. (18)

It is seen withS/V constant, Eq.~16! anda2;2dR can be used to
eliminatec2 in Eq. ~18! giving

H.
s f

S S

VD 2/3•
1

~3dR!1/3. (19)

H/s f is shown versus (dR)1/3 for all four materials in Fig. 7. With
the average values ofS/V from Fig. 6, it is also seen that th
hanics
it

is

be

model fits the data both in terms of the ISE but also appropriat
ranking the tip radius effect. It should be mentioned here thats f
was taken as the yield stress for Au, Al, and Fe-3 wt%Si but w
taken as the flow stress for W as discussed by Bahr et al.@23#. As
seen from Eq.~19!, (S/V)2 (H/sys)

3 should collapse all of the
data when shown versus (dR)21. Such a master plot in Fig. 8

Fig. 8 Master plot of Eq. „19… for all materials
JULY 2002, Vol. 69 Õ 439
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does this but it is seen that a break in the curve appears at adR of
about 3310213 m2 for the aluminum data which involved th
deeper penetrations. For the 1000 nm tip radius this represe
penetration depth of 300 nm, just about where the surface to
ume ratio ceases to be constant in Fig. 6. It appears then th
different mechanism for the ISE may take place at deeper pen
tion depths where the surface work contribution is minimal.

One final discussion point is the apparent ranking of aver
S/V ratios in Fig. 6. One way is through the physical properties
the materials as given in Table 3@49#. Here it is seen that the two
lowest surface energy metals have the lowestS/V ratios which
seems counterintuitive. On the other hand, the ratio of flow st
to the elastic stiffness constant,c11, does seem to rank order th
S/V values. In addition the elastic strain energy density clea
scales withs f

2/E so that the greater stored elastic energy ab
indents into the higher yield strength materials may be playing
additional role in requiring an increased surface-to-volume ra
If that is the case then dimensional analysis would imply t
s f

2/gsc11 should scale withS/V as these both have m21 units.
Comparing the last two rows of Table 3 shows this to be the c
on a semi-log basis.

Note added in proof: Sometime after this paper was 95 pe
cent complete our respective research groups contacted each
and found that our surface to volume concepts didn’t even fit
the same page. It became readily apparent that we had utilized
different definitions of volume whereinVB represented the vol
ume displaced by the indenter whereasVG represented the plasti
volume involved in volume work. To properly compare our da

Table 3 Scaling of flow stress, surface energy, and elasticity
to surface Õvolume ratio

Au Al Fe W

gs N/M† 1485 980 1950 2800
c11 , Pa310210† 18.6 10.8 24.2 52.1
s f , Pa31026 80 60 360 860
s f /c113104 4.3 5.6 14.9 16.5

s f
2/gsc11 , m21 23 34 275 507

S/V, m2131025 0.89 1.26 1.88 2.13

†Data from Hirth and Loethe, Ref.@49#.
440 Õ Vol. 69, JULY 2002
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we needed to define (V/S)B for our spherical indentations. For
spherical segment indenting a planar surface,V andS are defined
by geometry, giving

FV

SG
B

5

pd2

3
@3R2d#

2pRd
5

d

2
2

d2

6R
'

d

2
; R@d (20)

where for Baskes and HorstemeyerVB is in terms of the indenter
displaced volume. For comparison, we report yield strength
estimated from hardness (sys;H/3) normalized on Young’s
modulusE. From Eq.~19!, this combined with~20! gives

H5
sys

0

S S

V
D

G

2/3•

1

S 6FV

S
G

B

RD 1/3. (21a)

Here, we distinguish the bulk yield strength,sys
0 , from the yield

strength,sys , that would be obtained fromH/3, thereby involving
the ISE. TakingH/3 assys and normalizing on modulus gives

sys

E
5

sys
0

3ES S

VD
G

2/3•
1

S 6RFV

SG
B
D 1/3. (21b)

Note for a given material thatsys
0 /E is constant and@S/V#G is

approximately constant at shallow depths~Fig. 6!. The result for a
constant tip shape is thatsys /E should be proportional to
@V/S#20.33 whereas Horstemeyer and Baskes originally repor
an exponent of20.38. This is further remarkable since in ree
amining data left out of the original analysis, those data sho
along with a new least-squares fit give a slope equal to20.33 in
near perfect agreement with the21/3 slope predicted by~21b!. As
is seen in Fig. 9, there is now a reasonable qualitative agreem
between the two sets of data.

Summary and Conclusions
From examination of average strains and strain gradients

function of indentation depth, this reinforces previous views t
gradient plasticity models do not apply at very shallow depths.
alternative model for depths up to several hundred nanomete
Fig. 9 Incorporation of the Baskes and Horstemeyer definition of volume to
surface ratio, „VÕS…B , for comparison of atomistic simulations to the present
data: solid line is a power-law fit with À0.38 slope similar to Eq. „21b…
Transactions of the ASME
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proposed in terms of a surface work and plastic volume w
concept. The critical feature is the (S/V)G whereS is the projected
contact area andVG is the plastic volume under the contact. It
further concluded that

1 The functional dependence of both average strain and
erage strain gradient on indentation depth is even qualitativ
different for spherical versus sharp wedge indenters.

2 At very shallow depths average strain gradients incre
with increasing indentation depth for all spherical tip radii a
even for larger spherical tip radii at depths deeper than 100 n

3 Assessment of surface and volume works demonstrate
both of these can be fundamentally important at shallow depth
indentation where size scales are small.

4 For shallow depths of indentation the (S/V)G is nearly in-
dependent of depth.

5 The proposed model based upon a constant (S/V)G model
predicts normalized hardness to decrease as (dR)21/3. This fits
^100& single crystal data for Au, Al, Fe-3wt%Si, and W.
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Appendix

Surface Stress as a Work Term. Using the Laplace pressur
to find the effect of surface stress on the lattice parameter cha
in nanometer scale particles, Maugis@16# finds

ss5
R

2
Dp52

R

2xc

DV

V
52

3

2

R

xc

Da

a
(A.1)

where the pressure change is interpreted in terms of the rela
volume change,DV/V, and the compressibility,xc . Defining
Da/a as a lattice strain,«, and noting that the bulk modulus,K, is
the inverse of compressibility, this gives the surface stress as

ss5
3

2
KR«. (A.2)

By measuring lattice strains via electron diffraction in sm
spheres, Vermaak et al.@34–36# determinedss in Au, Ag, and Pt
to range from about 1.2 to 2.6 J/m2.
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Surface Steps: From Atomistics
to Continuum
The elastic interaction between surface steps biases growth and can have a dom
influence on growth modes of thin films. A new continuum solution is presented that
into account the actual geometry of the steps. It is shown that even in the absen
external stress, the interaction energy contains a logarithmic dependence not prev
reported in the literature. This additional term is of the same order of magnitude as
ones contained in the solution of Marchenko and Parshin that has been generally
during the past twenty years. Opposite and similar steps are investigated and closed
expressions for the relevant elastic fields and interaction energies are derived. R
compare favorably with the ones obtained from embedded atom method (EAM) si
tions and a recent elastic lattice model.@DOI: 10.1115/1.1468999#
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1 Introduction
Until ten years ago, growth modes of thin films have be

characterized solely on the basis of thermodynamic consi
ations. Consequently, two or three-dimensional growth was
lected as a result of the relative magnitudes of three interfa
free energies: the surface free energy of the film, the surface
energy of the substrate, and the interfacial free energy betwee
growing film and the substrate. We now know that such an
proach is often inaccurate~for details and references, please s
Kouris et al.@1#!.

Currently, it is well understood that during the growth of crys
surfaces, three-dimensional structures can develop due to the
tic interaction of surface defects. These defect interactions de
mine the kinetics of growth processes and often control
growth mode morphology. They decay slowly with defect sepa
tion and have longer range than the indirect electronic interact
~Stoneham@2#!.

The geometric discontinuity at a surface step~Fig. 1! is respon-
sible for a discontinuity of the surface stress, resulting in a fo
couple with a magnitude proportional to the surface stress. Ma
enko and Parshin@3#, in their continuum model of a surface ste
proposed an equivalency between the couple mentioned a
and two force dipoles~one with and another without moment!,
acting along the line of the step~Fig. 1!. The ensuing elastic
analysis for an isotropic substrate predicted that the interac
energy between two identical steps is inversely proportional to
square of the separation distance. Other relevant studies inc
the work of Stewart et al.@4# and Duport et al.@5#.

In a recent paper, Kukta and Bhattacharya@6# determined the
elastic field of a step up to second order. Their model dem
strated that second-order fields are necessary for obtaining a
rate elastic fields and cannot be described simply by point sou
on a half-plane.

In the present study, we determine the elastic field of interac
steps. Airy stress functions are derived for the cases of oppo
and similar steps. Opposite steps are illustrated in Figs. 2~a, b!
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paper should be addressed to the Editor, Professor Robert M. McMeeking, De
ment of Mechanical and Environmental Engineering University of California–Sa
Barbara, Santa Barbara, CA 93106-5070, and will be accepted until four months
final publication of the paper itself in the ASME JOURNAL OF APPLIED MECHAN-
ICS.
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that correspond to a mesa, or a surface depression~pit!. Similar
steps~Fig. 2~c!! constitute the element of a vicinal surface.1 In
addition, expressions for the displacements and interaction e
gies are presented. In the case of opposite steps, the intera
energy includes a logarithmic dependence unlike the ones pr
ously reported~Tersoff et al. @7# and Alerhand et al.@8#!. Our
solution proves that a logarithmic term is present even in
strained~no external stress or lattice misfit stress! homo-epitaxial
films. The results are compared with lattice solutions and emb
ded atom model~EAM! simulations previously developed b
Kouris et al.@1,9#.

The elastic field of surface steps is reconsidered in the first
of the discussion that follows. After a brief reference to the we
known point source model, Chapter 2 describes the Airy str
function of two interacting steps. In Chapter 3, the interact
energy between steps is calculated and compared with the Ma
enko and Parshin@3# model. The last two chapters of the artic
include results for the elastic field and interaction energy, as w
as some relevant conclusions.

h
the
part-
nta
after

1Substrates with orientations slightly off the crystallographic plane.

Fig. 1 „a… A straight step and the mechanically equivalent flat
surface of †3‡, „b… a concentrated couple M acting at the free
surface, „c… dipole of strength Q acting at the free surface
002 by ASME JULY 2002, Vol. 69 Õ 443
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2 Elastic Field of Similar and Opposite Steps

2.1 Preliminary Considerations. Figure 1 illustrates the
cross section of a surface step and the corresponding elastic m
proposed by Marchenko and Parshin@3#. A straight step is infinite

Fig. 2 „a… Two opposite steps forming a mesa, „b… two oppo-
site steps forming a pit, „c… two similar steps
444 Õ Vol. 69, JULY 2002
del

in the x3-direction resulting in a two-dimensional~plane-strain!
problem. Their continuum model involves a mechanically equiv
lent flat surface with two force dipoles acting along the line of t
step. The first dipole is equivalent to a momentM, proportional to
the surface stress,

M5 f h (1)

wheref is the surface stress2 andh denotes the height of the step
The strengthQ of the dipole without a moment is generally un
known. Details of the resulting elastic field can be found in Kou
et al. @9#.

2.2 A New Continuum Solution. By utilizing the solution
for the elastic field of a single surface step provided by Kukta a
Bhattacharya@6#, one can construct the Airy stress functions f
opposite~Figs. 2~a! and 2~b!! and similar steps~Fig. 2~c!!. The
term ‘‘mesa’’ will be used to describe the terrace of finite wid
illustrated in Fig. 2~a!. The geometry of Fig. 2~b! indicates a sur-
face depression and will be referred to as ‘‘pit.’’

The Airy stress function for the mesa~Fig. 3~a!! is given by

U5
h f

p H x1~x21b!

r 2
2 2

x1~x22b!

r 1
2 2tan21S x1

x21bD
1tan21S x1

x22bD J 2
hvx1

2

p H 1

r 1
2 1

1

r 2
2J

2
2h2vx1

p2 H x1
22~x22b!2

r 1
4 1

x1
22~x21b!2

r 2
4 J

3H p1tan21S x22b

x1
D2tan21S x21b

x1
D J 1

4h2vx1
2

p2 H x22b

r 1
4

1
x21b

r 2
4 J lnS r 1

r 2
D2

4h2vx1
2

p2 H x22b

r 1
4 2

x21b

r 2
4 J lnS ah

2b D (2)

2A comprehensive discussion on the issue of surface stress can be found in
marata@10#.
Fig. 3 „a… The geometry and coordinate system of a mesa, „b… the geometry
and coordinate system of a pit.
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where r 15@x1
21(x22b)2#1/2, r 25@x1

21(x21b)2#1/2, a is a di-
mensionless constant andv is a ‘‘strength’’ term defined through
Q5vh. The Airy stress functions for the pit~Fig. 3~b!! and the
similar steps are constructed using the same procedure. The
responding expressions are given in the Appendix. Stresses
displacements are determined using the Airy stress functions.
expressions of the displacements have been obtained with res
to the geometry of Fig. 3 and the notation of Fig. 4 and are a
provided in the Appendix.

3 Interaction Energy Between Steps
The point source model of Marchenko and Parshin@3# yields an

expression for the interaction energy between steps which
equivalent to

Eint5
12n

pm
@~vh!26~ f h!2#

1

d2 , (3)

whered is the distance between the two steps. The positive sig
the quantity @(vh)26( f h)2# corresponds to similar, while the
negative sign refers to opposite steps. According to this solut
steps of similar sign~Fig. 2~c!! are repelled sinceEint.0, while
opposite steps~Figs. 2~a!, ~b!! may attract or repel each othe
depending on the sign of the quantity@(vh)22( f h)2#.

The solution introduced in Chapter 2 yields an interaction e
ergy for two steps forming a mesa that is complete:

Fig. 4 Notation used in the expressions for the displacements
Journal of Applied Mechanics
cor-
and

The
pect
lso

is

in

on,

,

n-

Eint
mesa5

~v22 f 2!~12n!

pm S h

dD 2

2
8v2~12n!

p2m S h

dD 3

lnS ah

d D
2

2v2~12n!

p2m S h

dD 3

1OS h4

d4 ln2
h

d D . (4)

The first term is identical to~3!. This expression can be rewritte
in a form that allows for the direct comparison of the terms m
tiplying the ‘‘strength’’ v:

Eint
mesa52

f 2~12n!

pm S h

dD 2

1
v2~12n!

pm S h

dD 2H 12
2

p S h

dD
2

8

p S h

dD lnS ah

d D J 1OS h4

d4 ln2
h

d D . (5)

Similarly, the interaction energy of two steps forming a pit is

Eint
pit5

~v22 f 2!~12n!

pm S h

dD 2

1
8v2~12n!

p2m S h

dD 3

lnS ah

d D
1

2v2~12n!

p2m S h

dD 3

1OS h4

d4 ln2
h

d D (6)

or in a condensed form

Eint
pit52

f 2~12n!

pm S h

dD 2

1
v2~12n!

pm S h

dD 2H 11
2

p S h

dD
1

8

p S h

dD lnS ah

d D J 1OS h4

d4 ln2
h

d D . (7)

It is important to realize that if one compares the magnitude of
bracketed terms that include the logarithms in Eqs.~5! and ~7!,
one can appreciate the significant contribution of the new te
not only for the near-field but also for the intermediate range
the ratio (h/d).

In the case of similar steps of identical step height, the inter
tion energy is
Fig. 5 Displacement u 2 along the top terrace of a pit, as a function of distance
JULY 2002, Vol. 69 Õ 445
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Fig. 6 Displacement u 2 along the bottom terrace of a pit, as a function of distance
e
the

r in
face
a
pit
Eint
similar5

~v21 f 2!~12n!

pm S h

dD 2

1OS h4

d4 ln2
h

d D (8)

If the similar steps have different step heights, a logarithmic te
similar to the one above, is introduced to Eq.~8!.

4 Results and Discussion
A simple comparison between the Airy stress functions illu

trates that Eq.~2! and the point source model presented in@3#
JULY 2002
rm

s-

share two common terms. The higher order terms in~2!, however,
yield stresses and displacements that are significant.

In a previous paper~@9#!, we had observed that the surfac
displacement near a step exhibits loss of symmetry between
upper and lower terraces. Kukta and Bhattacharya@6# illustrated
the origin of this phenomenon. We observe a similar behavio
the case of a mesa or a pit. Figures 5 and 6 illustrate the sur
displacementu2 at the top and bottom of a pit, respectively, as
function of the distance from the top of a step. The size of the
Fig. 7 Displacement u 2 along the bottom terrace of a mesa, as a function of distance
Transactions of the ASME
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Fig. 8 Displacement u 2 along the top terrace of a mesa, as a function of distance
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is equal to 40 lattice spaces and the continuum solution expre
in Eq. (A8) is compared with results from EAM simulations an
our discrete lattice model. Values ofT50.0432 Angstroms and
a51 were used. They correspond to a surface stresf
53.032 J/m2, a step heighth51.5826 Angstroms, a shear mod
lus m5160.6 GPa, and a Poisson’s ration50.28 for tungsten.V
was determined by comparing the continuum expression foru2
with the lattice solution;V50.073 Angstroms~T andV are used
in the displacement expressions and are defined in the Appen!.
Figure 6 illustrates the clear deviation from the 1/r decay one
would expect on the basis of the point source model in@3#. Simi-
lar behavior is observed in the case of the mesa~Figs. 7 and 8!. It
d Mechanics
sed
d

-

ix

is worth noting that the agreement with EAM simulations is r
markable.

When comparing Eq.~3! of Marchenko and Parshin@3# with
the interaction energies~4!–~8!, one observes that the new ter
with the logarithmic dependence changes the 1/d2 decay rate. In
addition, the magnitude of this term is comparable to the o
proportional to 1/d2 and cannot be ignored. It is substantial f
both the short and intermediate range ofh/d. The interaction en-
ergy of two steps forming a mesa, as a function of mesa size
illustrated in Fig. 9. The continuum solution is compared with t
lattice and EAM results. A careful atomistic study of Shilkrot an
Fig. 9 Interaction energy between two steps forming a mesa, as a function of the mesa size
JULY 2002, Vol. 69 Õ 447
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Fig. 10 Interaction energy as a function of size for similar steps, a mesa and a pit
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Srolovitz @11# did not identify the correct dependence but attr
uted the variation from the model in@3# to terms of order 1/d3.

Using Eqs.~4!, ~6!, and~8!, one can plot the interaction energ
as a function of size, for similar steps, a mesa and a pit. Figure
illustrates the results; the differences between a mesa and a p
quite clear. Similar steps follow the expected 1/d2 decay. A com-
parison between the mesa and the pit reveals a sign differen
the logarithm. This was observed before in simulations but co
not be explained by the Marchenko and Parshin model.

If one determines the magnitude of the term 2/p(h/d)
18/p(h/d)ln(ah/d) appearing in Eqs.~4!–~7!, for realistic values
of h/d, one finds that it is always negative with an absolute va
less than unity~but not much less, for moderate values of t
ratio!!. This ensures that the bracketed term in Eq.~7! remains
positive but could be significantly ‘‘weakened’’ when compared
the corresponding contribution in~5!. The implications for the
overall sign of the interaction energy and the correspond
repulsion-attraction between steps are significant.

Finally, an observation must be made regarding the interac
energy of similar steps~Fig. 2~c!!. In this case, Eqs.~3! and~8! are
identical and predict repulsion~at least in the isotropic case dis
cussed herein!. However, if the heights of the steps are different
logarithmic term similar to the ones in~6! and ~8! is introduced.
This yields some interesting results when step-bunching issue
involved. We are currently examining this topic and we plan
discuss it in a future communication.

5 Conclusions
A closed-form solution for the isotropic elastic field of interac

ing surface steps has been presented. The interaction energi
similar and opposite sign steps reveal the presence of a loga
mic dependence, not previously reported. This term isalways
present in the case of opposite sign steps and can control the
of the interaction energy. Unlike similar terms discussed in
literature, this contribution to the energy does not appear du
broken orientational symmetry or the presence of an exte
strain; it does not involve a force monopole. It is simply pres
because of the geometric nature of the steps. In the case of si
steps, the logarithmic term appears when the step heights ar
equal.
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This solution has significant implications and may require
re-examination of some well-established results in the area of
film growth.

Acknowledgments
This work was partially supported by the National Scien

Foundation’s CMS and DMR Divisions~Ken Chong and Bruce
McDonald, Program Directors!, under Grants CMS-9988597 an
DMR-0090079.

Appendix

Airy Stress Functions. The Airy stress function for the pit
~Fig. 4! is given as

U5
h f

p H x1~x22b!

r 1
2 2

x1~x21b!

r 2
2 2tan21S x1

x22bD
1tan21S x1

x21bD J 2
hvx1

2

p H 1

r 1
2 1

1

r 2
2J

1
2h2vx1

p2 H x1
22~x22b!2

r 1
4 1

x1
22~x21b!2

r 2
4 J H tan21S x22b

x1
D

2tan21S x21b

x1
D J 2

4h2vx1
2

p2 H x22b

r 1
4 1

x21b

r 2
4 J lnS r 1

r 2
D

1
4h2vx1

2

p2 H x22b

r 1
4 2

x21b

r 2
4 J lnS ah

2b D . (A1)

The Airy stress function for the similar steps~Fig. 2~c!! is given
by
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Displacements. The upper~1! and lower ~2! terrace dis-
placements~Fig. 4! for the mesa can be determined using Eq.~2!.
They are
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where

V5
v~12n!

pm
and T5

f ~12n!

pm
.

The second term in~A3! and the third term in~A4! decay as
1/r 2 from each step~quadrupole sources!. While we cannot find
quadrupoles that can be added to the steps to completely rem
these terms, it is impossible to distinguish them from a quadrup
source. Furthermore, these two terms depend on the refer
half-plane used in the solution while the other terms do not. If
neglect them, the displacements become
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In the case of the pit, the displacements are
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Dropping terms of order (h/r )2 and higher we may write
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For the similar steps of Fig. 2~c!, the displacements are simplifie
using similar arguments to yield
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Being consistent with neglecting quadrupole sources, we may
sumea51 in all the above expressions.

Force of Interaction. The force of interaction between step
can be determined by differentiating the interaction energy:

F52
]Eint

]d
. (A13)

For the mesa, the force becomes
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Similarly, for the pit
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and finally for the similar steps
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Nano Electro Mechanics of
Semiconducting Carbon Nanotube
The effect of a flattening distortion on the electronic properties of a semicondu
carbon nanotube is investigated through first-principles calculations. As a function o
mechanical deformation, electronic bandgap is reduced leading to a semiconductor-
transition. However, further deformation reopens the bandgap and induces a m
semiconductor transition. The semiconductor–metal transitions take place as a result o
curvature-induced hybridization effects, and this finding can be applied to develop n
nano electro mechanical systems.@DOI: 10.1115/1.1469003#
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1 Introduction
A carbon nanotube~CNT! is a cylindrical shell of carbon atom

with a diameter as small as 1 nanometer and a length up to
100 micrometers. A single-wall CNT consists of only carbon
oms, and can essentially be described as a single layer of gra
sheet~graphene! wrapped into a cylinder~@1#!. Nanotubes have
recently received an increasing attention due to their uni
physical properties~e.g., diverse electronic, chemical, and m
chanical properties! ~@2#!, since these unique properties ma
them one of the most promising candidates for building blocks
molecule-scale machines and nanoelectronic devices~@3–6#!. Car-
bon nanotubes can behave either as semiconductors or meta
pending on atomic arrangement determined by chirality’s vec
~@7#!.

Recently, it was predicted that the cross section of a car
nanotube might be flattened based on the observation of a l
volume reduction in bundles of single-wall nanotubes~SWNTs! in
a high-pressure experiment~@8#!. Experimentally, flattening of a
nanotube can in principle be induced by an applied force of the
of an atomic force microscope~AFM! or a scanning tunneling
microscope~STM! positioned on the nanotube. A cross-secti
flattening can also take place naturally at the kink site of a car
nanotube as a consequence of bending~@9,10#!. A recent experi-
ment has shown that mechanical deformation can significa
change CNT’s electronic behavior~@11#!. Reference@11# shows
that the conductance of a metallic nanotube can be reduced by
orders of magnitude through AFM tip-induced deformations.
this work, Dai and co-workers have explained the large cond
tance change using sp3 hybridization under the AFM tip. Calcu
lations based on the extended-Hu¨ckel approach also indicate tha
the bending of an armchair SWNT may affect its conducta
~@12#!. Furthermore, first-principles calculations show that a b
semiconducting SWNT exhibits quantum dot behavior throu
electron localization at the kink sites~@9,13#!, and that flattening
of a ~10, 0! nanotube induces bandgap closing~@14#!. These ex-
perimental and theoretical findings illustrate an important pot
tial of applying the electromechanical coupling of nanotubes
novel nano electro mechanical device applications.

In this paper, we explore the possibility of simulation-bas
engineering on how a mechanical deformation on a semicond
ing SWNT leading to a cross-sectional flattening, changes its e
tronic structure. Specifically, as a representative semiconduc
nanotube, we focus on~8, 0! SWNT, which has an LDA energy

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar
15, 2001; final revision, October 30, 2001. Associate Editor: D. A. Kouris. Disc
sion on the paper should be addressed to the Editor, Prof. Robert M. McMee
Department of Mechanical and Environmental Engineering University of Californ
Santa Barbara, Santa Barbara, CA 93106-5070, and will be accepted until
months after final publication of the paper itself in the ASME JOURNAL OFAPPLIED
MECHANICS.
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gap of 0.56 eV. We have performed first-principles calculatio
using the density functional theory~DFT! method, and theoretica
investigations are explained in the following to answer seve
important fundamental questions regarding the relationship
tween nanotube flattening and induced electronic property cha

2 Simulation Method
In order to obtain a detailed understanding of the nanot

deformation effect, we have carried out first-principles total e
ergy pseudo-potential calculations on flattened SWNT system
ing density functional theory~DFT! within the local density ap-
proximation ~LDA ! ~@15#!. The Kohn-Sham single-electro
wavefunctions are expanded by 18,000 plane waves in a supe
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Fig. 1 Description of flatness. The degree of flattening is char-
acterized by the parameter hÄ„D0Àd …ÕD0 .

Fig. 2 Flattening of a „8, 0… carbon nanotube with different
degrees of deformation up to 40% flattening
002 by ASME JULY 2002, Vol. 69 Õ 451
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of 1231234.29 Å3 corresponding to 40Ry cutoff energy. A sem
conducting~8, 0! nanotube is placed in the supercell including o
unit of the ~8, 0! nanotube with the tube axis alongz-direction.
The Brillouin zone sampling is approximated by sixK-points
along the tube axis, which is shown to be a good approxima
for ~8, 0! and ~10, 0! nanotubes~@16,17#!. The geometry of each
flattened nanotube is fully relaxed, while maintaining the flatten
part, until the atomic forces become smaller than 0.1 eV/Å.

Fig. 3 Energy gap as a function of the flatness. Region 1
shows a band gap closing corresponding to a semiconductor-
metal transition, and Region 2 shows bandgap reopening lead-
ing to metal-semiconductor transition.
452 Õ Vol. 69, JULY 2002
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The geometry of a flattened nanotube is described in Fig. 1.
nanotube cross section is initially circular~Fig. 1~a!!, and the
deformed cross section can be described as two straight lines~top
and bottom parts! joined together by two semicircles~Fig. 1~b!!.
In order to characterize the flatness, a dimensionless quanti
defined,h5(D02d)/D0 , whereD0 is the original diameter of an
undeformed~8,0! nanotube~6.3 Å!, andd is the distance between
the two flattened parts~straight lines! of the cross section. The
atomic structure is then relaxed with a constraint of freezing
carbon atoms in the flattened parts. Figure 2 shows the ato
structure of a ~8, 0! nanotube unit undergoing up to 40%
deformation.

3 Results
The dependence of the energy gap on the flatness is show

Fig. 3. The semiconductor-metal transition can be clearly see
h50.25. It is interesting to observe that the energy gap shows
two distinct behaviors as a function of flattening,h. These two
distinct regions are denoted in Fig. 3 as Region 1 and Region 2
Region 1, the energy bandgap is quadratically decreasing f
0.56 eV ath50 to 0.012 eV ath50.25. In Region 2, the energy
bandgap is linearly increasing again up to 0.4 eV ath50.4. As far
as we know, this finding represents the first discovery of a c
tinuous semiconductor–metal–semiconductor~SMS! transition as
a function of mechanical deformation in nanostructures. We
pect that this SMS transition can be used to develop a nano ele
mechanical feedback system that can maintain constant mec
cal deformation or a bistable switch.

The origin of this band gap change can be seen from the b
structures, shown in Fig. 4. Top panels in Fig. 4 show the b
structures of the nanotube undergoing SM transition~Region 1!,
and bottom panels correspond to Region 2 of MS transition
Region 1, the band structure shows that the lowest energy in
duction band moves down to close the band gap as the tube
tened fromh50 to h50.25, while the two degenerate highe
energy states in valence band do not change significantly. In
Region 2, the two degenerate highest energy states in val
band move down as the flatness further increases toh.0.25. In
Fig. 4 Electronic band structures at different degrees of flattening deformation. Negative
energies correspond to valence band state, and positive energies correspond to conduction
band states.
Transactions of the ASME
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this MS transition part, conduction bands are not changing so
the bandgap opens again. We are currently analyzing the natu
electronic structures to elucidate microscopic origin of band str
ture changes.

Experimentally, an AFM tip pushing on a nanotube can indu
a flattened cross section, which may be related to the obse
electronic property change in metallic nanotube~@11#!. The force
necessary to induce a semiconductor–metal transition can be
culated as a derivative of the strain energy w.r.t. the distort
Figure 5 shows the strain energy as a function ofh which can be
considered as strain. The quadratic behavior is consistent w
linear elastic strain energy behavior:Es51/2Kh2 with stiffness
K50.73 eV.

4 Conclusions
In summary, we have studied the electronic structure chang

a semiconducting carbon nanotube as a function of the flatte
deformation, and discovered a novel semiconductor–me
semiconductor transition effect. Our finding is consistent with
simulation study of~10, 0! nanotube flattening which shows
similar SM transition~@14#!. Our finding on~8, 0! nanotube pre-
dicts that a further flattening of~10, 0! nanotube will reopen the
bandgap that was not addressed by Ref.@14#.

Fig. 5 Strain energy per atom as a function of flattening, h
Journal of Applied Mechanics
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Fracture Nucleation in
Single-Wall Carbon Nanotubes
Under Tension: A Continuum
Analysis Incorporating
Interatomic Potentials
Carbon nanotubes show great promise for applications ranging from nanocompo
nanoelectronic components, nanosensors, to nanoscale mechanical probes. These
rials exhibit very attractive mechanical properties with extraordinarily high stiffness
strength, and are of great interest to researchers from both atomistic and contin
points of view. In this paper, we intend to develop a continuum theory of frac
nucleation in single-walled carbon nanotubes by incorporating interatomic poten
between carbon atoms into a continuum constitutive model for the nanotube wa
this theory, the fracture nucleation is viewed as a bifurcation instability of a homo
neously deformed nanotube at a critical strain. An eigenvalue problem is set up to d
mine the onset of fracture, with results in good agreement with those from atom
studies.@DOI: 10.1115/1.1469002#
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1 Introduction
Interest in carbon nanotubes continues to grow since their

discovery~@1,2#! and the establishment of new effective metho
of producing them~@3#!. Nanotubes have a single or multiple la
ers of atoms in the tube thickness direction. These single-wa
multiwall carbon nanotubes display superior mechanical prop
ties. For example, both atomistic simulations and transmiss
electron microscopy and atomic force microscopy experime
have shown that the Young’s moduli of carbon nanotubes ar
the terapascal~TPa! range~@4–10#!, orders of magnitude large
than their macroscopic counterparts~graphite!. The strengths of
carbon nanotubes, defined by the maximum force per unit a
before failure, are also exceptionally high, on the order of 30 G
in bending~@7,10#!. Yakobson et al.@7# studied buckling instabil-
ity of carbon nanotubes in compression and found that a 6
long nanotube with 1-nm diameter can sustain a large compres
strain of 5% prior to buckling. Even larger strain levels we
reported for carbon nanotubes under torsion~@7#!. Mechanisms
responsible for these superior mechanical properties of ca
nanotubes at large strains have been identified by atomistic
quantum studies~@11–14#!. The superior material behavior an
light mass density of carbon nanotubes are the basis for m
proposed applications of nanotubes ranging from nanocompo
to probe microscopy.

There are, however, very limited studies on the fracture beh
ior of carbon nanotubes. Lourie and Wagner@15# made transmis-
sion electron microscopy observations of fracture of single-w
carbon nanotubes embedded in an epoxy resin under uniaxia
sion. Yakobson and Smalley@16# conducted atomistic studies o
fracture of a zigzag~13,0! single-wall carbon nanotube and re

1To whom correspondence should be addressed.
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MECHANICS.
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ported the fracture process to be similar to the unraveling o
sweater. Based on molecular dynamics simulations using a re
tic interatomic potential for carbon~@17,18#!, Yakobson et al.@19#
studied fracture of carbon nanotubes under simple tension. T
established that, before the strain reached a critical level, de
mation in the nanotube remained uniform. At this critical stra
level, which was named thebreaking strain~@19#!, a few carbon
bonds broke almost simultaneously, and the resulting ‘‘hole’’
the nanotube wall became a precursor of fracture. The ato
disorder propagated rapidly along the circumference of the na
tube, and a largely distorted and unstable neck formed. Thebreak-
ing strain, which represented the critical strain for a nanotube
undergo nonuniform deformation, depended strongly on the t
perature. It was approximately 55% at 50K, 50% at 100K, 42%
300K, 34% at 600K, and 25% at 1200K. At later stages of fra
ture, the nanotube fragments were connected by one~or few! un-
ravelling monoatomic chain which grew up to hundreds of ato
in length before its breakage.

There are virtually no continuum studies of nanotubes beca
it is generally thought that continuum mechanics theories are
applicable on the atomic or nanometer scale, and one must re
atomistic studies. Friesecke and James@20# proposed an approac
to pass the atomic information to a continuum theory for a na
structure in which one or more dimensions are large relative
atomic scale. Yakobson et al.@7# introduced a continuum shel
model for single-wall carbon nanotubes in order to determine
Young’s modulus and effective nanotube thickness by fitting
tension and bending rigidity obtained from molecular dynam
simulations. The buckling strain and buckling mode of a co
pressed nanotube predicted by the shell model agreed well
the molecular dynamics simulations~@7,21#! and with the experi-
mentally observed patterns~@21–23#!. However, as Yakobson
et al.@19# pointed out, the continuum shell model was not capa
of predicting thebreaking strainof a nanotube under tension, no
the associated fracture behavior of a nanotube.

In this paper we proposed a new continuum theory that inc
porates the Tersoff-Brenner interatomic potential for carb
~@17,18#!. A systematic approach is adopted to derive the c
tinuum strain energy density by averaging the bonding energ
carbon bonds, which leads to a continuum constitutive model
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carbon nanotubes. We then use this continuum theory to study
breaking strain, at which the nanotube begins to deform nonu
formly, leading rapidly to the formation of a necked zone follow
by the final stage of fracture. Thebreaking straindetermined from
molecular dynamics simulations is modeled as the critical st
of the nanotube in the continuum analysis at the onset of bifu
tion, i.e., when nonuniform deformation starts.

2 Interatomic Potential for Carbon
Tersoff @17# and Brenner@18# provided an expression of th

bonding energy between atomsi and j for carbon,

V~r i j !5VR~r i j !2B̄i j VA~r i j !, (1)

wherer i j is the distance from atomi to atomj, VR andVA are the
repulsive and attractive pair terms given by

VR~r !5
D ~e!

S21
e2A2Sb~r 2R~e!! f c~r !, (2)

VA~r !5
D ~e!S

S21
e2A2/Sb~r 2R~e!! f c~r !; (3)

where, for carbon, parametersD (e)56.325 eV, S51.29, b
515 nm21, R(e)50.1315 nm is the unstretched bond length
equilibrium, and the functionf c is merely a smooth cutoff func
tion to limit the range of the potential, and is given by

f c~r !55
1 r ,R~1!,

1

2 H 11cosFp~r 2R~1!!

R~2!2R~1! G J R~1!,r ,R~2!,

0 r .R~2!,

(4)

which is continuous and has a cutoff ofR(2)50.2 nm andR(1)

50.17 nm to include only the first-neighbor shell for carbon.
The parameterB̄i j in ~1! represents a multibody coupling be

tween the bond from atomi to atomj and the local environment o
atom i, and is given by

B̄i j 5
1

2
~Bi j 1Bji !, (5)

where

Bi j 5F11 (
k~Þ i , j !

G~u i jk ! f c~r ik!G2d

, (6)

d50.80469,r ik is the distance between atomsi and k, f c is the
cutoff function in ~4!, u i jk is the angle between bondsi 2 j and i
2k, and the functionG is given by

G~u!5a0F11
c0

2

d0
22

c0
2

d0
21~11cosu!2G , (7)

and the constantsa050.011304,c0519,d052.5. It is straightfor-
ward to show thatB̄i j is very close to unity~one!. Foru52/3p, as
in the equilibrium structure of a carbon nanotube, the coeffici
B̄i j 50.95.

3 A Continuum Theory Incorporating the Interatomic
Potentials

Gao and Klein@24# proposed a systematic approach to incorp
rate a cohesive force law into the constitutive model of solids.
empirical cohesive force law was used to represent the inte
tions between material points in the solid. The constitutive l
was then derived by homogenizing all cohesive bonds at e
material point. This approach is adopted in the present stud
incorporate the interatomic potential into a continuum model
carbon.
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As shown in Fig. 1, a multiscale approach is used to link
strain energy density on the continuum level to the interatom
potentials on the atomic level. On the continuum level, a sm
representative cell is taken for each material point such that
deformation within the cell can be considered uniform. The str
energy stored in the representative cell on the continuum leve
evaluated by the total energy of all atomic bonds within the c

Let F denote the deformation gradient at a material point on
continuum level. The Lagrangian strain tensor is

E5
1

2
~FT

•F2I !, (8)

whereFT is the transpose ofF and I is the second-order identity
tensor. The unstretched bond length between atomsi and j at
equilibrium is denoted byr i j

(0) , while the bond orientation is char
acterized by its unit vectorn(0) in the undeformed configuration
The stretched bond length after the deformation is impo
becomes

r i j 5r i j
~0!A112n~0!

•E•n~0!. (9)

The energy stored in the bond isV(r i j ), whereV is the inter-
atomic potential for carbon given in Eq.~1!. Following the
Cauchy-Born rule~@25,26#!, the total strain energy stored in th
representative cell is( i , jV(r i j ), where the summation is over a
atomic bonds within the cell. Therefore, the strain energy den
at this material point on the continuum level is

W5

(
i , j

V~r i j !

Ve
, (10)

whereVe is the volume of the representative cell.
For a carbon nanotube, the interatomic potential in Eq.~1! ac-

counts for the interaction among atoms only within the fir
neighbor shell. Therefore, the unstretched bond length at equ
rium is r i j

(0)5R(e)50.1315 nm. The summation over all bonds
Eq. ~10! can be effectively evaluated by an integration over t
bond orientations,

Fig. 1 A multiscale framework to establish a continuum theory
incorporating the interatomic potential V
JULY 2002, Vol. 69 Õ 455
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W5E
0

2p

V~r !D~f!df, (11)

where, as shown in Fig. 2,f is the angle between the bond an
the circumferential directioneu within the nanotube surface; th
bond orientationn(0)5cosfeu1sinfeZ andeZ is the unit vector
in the axial direction; the stretched bond lengthr
5R(e)A112n(0)

•E•n(0); andD(f) is the bond density function
such thatD(f)df is the number of bonds per unit area of th
undeformed nanotube surface with bond orientation betweef
andf1df. For a single-wall carbon nanotube, the bond dens
function D takes the form

D5D0(
m51

3

d~f2fm!, (12)

whered is the Dirac delta function,f1 , f2 , andf3 are discrete
angles of carbon bonds of the hexagonal lattice within the na
tube surface, and the constantD0 is the number of carbon bond
in the fm direction per unit area of the undeformed nanotu
surface. Since a carbon nanotube has a hexagonal lattice stru
it can be shown that

D05
2

3)

1

R~e!2 , (13)

whereR(e)50.1315 nm is the unstretched bond length for carb
The second~symmetric! Piola-Kirchhoff stressT is the work

conjugate of the Lagrangian strainE, and is obtained from the
strain energy densityW as

T5
]W

]E
5E

0

2p V8~r !

r
R~e!2

n~0!n~0!D~f!df. (14)

Its increment,Ṫ, is related to the increment of strain,Ė, via the
incremental modulusC,

Ṫ5C:Ė, (15)

Fig. 2 A schematic diagram to show the coordinate system on
the nanotube surface; e u and eZ are unit vectors in the circum-
ferential and axial directions, respectively, and f is the angle
between the bond and the circumferential direction
456 Õ Vol. 69, JULY 2002
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where the incremental modulus for a single-wall carbon nanot
is given by

C5
]2W

]E]E
5E

0

2pS V9~r !

r 2 2
V8~r !

r 3 DR~e!4
n~0!n~0!n~0!n~0!D~f!df.

(16)

The interatomic potential of carbon, given in Eq.~1!, has been
directly incorporated into the above constitutive relations. T
stresses and incremental moduli, however, are given in term
integration with respect to the spatial orientations of the atom
bonds. In order to further simplify the analysis, we make the f
lowing approximations:
~i! The coefficientB̄i j in the interatomic potential for carbon, Eq
~1!, represents a many-body coupling effect. As discussed in S
tion 2, the coefficientB̄i j is very close to unity~one! for carbon
nanotubes, and the difference betweenB̄i j and one is always less
than 5%. Since we are interested in thebreaking strainof carbon
nanotubes rather than the atomic arrangement of carbon bond
may approximateB̄i j by one.
~ii ! Rigorously speaking, the graphite structure of a carbon na
tube does not exactly satisfy the Cauchy-Born rule because
hexagonal graphite structure lacks the centrosymmetry requ
for a homogeneous deformation gradient. This means that a ‘
mogenously deformed’’ nanotube is actually inhomogeneous
the unit cell level. We are interested in a bifurcation analysis
fracture nucleation in the spirit of Euler’s classical analysis
beam buckling. For this purpose, we approximate the hexag
graphite wall of a nanotube by a comparison medium having r
domized bond structure but identical mass density and Youn
modulus as the graphite. That is, we smear the bond densitD

into an isotropic functionD(f)53/2pD051/)p1/R(e)2
. This

density function has the same number of atomic bonds per
area as the graphite structure and satisfies the centrosymm
required for the Cauchy-Born rule.

Based on the above approximations, the second Piola-Kirch
stressT in Eq. ~14! and the incremental modulusC in Eq. ~16!
can then be simplified as

T5
3D0

2p
R~e!2E

0

2p V8~r !

r
n~0!n~0!df, (17)

C5
3D0

2p
R~e!4E

0

2pS V9~r !

r 2 2
V8~r !

r3 Dn~0!n~0!n~0!n~0!df. (18)

4 The Bifurcation Analysis of a Carbon Nanotube
Under Tension

We investigate a single-wall carbon nanotube subjected
simple tension along the axial directionZ. The nanotube under
goes uniform and axisymmetric deformation prior to bifurcatio
and the only nonzero component of the second Piola-Kirchh
stress isTZZ . At the onset of bifurcation, the deformation starts
become nonuniform.

Let (R,u,Z) denote the cylindrical coordinate in the initia
undeformed configuration, and (eR ,eu ,eZ) the corresponding unit
vectors. The displacement is

U5UReR1Uueu1UZeZ . (19)

The deformation gradientF is

F5I1U“, (20)

where“5eR]/]R1eu /R]/]u1eZ]/]Z is the gradient operator
The Lagrangian strainE, second Piola-Kirchhoff stressT, and
incremental moduliC are obtained in terms ofU from Eqs.~8!,
~17!, and~18!, respectively.

The equilibrium equation is

~F•T!•“50. (21)
Transactions of the ASME
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The traction-free conditions on the inner and outer surfaces of
nanotube are

F•T•eR50. (22)

Integration of equilibrium Eq.~21! over the tube thickness, in
conjunction with boundary condition~22!, gives the governing
equations for displacementsUR , Uu , andUZ ,

1

R

]

]u
~FRaTau!2

1

R
FuaTau1

]

]Z
~FRaTaZ!50,

1

R
FRaTau1

1

R

]

]u
~FuaTau!1

]

]Z
~FuaTaZ!50, (23)

1

R

]

]u
~FZaTau!1

]

]Z
~FZaTaZ!50,

whereR is the nanotube radius; the summation fora is overu and
Z; and F and T are the average deformation gradient and str
over the nanotube thickness.

At the onset of bifurcation, the deformation is axisymmet
(Uu50), and the deformation gradientF is uniform and has non-
zero componentsFuu511UR /R and FZZ5dUZ /dZ. The only
nonzero component of the second Piola-Kirchhoff stressT at the
onset of bifurcation isTZZ , and from Eq.~17!,

TZZ5
3D0

2p
R~e!2E

0

2f V8~r !

r
sin2 fdf, (24)

where r 5R(e)AFuu
2 cos2 f1FZZ

2 sin2 f. The vanishing ofTuu in
uniaxial tension requires

05Tuu5
3D0

2p
R~e!2E

0

2p V8~r !

r
cos2 fdf, (25)

which governs the relation between the nonzero deforma
gradientsFuu andFZZ . Similarly, the incremental modulus,C in
Eq. ~18!, is uniform at the onset of bifurcation and has nonze
components

Cuuuu5
3D0

2p
R~e!4E

0

2pFV9~r !

r 2 2
V8~r !

r 3 Gcos4 fdf,

CZZZZ5
3D0

2p
R~e!4E

0

2pFV9~r !

r 2 2
V8~r !

r 3 Gsin4 fdf, (26)

CuuZZ5CuZuZ5
3D0

2p
R~e!4E

0

2pFV9~r !

r 2 2
V8~r !

r 3 Gsin2 f cos2 fdf.

It should be pointed out, however, that the incrementsḞ andṪ are
nonuniform and not necessarily asixymmetric at the onset of
furcation, and may have many nonzero components~e.g., Ṫuu ,
ṪZZ and ṪuZ!.

Making use of the incremental constitutive relation~14!, the
increments of the governing Eqs.~23! at the onset of bifurcation
take the form

2
1

R
CuuuuFuu

2 Ḟuu2
1

R
CuuZZFuuFZZḞZZ1TZZ

]ḞRZ

]Z
50,

1

R
CuuuuFuu

2
]Ḟuu

]u
1

1

R
CuuZZFuuFZZ

]ḞZZ

]u
1~TZZ

1CuuZZFuu
2 !

]ḞuZ

]Z
1CuuZZFuuFZZ

]ḞZu

]Z
50, (27)

1

R
CuuZZFuuFZZ

]ḞuZ

]u
1

1

R
CuuZZFZZ

2
]ḞZu

]u
1CuuZZFuuFZZ

]Ḟuu

]Z

1~TZZ1CZZZZFZZ
2 !

]ḞZZ

]Z
50,
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ḞRu5
1

R

]U̇R

]u
2

U̇u

R
, Ḟuu5

U̇R

R
1

1

R

]U̇u

]u
, ḞZu5

1

R

]U̇Z

]u
,

ḞRZ5
]U̇R

]Z
, Ḟuz5

]U̇u

]Z
, ḞZZ5

]U̇Z

]Z
. (28)

The nanotube is subjected to an axial displacement and
shear traction at the two ends. Therefore, at the onset of bifu
tion, the boundary conditions for the bifurcation solution are

U̇Z5 ṫ R5 ṫ u50 at Z50 and Z5L, (29)

where L is the length of the nanotube,ṫ R and ṫ u are the shear
traction increments in the radial and circumferential directio
respectively. It can be shown that the above boundary condi
can be equivalently written as

U̇Z5
]U̇R

]Z
5

]U̇u

]Z
50 at Z50 and Z5L. (30)

The homogeneous governing Eqs.~27! and ~28! and boundary
conditions~30! form an eigenvalue problem with the axial stra
EZZ , or equivalently, the deformation gradientFZZ as the eigen-
value. We first study the axisymmetic bifurcation mode,U̇R

5U̇R(Z), U̇u50, U̇Z5U̇Z(Z). The governing Eq.~27! become

TZZ

d2U̇R

dZ2 2
1

R
CuuZZFuuFZZ

dU̇Z

dZ
2CuuuuFuu

2
U̇R

R2 50,

~TZZ1CZZZZFZZ
2 !

d2U̇Z

dZ2 1
1

R
CuuZZFuuFZZ

dU̇R

dZ
50. (31)

Its solution, satisfying the homogeneous boundary conditi
~30!, has the form

~U̇R ,U̇Z!5S U̇R0 cos
mpZ

L
, U̇Z0 sin

mpZ

L D ,

wherem51,2,3,̄ is the eigen mode number and (U̇R0 ,U̇Z0) is
the eigenvector. The governing Eq.~31! then become two linear
homogeneous algebraic equations forU̇R0 and U̇Z0 . In order to
have a nontrivial solution~i.e., bifurcation!, the determinant of the
coefficient matrix for the linear algebraic equations must vani
This yields the critical condition for bifurcation as

Fuu
2 @FZZ

2 ~CuuuuCZZZZ2CuuZZ
2 !1CuuuuTZZ#1TZZ~TZZ

1CZZZZFZZ
2 !S mpR

L D 2

50. (32)

This, in conjunction withTuu50 in Eq. ~25!, provides two equa-
tions to determineFuu andFZZ at the onset of bifurcation.

For each mode numberm51,2,3,̄ , Fuu andFZZ at the onset
of bifurcation are obtained numerically. Specifically,Fuu is solved
in terms ofFZZ from Eq. ~25!, and thenFZZ is solved from Eq.
~32!. The nanotube radius and length are fixed atR50.5 nm and
L55 nm in the present study, consistent with Yakobson et a
@19# molecular dynamics studies. The numerical solution h
shown that the first bifurcation mode (m51) gives the smallest
FZZ for axisymmetric bifurcation, (FZZ)critical51.43. The corre-
sponding axial strain at the onset of bifurcation is

~EZZ!critical552%. (33)

We have also analyzed the nonaxisymmetric bifurcation mo
U̇R5U̇R(Z)cosnu, U̇u5U̇u(Z)sinnu, U̇Z5U̇Z(Z)cosnu, where
n is the wave number in the circumferential direction. The go
erning Eqs.~27! then become three homogeneous ordinary diff
ential equations with homogeneous boundary conditions~30!. The
solution of this eigenvalue problem gives the critical axial stra
for nonaxisymmetic bifurcation. The numerical solution h
JULY 2002, Vol. 69 Õ 457
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shown, however, that the critical strain for nonaxisymmetic bif
cation is always larger than the axisymmetric bifurcation strain
Eq. ~33!.

Without any parameter fitting, the bifurcation strain in Eq.~33!
predicted by the continuum theory incorporating the interatom
potential agrees very well with thebreaking strainof 55% calcu-
lated by molecular dynamics simulations at a low temperature
K @19#. This excellent agreement at low temperature is beca
the interatomic potential@17,18# incorporated in the continuum
theory has not accounted for the temperature effect, and is a
cable at low temperature. In order for such a continuum theor
successfully predict thebreaking strainat a finite temperature, an
interatomic potential including the temperature effect~e.g., @27#!
needs to be used instead.

5 Summary
We have proposed a systematic approach to establish a

tinuum theory incorporating the interatomic potentials. Spec
cally, we have derived the constitutive law for single-wall carb
nanotubes from the interatomic potential for carbon@17,18#. The
proposed continuum theory is applied to study fracture nuclea
in a single-wall carbon nanotube under uniaxial tension. The f
ture nucleation is viewed as a bifurcation instability of a homo
neously deformed nanotube at a critical strain. The axial strai
the onset of bifurcation predicted by this continuum theory inc
porating the interatomic potential is 52%. Without any parame
fitting, this is in excellent agreement with thebreaking strainof
55% obtained from molecular dynamics simulations for a carb
nanotube in tension@19#. The excellent agreement between t
atomistic and continuum studies demonstrates that the prop
continuum theory is capable of analyzing the deformation
nanotubes and other nanostructures.
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Stress Relaxation in Prestressed
Composite Laminates
Viscoelastic deformation caused in symmetric laminated plates by release of fibe
stress and by uniform thermomechanical loads is analyzed on the constituent, pl
overall laminate scales with the Transformation Field Analysis (TFA) method (G
Dvorak, Proc. R. Soc. Lond., 1992, A437, pp. 311–327). Fiber prestress is applied in
individual plies prior to matrix cure and released after matrix consolidation. Linear
nonlinear viscoelastic constitutive relations are used to evaluate the inelastic deform
rates in terms of current constituent stress averages. The TFA method regards both
mal and inelastic strains as piecewise uniform eigenstrains acting in superposition
mechanical loads and fiber prestress release on an elastic laminate. Interactions be
the eigenstrains at the three different size scales are described by certain influence
tions derived from micromechanical analysis of the plies and laminates. Applica
describe stress relaxation in two carbon/epoxy laminates after cooling from the cu
temperature and release of optimized fiber prestress, that allows maximum tensile
application while keeping both interior and free-edge stresses within prescribed stre
limits. Subsequent viscoelastic deformation under constant rate loading, and stress
ation caused by a sustained application of an elevated temperature to a laminate w
prestress are also analyzed. Results are presented in the form of initial failure maps
identify overall stress states which may or may not initiate a specific damage mode
laminate. @DOI: 10.1115/1.1460909#
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1 Introduction
Analysis of the effect of fiber prestress release on overall

sponse, local fields, and damage resistance of composite lami
is a relatively new subject that has been examined in severa
cent publications~@1–4#!. Typically applied to reduce fiber wavi
ness for improvement of compressive strength, fiber prestress
also create large residual stresses that either improve or dim
damage resistance of laminated composite plates and cylind
shells. Since the forces required to cause significant pres
magnitudes are well within the capability of present equipm
used in filament winding, fiber placement or pultrusion, it is like
that many composite structures do support potentially detrime
residual stress fields. Table 1 shows the force magnitudes ne
to cause 1000 MPa prestress in commonly used filament tow

Our earlier studies have focused on elastic laminates, howe
release of fiber prestress represents a sustained compressiv
mal stress that may cause viscoelastic deformation in poly
matrix systems. Such response under various thermomecha
loads has been investigated by several authors in recent y
~@5–10#!, together with experimental characterization of tim
dependent deformation of polymer matrices or plies~@8–16#!.
Some of these experimental results and constitutive equation
utilized herein. As expected, only matrix-dominated ply respon
are affected by matrix viscosity, negligible creep rates are
served in the fiber direction.

This paper extends our previous work on fiber prestress to
coelastic matrix laminates. Constitutive relations describing b
linear and nonlinear viscoelastic response of polymer matrices
reviewed in Section 2, together with recent material data for
EPON 828 epoxy resin. Section 3 describes the transforma
field analysis method~@17–19#!, which regards inelastic and the
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ment of Mechanical Engineering, University of Houston, Houston, TX 77204-47
and will be accepted until four months after final publication of the paper itself in
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mal deformations in the fiber and matrix constituents and in
vidual plies of the laminate as piecewise uniform eigenstrains
are applied in superposition with external loads and fiber prest
release to an elastic composite structure. Interactions of the ei
strains at the ply and laminate scales are described by ce
influence functions that depend only on elastic moduli of the c
stituents, plies and laminates. The procedure used for evalua
of stress relaxation in the phases and plies is described in Se
4. Finally, response of two AS4/EPON 828 laminates subjecte
release of optimized fiber prestress and different loading histo
is analyzed and the results are presented, in part, in term
changes to the initial failure maps that bracket damage-free la
nate stress regions.

2 Viscoelastic Constitutive Relations

2.1 Linear Viscoelastic Relations. The linear viscoelastic
constitutive equations for phaser of the composite aggregate ar
taken in the form

er~ t !5E
02

t

Jr~ t2t!
dsr~t!

dt
dt (1)

where Jr is the creep compliance function,Jr(0) is the elastic
compliance. It is convenient to change the limits of integration
~1! from 02 and t to 01 and t and rewrite~1! as

er~ t !5Jr~ t !sr~0!1E
01

t

Jr~ t2t!
dsr~t!

dt
dt. (2)

Initial phase stressessr(0) in ~2! are evaluated from the elasti
solution for the composite system under prescribed overall t
tion and displacement boundary conditions. Integration of~2! by
parts changes this equation to

er~ t !5Jr~0!sr~ t !1E
01

t

J̇r~ t2t!sr~t!dt. (3)

The phase strain rate is obtained by taking the time derivative
~3!,

ry
us-
part-
92,
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ėr~ t !5Jr~0!ṡr~ t !1 J̇r~0!sr~ t !1E
01

t

J̈r~ t2t!sr~t!dt. (4)

The inelastic component of the strain can be obtained by subt
ing from ~3! the elastic strainJr(0)sr(t), leading to

er
in~ t !5E

01

t

J̇r~ t2t!sr~t!dt. (5)

Rate of the inelastic strain~5! is given in accordance with~4! as

ėr
in~ t !5 J̇r~0!sr~ t !1E

01

t

J̈r~ t2t!sr~t!dt. (6)

To provide a specific example, we consider a composite wi
linear viscoelastic isotropic matrix which behaves like a stand

Table 1 Force needed to generate 1000 MPa stress in
filaments Õtow

Fiber Diameter, mm FilamentsÕtow Force, „N… Force, „lbs…

S-glass 14 2000 307.88 69.22
Kevlar 12 1000 113.12 25.43

Carbon AS4 8 12,000 603.19 135.61
Carbon P-100S 10 2000 157.08 35.31
c

f

d
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linear solid under uniaxial tension and exhibits only elastic co
pressibility. For this material, the axial tensile creep complian
function is given by

Jx
m~ t !5

1

Em
1

1

Ev
S 12expS 2

Ev

hv
t D D (7)

where Em is the matrix Young’s modulus,Ev is the Young’s
modulus of the elastic spring inside the Kelvin element, andhv is
the coefficient of viscosity for the Kelvin element.

The lateral creep compliance function, derived in Appendix
is given by

Jy
m~ t !5

q0
n

q0
E F11S Evq1

n

hvq0
n21D expS 2

Ev

hv
t D G (8)

where

q0
E5

EmEv

Em1Ev
q0

n5
1

2
2

EmEv

6K~Em1Ev!
q1

n5
3hvK2Emhv

6K~Em1Ev!
.

(9)

andK is the matrix bulk modulus.
The matrix creep compliance for multiaxial state of stress th

becomes
Jm5S Jx
m 2Jy

m 2Jy
m 0 0 0

2Jy
m Jx

m 2Jy
m 0 0 0

2Jy
m 2Jy

m Jx
m 0 0 0

0 0 0 2~Jx
m1Jy

m! 0 0

0 0 0 0 2~Jx
m1Jy

m! 0

0 0 0 0 0 2~Jx
m1Jy

m!

D . (10)
of
tu-
trix
ois-
This form suggests that the Poisson’s ratio,n(t)5Jy
m/Jx

m , is a
time-dependent function. The initial elastic value isn(0)5(3K
2Em)/6K and in the limitt→`, n(`)5q0

n , defined in (92).

2.2 Nonlinear Viscoelastic Relations. We consider a non-
linear viscoelastic model that consists ofn nonlinear Kelvin ele-
ments and an elastic spring connected in series. The elastic
ponent of the total strain is characterized by the spring Youn
modulus, and the creep component by material constants o
Kelvin elements. Thus, the total strain is

e5Ms1ein (11)

whereM is the elastic compliance matrix. For example, the mo
suggested by Ellyin@16# for nonlinear viscoelastic behavior o
EPON 828 epoxy provides the inelastic strain rateėin in the form

ėin5(
s51

n

ėcs5(
s51

n

@asseq
as21Vs2bse

cs# (12)

whereecs is the creep strain ofsth Kelvin element,as , as , bs are
material constants determined from experimental data,seq is the
equivalent stress,seq5(3/2si j si j )

1/2 and si j 5s i j 21/3skkd i j is
the deviatoric stress tensor. The matrixV is given as
om-
g’s
the

el
f

V5S 1 2n 2n 0 0 0

2n 1 2n 0 0 0

2n 2n 1 0 0 0

0 0 0 2~11n! 0 0

0 0 0 0 2~11n! 0

0 0 0 0 0 2~11n!

D .

(13)

If all as51, the material is linear viscoelastic, and the form
matrix V implies that the Poisson’s ratio for the current consti
tive model remains constant and equal to that of the elastic ma
material. All Kelvin elements are assumed to have the same P
son’s ratio.

For thesth Kelvin element we have

ėcs5asseq
as21Vs2bse

cs (14)

which can be rewritten as

e2bst
d

dt
~ecsebst!5asseq

as21Vs. (15)

Therefore,

ecs5ase
2bstE

0

t

seq
as21Vsebstdt. (16)
Transactions of the ASME
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For n Kelvin elements connected in series, the total creep~inelas-
tic! strain is

ein5(
s51

n

ase
2bstE

0

t

seq
as21Vsebstdt. (17)

The inelastic strain rate is obtained either by direct differentiat
of ~17! with respect to time, or by substituting~16! into ~12!,

ėin5(
s51

n Fasseq
as21Vs2bsase

2bstE
0

t

seq
as21VsebstdtG .

(18)

Note that in the present models the time-dependent inela
strains~5! and~17! are reversible, i.e., after unloading the strai
are completely recovered with time. The tests performed by
and Ellyin @13# on EPON 828 polymers support the fact that t
epoxy resin is a viscoelastic material with no plastic perman
strains generated during loading process.

2.3 Temperature Dependence of Constitutive Relations
The creep compliance matrix in~1! and the constitutive relation
~17! are defined at a fixed reference temperatureuo , usually cho-
sen as a room temperature. However, the temperature depen
of the constitutive relations may not always be neglected.

In thermorheologically simple materials, the time-temperat
principle reflects the effect of a constant temperature change o
time-dependent material properties by a uniform shift in tim
scale. Thus, the creep compliance in~1! at a constant temperatur
u is obtained from the creep compliance for the reference t
peratureuo by changing the time scale,

Jr~ t,u!5Jr S t

aT~u!
,uoD (19)

where aT(u) is a shift factor dependent on temperature. Fo
nonconstant temperature change the reduced time variable i
troduced as

j~ t !5E
0

t dt8

aT@u~ t8!#
(20)

and

Jr~ t,u!5Jr~j~ t !,uo!. (21)

For the nonlinear material considered in Section 2.2 a sim
change of variables can be performed. For a constant temper
changeu, the inelastic strain~17! is obtained from the inelastic
strain at reference temperatureuo by replacingt with t/aT(u) in
the exponential functions in~17! and by multiplying the result by
1/aT(u),

ein5(
s51

n
as

aT
e2bst/aTE

0

t

seq
as21Vsebst/aTdt. (22)

The inelastic strain rate then becomes,

ėin5(
s51

n F as

aT
seq

as21Vs2bs

as

aT
2 e2bst/aTE

0

t

seq
as21Vsebst/aTdtG

(23)

3 Transformation Field Analysis of Composite Sys-
tems

3.1 A Fibrous Ply. Consider a representative volume el
ment consisting of many perfectly bonded phasesr 51,2, . . .N.
The RVE is subjected to either uniform tractionss(t), or to dis-
placement boundary conditions derived from a uniform strain fi
e(t) on its external boundary, and to a temperature historyu(t).
Response of the phases can be represented by various
Journal of Applied Mechanics
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dependent constitutive relations, such as~1!, ~11!, and ~17!. At
any timet these relations admit the additive decomposition

e r~ t !5Mrsr~ t !1mr~ t ! sr~ t !5Lrer~ t !1lr~ t ! (24)

whereLr andMr5Lr
21 are the elastic phase stiffness and comp

ance matrices,mr and lr are the average phase eigenstrain a
eigenstress, referred to as transformation fields. These may
clude contributions of distinct physical origin, e.g., thermal stra
~stress! and different kinds of inelastic strains, such as viscoela
and anelastic deformations. More precisely,~24! implies that if at
time t, a material point within the phaser were subjected to in-
stantaneous unloading to zero stress, then the remaining s
would be equal to the local eigenstrain. If the total strains
small, then the local eigenstrains and relaxation stresses ca
superimposed as

mr5mru~ t !1er
in~ t !1 . . . lr5 lru~ t !1sr

re~ t !1 . . . (25)

wheremr is the vector of linear thermal expansion coefficien
and lr is the thermal stress vector. The following interrelatio
hold:

mr52Mr lr er
in~ t !52Mrsr

re~ t !
(26)

lr52Lrmr sr
re~ t !52Lrer

in~ t !.

At any timet, the applied overall stresss(t) or straine(t), and
the accumulated local transformation fields can be regarded
two separate loading agencies that both contribute to the l
stresses in the composite system. This is expressed in the fo

sr~ t !5Brs~ t !1(
s51

N

Frsls~ t ! er~ t !5Are~ t !1(
s51

N

Drsms~ t !

(27)

whereBr , Ar are the elastic mechanical stress and strain conc
tration factors, andFrs , Drs are the eigenstress and eigenstra
concentration factors. Particularly simple expressions are av
able for two-phase media. According to Dvorak@17#, with phases
denoted asr 5a,b,

Dra5~ I2Ar !~La2Lb!21La Drb52~ I2Ar !~La2Lb!21Lb

Fra5~ I2Br !~Ma2Mb!21Ma (28)

Frb52~ I2Br !~Ma2Mb!21Mb .

By taking a time derivative of (271) and using interrelations
~26! one can obtain a system of equations for evaluation the lo
stresses in the composite system,

ṡr~ t !5Brṡ~ t !2(
s51

N

FrsLs$msu̇~ t !1 ės
in~ t !%. (29)

The inelastic strain rateės
in(t) is connected to the stress histo

ss(t) through a constitutive relation given, for example, by~6! or
~18!. Appropriate replacement of variables should be made wh
ever the mechanical properties are dependent on temperatu
accordance with~21! or ~23!.

3.2 A Symmetric Laminated Plate. We now proceed to in-
corporate the inelastic phase constitutive relations into lamina
plate analysis, and develop a system of equations for increme
evaluation of the local stresses in the fiber and matrix of each
under a prescribed laminate loading history. The local stress fi
then serve in evaluation of the deformation histories of the pha
plies, and laminate. For simplicity, we limit our present attenti
to symmetric laminates loaded by uniform in-plane tractions a
temperature changes, although analogous TFA procedures ca
relatively easily developed in the context of more general lami
tion theories or finite element programs~@19#!. The ply and lami-
nate are then analyzed only in plane stress.

We denote the~333! matrices describing the plane stress r
sponse of individual plies and laminate by boldface Roman ca
JULY 2002, Vol. 69 Õ 461
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tals, e.g.,S, Q, T, R, to distinguish them from the~636! matrices,
L, M, D, F describing phase and/or composite response in S
tions 2 and 3.1. The~331! vectors are denoted by Greek boldfa
leters with the ply number subscripti or j. In constrast, except a
noted, the~631! vectors, while also denoted by the Greek bo
face letters, have a phase designation subscript, for which we
the lettersr, s, f, or m. Quantities originally defined in ply coor
dinates and then transformed into global coordinates will be
noted by top bar.

Consider a composite laminate consisting ofN pairs of unidi-
rectional plies arranged in a symmetric layup with respect to
xy-midplane in the global coordinate system~x, y, z!, Fig. 1. As-
sume that each ply is a two-phase composite consisting of a
coelastic matrix and aligned fibers. Local coordinates of thei th
pair of plies are denoted as (x1

i ,x2
i ,x3

i ); thex1
i -direction coincides

with that of the fiber axis, andx3
i iz. The composite laminate o

total thicknessh is subjected to overall in-plane stresses, defin
in global coordinates as

1

h
N~ t !5

1

h
$Nx~ t !Ny~ t !Nxy~ t !%T (30)

and temperature historyu(t). Note that~30! represents the usua
in-plane force resultant divided by the total laminate thicknes

Moreover, as suggested by~24! and ~25!, certain eigenstrains
mr

i and eigenstresseslr
i can be generated within each ply, fo

example, by inelastic deformation and thermal change. T
~631! ply averages are derived from the corresponding ph
components and the elastic local field averages, using the ge
alized form~@18#! of the Levin’s formula~@20#!

m5(
r 51

M

cr
i Br

i Tmr
i l5(

r 51

M

cr
i Ar

i Tlr
i (31)

where theBr and Ar are the (636) mechanical concentratio
factors in ~27!; M is the number of phases in a ply, usuallyM
52. Quantities pertaining to the phaser of the i th pair of plies are
assigned subscriptr and superscripti, thuscr

i is the volume frac-
tion of phaser in the i th pair, andmr

i is the eigenstrain generate
in phaser of the i th pair of plies.

The summation in~31! is first carried out and the resultin
~631! vectors are reduced by deleting rows 3, 4, and 5. In p
ticular, the in-plane ply eigenstrains and eigenstresses in thei th
pair of plies are obtained from~31! in the form

mi5UT(
r 51

Ṁ

cr
i Br

i Tmr
i li5UT(

r 51

M

cr
i Ar

i Tlr
i (32)

where

Fig. 1 Geometry of an element of a symmetric laminated plate
462 Õ Vol. 69, JULY 2002
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UT5S 1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 1
D . (33)

All other (631) vectors derived from the RVE analysis in Se
tion 3.1 and describing ply response are reduced as in~32!.

Under the in-plane loading of a symmetric laminate, both
elastic and inelastic strains will be of the same magnitude in e
pair of plies symmetric about the laminate midplane. Also, th
mal strains induced by a uniform change in temperature will p
ses this symmetry. Therefore, the constitutive relations describ
the response of a ply can be written either in the ply or lamin
coordinate system as

ei5Sisi1mi si5Qiei1li (34)

ēi5S̄is̄i1m̄i s̄i5Q̄i ēi1l̄i (35)

whereQi and Si5Qi
21 are the (333) plane stress stiffness an

compliance matrices of thei th pair of plies, andli52Qimi is the
ply eigenstress. Individual terms in~34! and~35! are connected by
transformations between ply and global coordinate systems,

Q̄i5Ri
TQiRi S̄i5T i

TSiT i

Qi5T iQ̄iT i
T Si5RiS̄iRi

T

(36)
ēi5T i

Tei s̄i5Ri
Tsi

ei5Ri ēi si5T is̄i .

The transformation matrices are defined as

T i5S c2 s2 2cs

s2 c2 22cs

2cs cs c22s2
D Ri5@T i

21#T

(37)
c5cos~f i ! s5sin~f i !

and the anglef i is measured counterclockwise from the lamina
0-deg directionx to thex1

i fiber direction in thei th ply, Fig. 1.
Following the transformations~36! of the reduced vectors, the

terms entering~35! are

ēi5$ex
i ey

i exy
i %T s̄i5$sx

i sy
i sxy

i %T

(38)

m̄i5$mx
i my

i mxy
i %T l̄i5$lx

i ly
i lxy

i %T.

As in ~25!, both thermal and inelastic components are includ
into the ply transformation fields,

m̄i5āiu~ t !1 ēi
in~ t !1 . . . l̄i5b̄iu~ t !1s̄i

re~ t !1 . . . (39)

whereai5$a1a2a12%
T is a (331) vector of in-plane linear ther-

mal expansion coefficients of the ply andbi52Qiai is the ply
thermal stress vector. Also,

m̄i52S̄i l̄i l̄i52Q̄im̄i . (40)

Since no through-the-thickness constraints are imposed on
laminate, there are out-of-plane ply strains caused by the in-p
stresses in each ply. These thickness strains can be evaluate
the transversely isotropic ply of elastic complianceMi j as

e3
i 5M31

i s1
i 1M32

i s2
i 1m3

i

(41)

e4
i 5m4

i e5
i 5m5

i .

If the laminate is subjected to the in-plane stress component
~30!, then m4

i 5m5
i 50 and thee3

i in each ply can be integrate
through the thickness to find the totale35 ē3 component of the
laminate strain.
Transactions of the ASME
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The average ply stresses caused by mechanical loadsN(t) ~30!
and ply transformation fieldsmi , li ~32! are evaluated in terms o
certain stress distribution factors,

s̄i5H iN/h1(
j 51

N

K i j l̄j (42)

whereH i , K i j are the stress and eigenstress distribution fact
respectively,

H i5Q̄iQ
21 Q5(

i 51

N

ciQ̄i K i j 5d i j I2cjH i (43)

whereci is the volume fraction of thei th pair of plies, andQ is
the overall in-plane stiffness of the laminate. Derivation of t
distribution factors is presented in Appendix B. Note that the fi
term in ~42! is the ply stress in an elastic laminate, and the sec
term represents the contribution caused by both thermal and
elastic strains in all plies to the stresses in thei th pair of plies; the
distribution factorK i j includes the self-induced contribution b
li .

This completes evaluation of the average ply stresses in
laminate. These stresses are now transformed into local co
nates in each ply. Also, in the last term of~42! the average ply
eigenstress is replaced by ply eigenstrain, using (402), and the
thermal parts are separated according to (391),

s̄i5H iN/h2(
j 51

N

K i j Q̄j@āju~ t !1 ēj
in~ t !#. (44)

Since ply response can be evaluated only in terms of the cons
ent responses, the ply stresses~44! are now augmented by zeros
rows 3, 4, and 5, and included as overall stress components a
on a representative volume of the composite material of the
This involves (271) and ~29!, and provides the following equa
tions for phase stresses and their rates, caused in eachi th pair of
plies by the thermomechanical loading applied to the laminat

sr
i 1(

s51

M

Frs
i Ls

i $es
in% i1Br

i UT i(
j 51

N

K i j Q̄jT j
Tej

in

5Br
i UT iFH iN/h2(

j 51

N

K i j Q̄jT j
Taju~ t !G2(

s51

M

Frs
i Ls

i ms
i u~ t !

(45)

ṡr
i 1(

s51

M

Frs
i Ls

i $ės
in% i1Br

i UT i(
j 51

N

K i j Q̄jT j
Tėj

in

5Br
i UT iFH iṄ/h2(

j 51

N

K i j Q̄jT j
Taj u̇~ t !G2(

s51

M

Frs
i Ls

i ms
i u̇~ t !.

(46)

The phase inelastic strainses
in in the second term are related

local phase stress averages by the constitutive relations~6! or
~18!. The inelastic strainej

in in the third term is a (331) vector
obtained from~31!, as a (631) vector in terms of local phas
inelastic strains$er

in% j in the j th pair of plies, and then reduce
according to~32!. The same reduction procedure needs to be
lowed in evaluating theaj in the second term on the right-han
side. Replacing the inelastic strain components by the local ph
stresses, c.f.,~5!, ~6!, ~17!, ~18!, changes~45! and ~46! into a
system of equations for incremental evaluation of local pha
stress averages in all plies.

Note that the mechanical and transformation concentration
tors are connected to material constants only through phase e
moduli which appear in~3! or ~11!, and are assumed to be time
independent. Note also that all eigenstrain contributions, b
thermal and inelastic, originate in individual matrix and fib
Journal of Applied Mechanics
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phases of each ply of the laminate, and that they enter the p
stress equations in each ply both directly, in the second left-h
term of ~45! and ~46!, and indirectly in the third term, which
describes contribution to phase stresses in the plyi caused by all
average ply eigenstrains.

4 Solution Procedure
Integration of ~46! starts from known initial conditions att

50. In the case of prestress release, these are evaluated by a
ing to the laminate the in-plane force resultant caused by pres
release in all plies. The average stress applied to the prestre
fibers of thei th pair of plies is specified in the local ply coord
nates as

sf
P~0!5$~s11

f !P
i ~0! 0 0 0 0 0%T. (47)

Release of this prestress is equivalent to applying to the ply-
edges intersecting the fibers initial compressive stress,

NP~0!/h52(
i 51

N

ciRi
T$cf

i ~s11
f !P

i ~0! 0 0%T (48)

whereci is the volume fraction of thei th pair of plies,cf
i is the

fiber volume fraction in that pair of plies. The stresses in t
matrix and fibers immediately after prestress release are evalu
in the ply coordinates as

sm
i ~0!5Bm

i UT iH iN
P~0!/h sf

i ~0!5Bf
i UT iH iN

P~0!/h1sf
P~0!.

(49)

The total ply stresses follow by superposition of the stres
caused by application ofNP(0) and initial ply tractions that sup
port fiber prestress~47!,

si~0!5T iH iN
P~0!/h1$cf

i ~s11
f !P

i ~0! 0 0%T. (50)

In the absence of direct mechanical loading, Eqs.~47!–~50! are
the initial conditions of the stress relaxation process driven
prestress release. Equations~49! are readily recognized as th
leading right-hand term in~45! at t50, when there are no inelasti
strains. Depending on the details of the fabrication procedure,~49!
can be augmented to reflect a rapid change from the proces
temperature, by including there the thermal loading terms fr
~27!.

We adopt the method of numerical integration of Eqs.~46!. If
the phase stresses are known up to the current timet, the local
fields at timet1Dt are found by integration of~46!, using for
example the Runge-Kutta formula of order two. This involv
evaluation of the integrands in~6! or ~18! denoted symbolically as
f(t2t,sr(t)).

The algorithm for evaluation of phase stresses can be sum
rized as follows:
Step 1: Select the number of time intervals,n, and compute time
incrementDt5(tn112t1)/n, where t150 and tn11 defines the
time interval in which the historiesN(t) andu(t) are defined.
Step 2: Find the initial values of the local stress fieldssr

i (0).
Step 3: For k51,2, . . . ,n, do steps 4, 5, and 6.
Step 4:Evaluateṡr

i (tk) from ~46!. If k51 the integrals in~6! and
~18! are zeros, for any otherk they can be found using the trap
ezoidal rule,

E
01

t

f~ t2t,sr~t!!dt5
Dt

2 (
j 51

k21

@ f~ tk2t j ,sr~ t j !!

1f~ tk2t j 11 ,sr~ t j 11!!#. (51)

Step 5: Compute trial stresses attk11 as

sr
i tr~ tk11!5sr

i ~ tk!1Dtṡr
i ~ tk! (52)

and the stress rate from~46! at time tk11 using adjusted stresse
~52!, denoted as
JULY 2002, Vol. 69 Õ 463



Table 2 Properties of EPON 828 matrix „Ellyin †16‡… and AS4 carbon fibers „Blackketter and Upadhyaya †23‡…

Elastic Viscoelastic

Em ~GPa! 2.75 n12
f 0.2 b1 ~1/s! 0.015 a1 4

nm 0.4 G23
f ~GPa! 5.5 b2 ~1/s! 0.0015 a2 2

am (1026/°C) @23# 48 a1
f (1026/°C) 20.36 b3 ~1/s! 0.00015 a3 2

E1
f ~GPa! 235 a2

f (1026/°C) 18 a1 ~MPa24/s! 2.1* 10210

E2
f ~GPa! 14 a2 ~MPa22/s! 4.7* 1029

G12
f ~GPa! 28 a3 ~MPa22/s! 5.6* 1029
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ṡr
i* ~ tk!5ṡr

i ~ tk11 ,sr
i tr~ tk11!!. (53)

Step 6: Finally, compute the stresses at timetk11 ,

sr
i ~ tk11!5sr

i ~ tk!1
Dt

2
$ṡr

i ~ tk!1ṡr
i* ~ tk!%. (54)

With the knowledge of local phase stressessf
i and sm

i , the
phase inelastic strain (er

in) i in each pair of pliesi can be evaluated
from the constitutive relations~5! or ~17!. The inelastic ply strain
ei

in is obtained from Levin’s formula (321). Total in-plane strains
in each pair of plies at timet can be found from the constitutiv
relations (351) and decomposition of ply eigenstrains (391),

ēi~ t !5S̄is̄i~ t !1āiu~ t !1 ēi
in~ t ! (55)

where the ply stresss̄i is given by

s̄i~ t !5Ri
TU T@cf

i sf
i ~ t !1cm

i sm
i ~ t !# (56)

and cf
i , cm

i are the phase volume fractions. Separating the
eigenstrains from the total strains in~55! and substituting these
into (B7) provides the overall laminate eigenstrain. Together w
the strains caused by the in-plane mechanical tractions, this y
the overall laminate strain caused by the combined thermo
chanical loads and inelastic deformation in the form

e~ t !5SN~ t !/h1(
i 51

N

ciH i
T@āiu~ t !1 ēi

in~ t !#. (57)

The out-of-plane straine3
i in each pair of plies can be evaluate

from the ply constitutive relations and known in-plane stress co
ponents, as in~41!. The overall out-of-plane strain of the lamina
is found as

ē35e35(
i 51

N

cie3
i (58)

whereci is the ply volume fraction. Integration of the out-of-plan
strains through the thickness of the plate appears to be adequ
some distance away from the free edges where strains and str
become functions only of thickness coordinatez.

5 Applications
In the illustrative examples that follow, we examine the effe

of viscoelastic matrix deformation on redistribution of ply stress

Table 3 Properties of AS4 ÕEPON 828 system „elastic moduli
are estimated by Mori-Tanaka method †21‡…

Property Property

cf @24# 0.61 a1 (1026/°C) 0.054
E1 ~GPa! 144.45 a2 (1026/°C) 36.13
E2 ~GPa! 7.0 F2

t ~MPa! @24# 22.1
G12 ~GPa! 3.57 F6 ~MPa! @24# 71.4

n12 0.274 F2
c ~MPa! 55.0

G23 ~GPa! 2.33 F1
t ~MPa! @23# 2189.9

F1
c ~MPa! 800.0
464 Õ Vol. 69, JULY 2002
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under three loading conditions. These include release of the o
mized fiber prestress found in elastic laminates~@2#! followed by a
relaxation period; subsequent loading of these laminates by
portional in-plane stresses at a prescribed rate; and sustaine
plication of a uniform thermal change to a laminate without p
stress. In all cases, fiber prestress is applied prior to and rele
after matrix cure and cooling to room temperature.

The material selected is the AS4/EPON 828 carbon/epoxy
tem, in two symmetric nine-layer laminate layups, a cross-
((0/90)2 /0̄)s and a quasi-isotropic (0/45/245/90/0̄)s . The EPON
828 matrix is regarded as a nonlinearly viscoelastic solid c
forming with ~12!–~18!; its selection was motivated by availabi
ity of experimentally based constitutive relations and material
rameters~@16#!, Table 2. The fiber is assumed to be elastic.

All results are displayed in the form of initial failure map
forming an internal envelope of ply strength branches, plotted
laminate biaxial normal stress plane. Procedures used to cons
the failure maps were described by Dvorak and Suvorov@1#. The
individual branches are derived from the critical stress criteri
hence they indicate the overall stress combinations that caus
least one of the ply stress components to reach the respectiv
strength value, Table 3.F1

t,c , F2
t,c denote axial and transverse p

strength in tension~t! or compression~c!, andF6–the strength in
shear. Ply strength values used in plotting the initial damage
velopes are assumed to be independent of time and tempera
Ply elastic properties are estimated by the Mori-Tanaka met
~@21#!, Table 3. However, if experimentally measured elas
moduli of the AS4/EPON 828 composite were available, a be
fit could be obtained with one of the more general methods~@22#!.
Evaluation of an estimate that conforms with available experim
tal data for an S-glass/epoxy composite is shown in@2#.

In all laminates considered here, the initial elastic stress st
are created by certain combinations of tension stressNx /h, tem-
perature change, and release of optimized fiber prestress
keeps both the interior and free-edge stresses aty56b within the
ply strength limits, Table 3. The fiber prestress was obtained w
the procedure described in@2#, which minimizes an objective
function representing the differences between the free-edge
tions applied to individual plies by prestress release and the
responding ply stress components in the interior of the lamin
The resulting prestress magnitudes are listed in Table 4.

A simple failure map of a cross-ply AS4/EPON 828 lamina
that has been cooled from curing temperature but not subjecte
release of fiber prestress and any mechanical loads is show
the thick black solid lines in Fig. 2. The branch labelss22

0(T) ,

Table 4 Optimized fiber prestress magnitudes, „s11
f
…P

i

((0/90)2 /0̄)s carbon/epoxy
at Nx /hu t505836.1 MPa

andDu5245°C
~a!

(0/45/245/90/0̄)s carbon/epoxy
at Nx /hu t505508.1 MPa

andDu5245°C
~b!

0° Plies: 2100 MPa 0° Plies: 1950 MPa
90° Plies: 470.8 MPa 90° Plies: 77.9 MPa

45° Plies: 62.7 MPa
245° Plies: 62.7 MPa
Transactions of the ASME
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s22
90(T) denote laminate stress combinations causing onset of tr

verse cracking in the 0-deg or 90-deg plies;s11
0(C) and s11

90(C)

indicate combinations causing onset of axial ply failure in co
pression. Additionals12

645 branches appear in Fig. 3 for a quas
isotropic laminate, these indicate loading conditions causing o
of shear failure in the645-deg plies.

In addition to the individual ply strength branches and the i
tial failure envelopes of laminates subjected only to cooling
Du5245°C from curing temperature, Figs. 2 and 3 show init
failure envelopes of laminates that have been subjected to re

Fig. 2 Initial damage envelope for the „„0Õ90…2 Õ0̄…s carbon Õ
epoxy viscoelastic laminate before and after 12,000 sec stress
relaxation. Initial fiber prestress is 2100 MPa in the 0-deg plies
and 470.8 MPa in the 90-deg plies. Thermal change of Du
ÄÀ45°C is applied at tÐ0.

Fig. 3 Initial damage envelope for the „0Õ45ÕÀ45Õ90Õ0̄…s
carbon Õepoxy viscoelastic laminate before and after 12,000 sec
stress relaxation. Optimized fiber prestress is 1950 MPa in the
0-deg plies, 77.9 MPa in the 90-deg plies, 62.7 MPa in the 45-deg
plies and 62.7 MPa in the À45-deg plies. Thermal change of
DuÄÀ45°C is applied at tÐ0.
Journal of Applied Mechanics
ns-

-
i-
set

i-
by
al
ease

of optimized fiber prestress, applied prior and during matrix c
~@2#!. These are drawn in thick gray solid lines and labeledt
50 sec, indicating absence of viscoelastic deformation. R
tively high prestress is applied in the 0-deg plies to maximize
overall normal stressNx /h. The prestress applied to th
((0/90)2 /0̄)s laminate ~Table 4~a!! cancels all interlaminar
stresses at the free edges when the laminate is subjected t
axial stressNx /h5836.1 MPa at timet50. The prestress indi-
cated for the (0/45/245/90/0̄)s laminate~Table 4~b!! minimizes
interlaminar stresses at free edges when the axial stressNx /h
5508.1 MPa is applied att50.

The dashed thick gray lines in Figs. 2 and 3 show positions
the envelopes after stress relaxation lasting 12,000 sec. Nume
experiments have shown that this time is sufficient for reveal
the effect of residual stress relaxation in the fiber and matrix
the final position of the failure envelopes in this material syste
relaxation rates reached insignificant values within this peri
The failure envelopes at 12,000 sec can be used in applicat
involving rapid mechanical loading of the prestressed lamina
Although cancelation/minimization of free-edge stresses by o
mized prestress indicated in Table 4 is guaranteed only forNx /h
5836.1/508.1 MPa applied at timet50, it is believed that this
prestress may be beneficial in reduction of interlaminar stresse
time t.0 as long as the loading vector stays within the relaxati
translated damage envelope.

The results suggest that both release of fiber prestress and
sequent stress relaxation cause translations of individual stre
branches, in the overall stress direction that is parallel to the
plied fiber prestress. The translation magnitudes are different
each branch, since prestress release and stress relaxation
dissimilar changes in the ply stress components associated
specific failure modes. These differences are more pronounce
laminates made of the very strongly anisotropic plies emplo
herein, than in the S-glass/epoxy laminates studied by Dvorak
Suvorov@1#. These translations are seen to cause exchanges o
branches forming the internal envelopes, often leading to exp
sion of the failure envelopes after prestress release. Stress r
ation in the selected matrix material affects primarily the tra
verse and longitudinal shear response of the plies, as normal c

Fig. 4 Initial damage envelope for the „„0Õ90…2 Õ0̄…s carbon Õ
epoxy viscoelastic laminate before and after 12,000 sec stress
relaxation. The overall stress is applied at the rate 1 MPa Õsec.
Optimized fiber prestress is 2100 MPa in the 0-deg plies and
470.8 MPa in the 90-deg plies. Thermal change of DuÄÀ45°C is
applied at tÐ0.
JULY 2002, Vol. 69 Õ 465
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rates are extremely small in the direction of the fibers. While
do not label the branches forming the prestress and relaxa
translated failure envelopes, their association to specific fa
modes can be inferred by comparing their direction to those in
laminate without prestress.

Additional translation of the damage envelopes can also re
from matrix stress relaxation under mechanical loading. Thi
shown in Figs. 4 and 5, where the envelopes are represente
end points of many applied proportional overall stress comb
tions, from zero initial valuesNx(12,000)5Ny(12,000)50, i.e.,

Fig. 5 Initial damage envelope for the „0Õ45ÕÀ45Õ90Õ0̄…s
carbon Õepoxy viscoelastic laminate before and after 12,000 sec
stress relaxation. Overall stress is applied at the rate 1 MPa Õ
sec. Optimized fiber prestress is 1950 MPa in the 0-deg plies,
77.9 MPa in the 90-deg plies, 62.7 MPa in the 45-deg plies and
62.7 MPa in the À45-deg plies. Thermal change of DuÄÀ45°C
is applied at tÐ0.
466 Õ Vol. 69, JULY 2002
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after the 12,000 sec stress relaxation following prestress rele
at a constant rateR51 MPa/sec. The displayed points indica
values of the applied stresses at initial ply failure; the failure mo
is indicated by the proximate, parallel initial failure branches.

The positions reached by the newly translated branches ca
better explained by reference to Fig. 6 that shows stress relaxa
in the neat matrix subjected first to constant normal compres
strain for 12,000 sec, and then to either tensile or compres
constant strain rate. The chosen strain rate corresponds to
stress rate of about 1 MPa/sec. The initial compression appare
promotes faster stress relaxation under subsequent compre
strain rate, and nearly elastic response under a tensile rate.

This behavior helps in understanding the response of the la
nates loaded by constant rate following the initial compress
caused by prestress release, Figs. 4 and 5. In the initial part
tensile loading path, the applied overall axial tension reduces
compressive transverse residual stress left in the 90-deg plie
prestress release. After that is reduced to zero, the overall ten
generates transverse tension stresses in the 90-deg plies, unti
reach the transverse ply strength. This results in a small transla
of the strength branchs22

90(T) toward higher laminate tensile
stresses at initial failure of these plies. However, the residual
applied stresses are added under 0-deg compression, prom
greater relaxation of the transverse stress in the 90-deg plies
thus causing a greater translation of the transverse compre
strength branchs22

90(C) of the 90-deg ply. In fact, this branch ha
apparently translated so far~Fig. 4! that it has been partially re
placed by thes11

0(C) branch of the failure envelope. This effect
even more pronounced in Fig. 5, where the 90-deg transv
compression branch is no longer a part of the dotted failure en
lope.

Figures 7 and 8 show first the initial envelopes of the lamina
not subjected to any mechanical loads or temperature cha
These are drawn in black solid lines. The figures also illustrate
effect of elevated temperatureDu5100°C at timet50 and after
stress relaxation att512,000 sec on the position of the envelope
It is assumed that the matrix material is thermorheologica
simple and a shift factoraT!1 at Du5100°C. Therefore, the
time for thermal stress relaxation can be selected shorter tht
512,000 sec without producing noticeable changes in the posi
Fig. 6 Stress relaxation of the EPON 828 matrix material. The matrix is first
subjected to constant axial strain e11

m ÄÀ0.005. After 12,000 sec of stress re-
laxation strain is applied at a rate either 0.007 * 10À3 or À0.007* 10À3Õsec, so
that at time tÄ13,000 sec, the magnitude of axial strain is 0.002 or À0.012,
respectively.
Transactions of the ASME
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of the envelopes. At timet50, immediately after the temperatur
change, the translated envelope is drawn in a gray solid line,
after t512,000 sec by a dashed gray line. No fiber prestress
applied in this case. Note the significant expansion of the fail
envelope caused by dissimilar branch translations and interior
sition exchanges caused by the thermal stresses. Stress rela
has a relatively small effect in this case.

Tables 5 and 6 summarize the magnitudes of important st
components reached in the plies and constituents of the two l
nates at the several stages of loading history applied also in F
4 and 5. The first two columns describe thermal and thermal p
residual stresses due to prestress release in elastic systems
third column indicates changes in the second column values
stress relaxation lasting 12,000 sec; no mechanical or the

Fig. 7 Initial damage envelope for the „„0Õ90…2 Õ0̄…s carbon Õ
epoxy viscoelastic laminate before and after 12,000 sec stress
relaxation. Thermal change of DuÄ100°C is applied at tÐ0.

Fig. 8 Initial damage envelope for the „0Õ45ÕÀ45Õ90Õ0̄…s
carbon Õepoxy viscoelastic laminate before and after 12,000 sec
stress relaxation. Thermal change of DuÄ100°C is applied at
tÐ0.
Journal of Applied Mechanics
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loads are applied. Finally, the fourth columns presents stre
reached at the end of the single constant rate loading pathṄx /h
51 MPa/sec.

6 Closure
The theoretical part of the paper outlines the procedure to

followed in transformation field analysis of overall response a
local ply and phase stress averages in viscoelastic composite
nates subjected to fiber prestress release, thermal and ine
strains in the matrix and fiber in each ply, and to uniform therm
mechanical loads applied as functions of time. This proced
takes into account interactions of the elastic, inelastic, and ther
deformations of individual phases within all plies of the lamina
and also interactions of the elastic strain and eigenstrain ply a
ages within the laminate. Two systems of equations, one for
time-dependent local stresses in the phases of all plies, and
other one for their rates, are obtained for loading by overall m
chanical tractions, release of fiber prestress, and local therma
inelastic eigenstrains. Hierarchical interactions of these effects
the ply and laminate scales are analyzed with certain influe
functions that depend only on the elastic properties of the fib
matrix, plies, and laminate.

Results of several applications to specific loading programs
displayed by their effect on the position of ply initial failur
branches derived from the critical stress criterion. It is shown t
viscoelastic matrix deformation enables a similar response in
matrix-dominated deformation modes of a composite ply. Th
include transverse normal and longitudinal shear ply strains,
mostly excludes longitudinal normal strain associated with fib
dominated deformation. The beneficial effect that fiber prestr

Table 5 Average ply and fiber stresses in the „„0Õ90…2 Õ0̄…s
laminate

Du
t50

Pi1Du
t50

Pi1Du
t512,000 sec

Nx /h1Pi1Du
t512,752 sec

0 ply: s1 28.51 41.56 26.31 1335.9
0 ply: s11

f 221.3 83.29 51.1 2179.5
0 ply: s2 10.47 217.25 212.52 2.13
90 ply: s1 213.09 21.57 15.65 22.66
90 ply: s11

f 228.79 46.24 31.39 211.2
90 ply: s2 10.63 251.96 232.89 22.1

Du5245°C, Nx(12000)/h50 MPa, Ṅx /h51 MPa/sec
Pi5(s11

f )P
i 0 deg plies: 2100 MPa, 90 deg plies: 470.8 MPa

Table 6 Average ply and fiber stresses in the „0Õ45Õ
À45Õ90Õ0̄…s laminate

Du
t50

Pi1Du
t50

Pi1Du
t512,000 sec

Nx /h1Pi1Du
t512,459 sec

0 ply: s1 27.1 274.7 253.93 1305.3
0 ply: s11

f 219.0 454.84 418.25 2129.7
0 ply: s2 10.4 9.68 7.31 5.21
0 ply: s12 0.0 0.0 0.0 0.0
45 ply: s1 210.95 2315.36 2315.8 48.9
45 ply: s11

f 225.3 2514.91 2516.85 72.8
45 ply: s2 10.54 210.32 26.94 12.8
45 ply: s12 20.19 28.02 18.58 211.8

245 ply: s1 210.95 2315.36 2315.8 48.9
245 ply: s11

f 225.3 2514.91 2516.85 72.8
245 ply: s2 10.54 210.32 26.94 12.8
245 ply: s12 0.19 228.02 218.58 11.8

90 ply: s1 214.81 255.12 274.58 245.9
90 ply: s11

f 231.6 417.83 450.58 281.4
90 ply: s2 10.68 230.32 220.99 22.1
90 ply: s12 0.0 0.0 0.0 0.0

Du5245°C Nx(12000)/h50 MPa Ṅx /h51 MPa/sec
Pi5(s11

f )P
i 0 deg plies: 1950 MPa, 90 deg plies: 77.9 MPa,

145 deg plies: 62.7 MPa,245 deg plies: 62.7 MPa
JULY 2002, Vol. 69 Õ 467
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may have on the position of initial failure envelope of a compos
laminate is thus modified, and usually reduced. However, the
duction is relatively small, even in the present system with a fa
viscous matrix. The applied prestress was optimized with reg
to allowable stresses supported by the free edges of elastic
under simple tension applied to the laminate, as described
companion paper~@2#!. Therefore, the initial failure envelope
constructed att50, immediately after prestress release, defin
laminate stress region which guarantees absence of damage
at and away from the free edges. Short-duration cyclic loads m
also be applied within the elastic damage envelopes, provid
that ply strength remains constant and viscous effect are limi
Since viscoelastic deformation promotes stress relaxation,
may speculate that the selected prestress may be admissible
within the strength constraints on free edge stresses att.0.

In the normal stress plane, fiber prestress causes a subst
expansion of the failure envelopes, as well as their translatio
the dominant prestress direction. The expansion appears t
present only in laminates with strongly anisotropic plies; it w
negligible in the S-glass/epoxy systems studied in our earlier
per~@1#!. Application of fiber prestress can therefore be used a
effective tool for damage prevention in this and others compo
laminates.
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Appendix A
If the material behaves like a standard linear solid un

uniaxial tension and exhibits only elastic compressibility, its ax
tensile creep compliance function is given by

Jx
m~ t !5

1

Em
1

1

Ev
S 12expS 2

Ev

hv
t D D (A1)

where Em is the matrix Young’s modulus,Ev is the Young’s
modulus of the elastic spring inside the Kelvin element, andhv is
the coefficient of viscosity for the Kelvin element.

For the constant stresssxx
0 applied to the matrix, the axial an

lateral strains are given as

exx~ t !5sxx
o Jx

m~ t ! eyy~ t !52sxx
o Jy

m~ t ! (A2)

whereJy
m(t) is the lateral tensile creep compliance function. T

creep Poisson functionn(t) is defined as the negative ratio o
exx(t) andeyy(t), i.e.,

n~ t !5
Jy

m~ t !

Jx
m~ t !

. (A3)

To find Jy
m(t), we write the differential equations for the vis

coelastic solid as

PEsxx5QEexx Pneyy52Qnexx (A4)

where PE, QE, Pn, Qn are differential operators. From~A4! it
follows that

QEPneyy52QnPEsxx . (A5)

Solution of differential equation~A5! for a constant stresssxx
0

yields the lateral creep compliance function in (A22).
For a standard linear solid, the operators in (A41) are
468 Õ Vol. 69, JULY 2002
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PE511p1
ED QE5q0

E1q1
ED

(A6)

p1
E5

hv

Em1Ev
q0

E5
EmEv

Em1Ev
q1

E5
Emhv

Em1Ev

whereD is the time derivative. The operatorsPn andQn in (A42)
remain to be determined. Since the matrix exhibits elastic co
pressibility,

s̄~ t !53K ē~ t ! (A7)

where s̄, ē denote mean stress and strain fields, one can de
operators

PK51 QK53K. (A8)

and then use the connection

n5
3K2E

6K
(A9)

which together with~A4! provides

Qn

Pn 5

3K2
QE

PE

6K
5

1

2
PE2

1

6K
QE

PE . (A10)

Substituting~A6! into ~A10!,

Pn5PE511p1
nD Qn5q0

n1q1
nD

(A11)

p1
n5

hv

Em1Ev
q0

n5
1

2
2

EmEv

6K~Em1Ev!
q1

n5
3hvK2Emhv

6K~Em1Ev!

allows ~A5! to be written as

~q0
E1q1

ED !eyy52~q0
n1q1

nD !sxx (A12)

sincePE5Pn. For the step loadsxx
0 H(t), solution of this equa-

tion gives the lateral creep compliance function in (A22),

Jy
m~ t !5

q0
n

q0
E F11S q0

Eq1
n

q1
Eq0

n21D expS 2
q0

E

q1
E t D G . (A13)

Note that according to~A6!, q0
E/q1

E5Ev /hv , hence the exponent
in ~A1! and ~A13! are identical.

Appendix B
Here we derive the stress and eigenstress distribution fac

appearing in~42! and ~43!. Displacement continuity at ply inter
faces requires that the in-plane strains (381) are equal to the over-
all strain«,

ēi5e. (B1)

The laminate constitutive equations are written in a form ana
gous to~35!,

e5SN/h1m N/h5Qe1l (B2)

whereQ, S are the~333! overall in-plane stiffness and compli
ance of the laminate,S5Q21. Them andl are the overall trans-
formation fields; since the mechanical load~30! and the average
ply transformation fields~31! are independent, these overall field
are caused solely by the ply averages~31!.

The part of stress averages caused in thei th pair of plies by the
mechanical loads~30! follows from (352), ~B1!, and (B21) as

s̄i5Q̄i ēi5Q̄iQ
21N/h. (B3)

Comparing this with the first term in~42! yields

H i5Q̄iQ
21. (B4)

The eigenstress distribution factorK i j evaluates the stress in th
i th pair of plies caused by a uniform eigenstressl̄j52Q̄jm̄j that
is induced by the eigenstrain in thej th pair of plies. The deriva-
tion starts by introducing the eigenstrainm̄j into the j th ply of a
Transactions of the ASME
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fully constrained laminate ate50. This causes the stresss̄i

5d i j l̄j52d i j Q̄jm̄j , present only in thej th pair of plies, and
overall reaction stressNR/h52cjQ̄jm̄j ; d i j is the Kronecker
symbol, but no summation is indicated by repeated subscr
Next, the constraint is removed by applying the stressN/h5

2NR/h to the entire laminate, which reduces the overall stres
zero. The resulting ply stress is obtained by superposition of
initial and unloading contributions,

s̄i52d i j Q̄jm̄j2H iN
R/h. (B5)

Comparing ~B5! with the eigenstress term in (422) yields the
eigenstress distribution factor,

K i j 5d i j I2cjH i . (B6)

Moreover, removing the constraint changes the overall st
(B21) from zero to the value of2SNR/h5cjSQ̄jm̄j . Generated
in the absence of any mechanical loads, this strain represent
contribution of thej th pair of plies to the overall laminate eigen
strain. Adding such contributions from all plies and lettingS
5Q21 yields the overall eigenstrain in the form

m5(
j 51

N

cjH j
Tm̄j (B7)

which is seen to be the laminate-level equivalent of the Lev
formula (311).
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Variational Estimates for the
Effective Response of Shape
Memory Alloy Actuated Fiber
Composites
The homogenization procedure of Ponte Castan˜eda is used to estimate the effective b
havior of active composite materials consisting of aligned shape memory alloy (S
fibers embedded in a linear elastic matrix. Results are presented for thermal activati
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1 Introduction
Smart composites can be loosely defined as composites

one or more constitutive materials having embedded sen
and/or actuation. The ability either to sense an internal state, o
actively control its behavior, makes such materials highly de
able. Applications to actuation devices have shown exciting p
sibilities, and in particular, shape memory alloys~SMAs! have
opened the door to the possibility of truly biomimetic forms
locomotion for robots. As such, there has been a great dea
research activity surrounding smart materials, ranging from m
rials development to modeling and active control.

Sensing is critical to control and in many respects can be u
to great effect in concert with very simple control algorithm
However, as a system becomes increasingly more complica
less stable or sensing more costly, good mathematical models
provide a means of minimizing the ‘‘effort’’ required to produce
desirable output. In the case of SMA-fiber actuators, simple c
trollers become less and less reliable as hysteresis begins to
mulate and degrade performance.

Hysteresis and sensing issues are only amplified in an S
composite. It is certainly possible to consider controlling in
vidual wires within the composite, but the cost of such an
proach is prohibitive, and raises issues of global convergence
control. Furthermore, when displacement or strain in a continu
is the primary objective of the control system, there is no sim
method of gathering good data for feedback to the controller
fact, the majority of the states associated with SMA are not e
observable. Some type of alternative means of counteracting
effects of hysteresis and lack of real-time data is required.
believe that by estimating effective behavior, homogenizat
techniques provide a critical link between understanding SMA’s
individual actuators and SMA’s as components in smart comp
ites. In the future, it is our goal to use homogenization as a me
of hysteresis inversion within a control system.

The theory of homogenization for linear composites is fai
well developed. Appropriate references dealing with linear th
ries are provided by the review articles of Willis@1,2# and the
monograph of Christensen@3#. With new variational techniques

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, April 1
2001; final revision, September 27, 2001. Associate Editor: M.-J. Pindera. Discu
on the paper should be addressed to the Editor, Prof. Lewis T. Wheeler. Depar
of Mechanical Engineering, University of Houston, Houston, TX 77204-4792,
will be accepted until four months after final publication of the paper itself in
ASME JOURNAL OF APPLIED MECHANICS.
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nonlinear composites have received increased attention in re
years. Willis @2# and Talbot and Willis@4# extended the Hashin
Shtrikman variational principles to include nonlinear constituti
behavior. Ponte Castan˜eda @5# proposed a new variational prin
ciple which can be used to obtain general types of bounds
estimates for the properties of nonlinear composites. The pro
dure makes use of arbitrary bounds and estimates for suit
classes of linear comparison composites. More recently, a ‘‘s
ond order’’ procedure has been developed by Ponte Castan˜eda@6#
that delivers estimates for nonlinear composites at finite cont
exact to second order. In this work, use will be made of the or
nal ‘‘linear comparison composite’’ variational procedure of Pon
Castan˜eda.

Most of the original one-dimensional macroscopic SMA mo
els simulate phase transformation effects without considering g
eral thermomechanical activation conditions~@7–10#!, where ei-
ther temperature or stress are assumed constant. Often surfa
temperature-stress space define the conditions for termination
commencement of phase transformation, commonly referred t
transformation plasticity~@11#! because of the conceptual simila
ity between transformation surfaces and plastic yield surfaces
simplify the analysis, only complete transformations were cons
ered. Notable exceptions include the works of Ivshin and Pe
@12# and Falk@13,14# who used embedded hysteresis models
capture the effects of incomplete transformations~minor loops!.
Due to the apparent success of these general mathematical h
esis models, many subsequent models addressed incomplete
formations by incorporating Duhem-Madelung@15–17# and
Landau-Devonshire@18# hysteresis models.

More recent macroscopic models have begun to appear in
literature in the past couple of years. Building upon earlier, s
pler models, combined with experimental work on SMA wires, B
and Lagoudas@19,20# derived a sophisticated three-dimension
‘‘incremental’’ model capable of capturing both general therm
mechanical loading conditions and minor loops~@21#!. The com-
plexity of the model arising from its incremental form makes
more difficult to implement within any type of homogenizatio
based control scheme. Bekker and Brinson@17# introduced a mac-
roscale kinetic law related to the Duhem-Madelung differen
models with dependence on a transformation phase diag
While their model is also capable of simulating the effects
general thermomechanical loading conditions and minor loo
and appears to be simple enough to implement within the fra
work of a control algorithm, it is not clear whether analytic

,
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expressions can be generated for the stress energy. This ma
difficult to implement within the linear comparison composite h
mogenization procedure~@5#!.

In the context of composites and structures, there has been
tively little work in studying the effects of embedded SMA fiber
The paucity of studies involving SMA composites using co
tinuum mechanics is most probably a direct result of SMA mo
complexity. Boyd and Lagoudas@19,22# used an incremental ver
sion of the Mori-Tanaka method to determine effective proper
of an SMA fiber composite and compared their results to a
finite element method simulation for a periodic system. Th
model for the SMA was based upon the earlier work of Tana
and hypothesized the existence of an isotropic strain-rate y
function coupled with linear transformation surfaces. Only is
thermal stress-activated major loops were considered. On
other hand, the homogenization methods used in this pionee
study are known to be computationally intensive. It is one of o
primary goals in this work to make use of more efficient homo
enization methods to decrease the computational resources in
culating the effective response of the SMA fiber-activated co
posites for the purpose of real-time control.

Brinson @23# made efforts to include both complex stres
temperature states and minor loop behavior for a one-dimensi
SMA wire attached to a polymeric rod, where linear and nonlin
beam theory were used to couple the states of stress and stra
the rod and SMA wire. Similarly, de Blonk and Lagoudas@24#
modeled deformation of an elastomeric rod with embedded S
fibers distributed as one-dimensional elements. Fiber-matrix in
actions and effective behavior were not considered. While i
possible, at least in principle, to make use of more sophistica
SMA models with more accurate homogenization estimates
SMA-actuated composites, our objective here is to develop
efficient model, yielding a good balance of accuracy versus c
plexity, which can be implemented for better control than has b
possible to date. A recent article by Bernardini@25# describing
energy functions for SMA’s may provide just such an example
an alternate constitutive model to incorporate within the cont
of this formulation.

2 SMA Constitutive Model
The SMA constitutive behavior used in this work is a modi

cation by Briggs and Ostrowski@26# of the earlier Boyd and La-
goudas, isotropic strain rate model~@19#!, given by

«5@MA1j~M M2MA!#s1L. (1)

Although Boyd and Lagoudas made use of an ‘‘incremental’’ v
sion of the relation in Eq.~1!, as will become evident in the
discussion to follow, the ‘‘total’’ form is more consistent with th
homogenization scheme to be used in this work~even if it is
possibly less accurate!. The first set of terms in this relation rep
resents a proportional mixture of the elastic moduli of the t
phases, wherej is the martensitic volume fraction. To reduc
implementation complexity, this mixture is replaced with a sing
linear isotropic term,M . The second termL is the strain induced
by phase transformation, which evolves as a function of the
stantaneous state of temperature and effective stresste ~@27#!, as
determined by

L5
3

2

v

D

s8

te
~j@u~ t !,te~ t !#21!. (2)

The effective stress is defined to bete5A1
2s8•s8, where s8

5s2smd, sm5
1
3tr(s), d is the second order identity tensor, an

~in keeping with the notation of Boyd and Lagoudas! v andD are
material parameters specified in Table 1. It should be noted
the martensitic volume fraction of the SMA varies between z
and one. This implies that in the purely martensitic state there
exist a large positive strain. In general applications the SMA fib
will be embedded within a surrounding matrix in a purely marte
Journal of Applied Mechanics
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sitic state and then subsequently heated to force transition to
tenite with the associated strain recovery. Without the21 in Eq.
~2! this strain recovery in the SMA fiber would result in positiv
strains in the fibers and negative strains in the surrounding ma
In order to make the strains in both the fiber and the matrix c
sistent and more intuitive, the21 is introduced into the martensit
term (j@u(t),te(t)#21) as a simple offset. The result for th
SMA is then zero strain in pure martensite and negative st
during strain recovery.

While not fully explored here, the model proposed by Brig
and Ostrowski@26# is entirely capable of simulatingminor loop
behavior. As with previous work by Bekker and Brinson@17# and
Ivshin and Pence@12,28#, the ability to capture minor loop behav
ior is a result of the inclusion of a Duhem-Madelung type hyst
esis model in the functionj@u(t),te(t)#. A Duhem-Madelung for-
mulation as described in Eqs.~3! and~4! requires two independen
branches, where each branch corresponds to the increasing o
creasing of the dependent variable, martensite.

for j̇.0: (3)

j@u~ t !,te~ t !#5j~ t i !1@12j~ t i !#

3H FM@u~ t !,te~ t !#2FM@u~ t i !,te~ t i !#

12FM@u~ t i !,te~ t i !#
J

for j̇,0: (4)

j@u~ t !,te~ t !#5j~ t i !2j~ t i !H FA@u~ t !,te~ t !#2FA@u~ t i !,te~ t i !#

212FA@u~ t i !,te~ t i !#
J

The subscripti indicates the value of the appropriate quant
whenj̇(t) last equaled zero or changed sign. The use of switch
states is a method of enforcing continuity of the constitutive re
tions in the two branch model. After each change in the sign
j̇(t) the initial conditions in temperature and stress for the evo
tion of j@u(t),te(t)# are determined by the termination states
the previous branch.

Two envelope functions,FM, FA, in stress-temperature spac
are chosen~one for each branch! as boundary surfaces within
which j@u(t),te(t)# is confined. The addition of general envelop
functionsFA, FM is similar in concept to that presented by L
goudas and Bo@29# in their unified constitutive model. The choic
of function can be made using experimental data or thermo
namic arguments. In the particular case of the modified mode
Briggs and Ostrowski@26#, the functions are based upon expe
ments using a high-temperature 0.015-inch nickel-titanium w
from Dynalloy, Inc.:

FM@u,te#5tanh@aM~udM2u!1bMte# (5)

FA@u,te#5tanh@aA~udA2u!1bAte#. (6)

The parameters internal toFM andFA are defined as

aM5aA5a, CM5CA5C,

bM5
aM

CM , bA5bM,

udM5Mom2
1
2 ~Aom2Mom!tanh21@j~ t i !#,

udA5Aom1
1
2 ~Aom2Mom!tanh21@12j~ t i !#,

Table 1 SMA material parameters
JULY 2002, Vol. 69 Õ 471
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a, C, Aom, Mom are included in Table 1, whereE, n, D were taken
from earlier the work by Lagoudas@22#. For a trained SMA ac-
tuator, proportional loading cycles can form closed paths in str
strain space as in Fig. 1. Heating and cooling shift the location
the stress-free strain state. Notice also that for very low and v
high temperature the SMA is linear. These temperature extre
correspond to pure martensite and austenite phases. The pre
of an interior loop at 80°C is included simply as a demonstrat
of the minor loop behavior. In Fig. 2 we have included compr
sive stress in the SMA model. While there is certainly some
teresting behavior for this loading condition, we have chosen

Fig. 1 Longitudinal, isothermal stress cycling for an SMA fiber
where the initial phase mixture and strain are determined by
temperature

Fig. 2 Longitudinal, isothermal stress cycling with compres-
sion for an SMA fiber where the initial phase mixture and strain
are determined by temperature
472 Õ Vol. 69, JULY 2002
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focus our analysis on tension and shear primarily because of
potential applications of such a composite. We foresee the us
active composites in roles where interaction between the com
ite and its environment will result in stresses that resist the form
tion of transformation strains. The most obvious analogy can
found in the muscles of biological systems.

If the SMA fiber has a prestress, the initial tension shifts t
equilibrium configuration to a higher stress state as in Fig.
while retaining the two branches corresponding to forward a
reverse transformations. The configuration from which the str
evolves is now one that has a nonzero stress, but maintains
closed loop characteristic. Figure 3 is just such an example w
four different isothermal stress cycles and an initial fiber tens
corresponding tote514 MPa.

One can also consider iso-stress thermal activation. Figur
demonstrates thermal activation for an SMA wire initially in
state of pure martensite with longitudinal tension. As the prestr
increases, the subsequent hysteresis loop in temperature-s
space shifts to a higher temperature range with an offset in str
The size and shape of the hysteresis loop remains consisten
tween the different states of prestress, implying that the chang
temperature required for a complete loop is constant for a cons
stress.

In the homogenization analysis below, use will be made of
stress energy functionu(s,u,jo ,sgn(j̇)) for the SMA, which is
obtained by integrating Eq.~1! with respect to stress. Note tha
because we are treating the hysteresis in the SMA as a pse
elastic material with separate constitutive branches, two po
tials, one for loading and one for unloading, are required. T
SMA is assumed to be isotropic and the energy function may
written in terms of its isotropic stress invariants (te ,sm) such that

for j̇.0: (7)

u~te ,sm ,u!5
3

2

v

D H j~ t i !2
@12j~ t i !#F

M@u~ t i !,te~ t i !#

12FM@u~ t i !,te~ t i !#
21J te

1
3

2

v

D H @12j~ t i !#

12FM@u~ t i !,te~ t i !#
J GM@u,te#

1
1

2k
sm

2 1
1

2m
te

2,

Fig. 3 Longitudinal, isothermal stress cycling of an SMA fiber
with a prestress
Transactions of the ASME
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for j̇,0: (8)

u~te ,sm ,u!5
3

2

v

D H j~ t i !2
@j~ t i !#F

A@u~ t i !,te~ t i !#

11FA@u~ t i !,te~ t i !#
21J te

1
3

2

v

D H @j~ t i !#

11FA@u~ t i !,te~ t i !#
J GA@u,te#

1
1

2k
sm

2 1
1

2m
te

2,

where the functionsG correspond to the following integrals:

GM@u,te#5E FM@u,te#S s8

te
D •ds (9)

5
2

bM ln~ ucosh@aM~udM2u!1bMte#u! (10)

GA@u,te#5E FA@u,te#S s8

te
D •ds (11)

5
2

bA ln~ ucosh@aA~udA2u!1bAte#u!.

(12)

3 Homogenization Estimates for Nonlinear
Composites

Consider a representative volume element~RVE! occupying the
volume V comprised ofN distinct phases occupying subregio
V (r ). Consistent with the above discussion for SMA materials,
constitutive behaviors of the individual components of the co
posite are assumed to be governed by a potential, or stress-e
function, u, in such a way that the infinitesimal stress and str
fields are related by

«~x!5
]u

]s
~x,s!. (13)

Fig. 4 Thermal cycling of an SMA fiber with a constant tensile
prestress
Journal of Applied Mechanics
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The local potentials of theN phases,u(r ) are assumed to be ho
mogeneous, and the phases perfectly bonded at the interface
that the potential for the composite can be written as

u~x,s!5(
r 51

N

x~r !~x!u~r !~s! (14)

where the characteristic functionsx (r ) are equal to one if the
position vectorx is inside phaser and zero otherwise. Spatia
averages overV and V (r ) are denoted bŷ•& and ^•& (r ), respec-
tively. For example, the volume fractionc(r ) are defined byc(r )

5^x (r )(x)&. Also, the mean stress and strain are the average
the local stress and strain fields:«̄5( r 51

N c(r )«̄(r ) and s̄
5( r 51

N c(r )s̄(r ), where the notations«̄(r )5^«& (r ) and s̄(r )

5^s& (r ) have been used.
Now, assuming that the size of the typical inclusion is sm

relative to the size of the specimen, and that the boundary co
tions vary slowly with respect to inclusion size, the effective stra
of the composite may be written in the form~see, e.g., Ponte
Castan˜eda, and Suquet@30#!:

«̄5
]Ũ~s̄!

]s̄
(15)

whereŨ(s̄) is the effective potential given by

Ũ~s̄!5 min
sPS~s̄!

^u~x,s!&. (16)

Here,

S~s̄!5$su¹•s50 in V, sn5s̄n, on ]V% (17)

is the set of statically admissible stresses with uniform traction
the boundary. The effective behavior of the composite is fu
described by Eqs.~16! and ~17!. However, the determination o
Ũ(s̄) requires the solution of a nonlinear boundary value probl
with random microstructure.

To overcome some of the difficulties associated with the de
mination of the effective behavior of the nonlinear composi
Ponte Castan˜eda@5# introduced a variational procedure that can
used to generate estimates for the potential functions of nonlin
composites in terms of the effective potential of a linear comp
son composite with identical microstructure.

Here, isotropy of the phases is assumed, so that the pote
functions may be written in the form

u~r !~s!5f~r !~te ,sm! (18)

wherete andsm have been defined previously.
Then, the potential functions of the phases may be expresse
terms of an optimization problem:

u~r !~s!5 max
mo

~r ! ,ko
~r !>0

$uo
~r !~s!2V~r !~mo

~r ! ,ko
~r !!%, (19)

whereuo
(r ) is the potential function of an isotropic linear-elast

‘‘comparison’’ material with shear and bulk modulus (mo
(r ) ,ko

(r )),
such that

uo
~r !~s!5

1

2mo
~r ! te

21
1

2ko
~r ! sm

2 (20)

and

V~r !~mo
~r ! ,ko

~r !!5max
s

$uo
~r !~s!2u~r !~s!%. (21)

Using relation~19! in expression~16!, and interchanging the
order of the minimum and the maxima, the following estimate
generated~@5#! for the effective potential of the composite
JULY 2002, Vol. 69 Õ 473
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Ũ~s̄!> max
mo

~r ! ,ko
~r !
H Ũo~s̄!2(

r 51

n

c~r !V~r !~mo
~r ! ,ko

~r !!J (22)

whereŨo(s̄)5
1
2s̄•M̃ s̄ is the effective potential of a linear com

parison composite with precisely the same microstructure as
original, given nonlinear composite. In this last relation,M̃ de-
notes the effective compliance tensor of the elastic linear comp
son composite with phase moduli tensorM (1) andM (2), and the
same microstructure as the nonlinear composite.

It is possible to generalize the above estimate to include
case where there are uniform prestrains«i

(r ) present in each phas
r. In this case, the local potential functions can be written in
form

u~r !~s!5f~r !~te ,sm!1«i
~r !
•s. (23)

Then, the effective potential function for the corresponding n
linear composite with prestrains becomes

Ũ~s̄!> max
mo

~r ! ,ko
~r !
H ŨT~s̄!2(

r 51

2

c~r !V~r !~mo
~r ! ,ko

~r !!J (24)

with

V~r !~mo
~r ! ,ko

~r !!5 max
te ,sm

$uo
~r !~s!2f~r !~te ,sm!% (25)

and where

ŨT~s̄!5 min
sPS~s̄!

^uo
~r !~s!1«i

~r !
•s& (26)

is the effective energy of a linear ‘‘thermoelastic’’ compos
whose components have constitutive behaviors given by

«~r !5M ~r !s~r !1«i
~r ! . (27)

Now, for a two-phase system, like the systems of interest in
work, the variational problem posed in Eq.~26! for the effective
thermoelastic potential is known to have the solution~Levin @31#!:

ŨT~s̄!5
1
2 s̄•M̄ s̄1«̄i•s̄1

1
2 @s̄1~M ~1!2M ~2!!21~«i

~1!2«i
~2!!#

•~M̃2M̄ !@s̄1~M ~1!2M ~2!!21~«i
~1!2«i

~2!!# (28)

where the notation«̄i has been used to denote the mean value
the prestrains«i

(r ) . Using relation~15!, the average strain for the
nonlinear~and linear comparison! composite is then found to be

«̄5M̃ s̄1«̄i1~M̃2M̄ !~M ~1!2M ~2!!21~«i
~1!2«i

~2!!. (29)

Also, the average stress in phaser is given by relation

Fig. 5 Fiber composite with local coordinate system
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s̄~1!5s̄1
1

c~1! ~M ~1!2M ~2!!21~M̃2M̄ !

3@s̄1~M ~1!2M ~2!!21~«i
~1!2«i

~2!!# (30)

s̄~2!5s̄2
1

c~2! ~M ~1!2M ~2!!21~M̃2M̄ !

3@s̄1~M ~1!2M ~2!!21~«i
~1!2«i

~2!!#.

These equations for the average stress in the phases are used
following section to estimate the stress in the SMA fibers to i
tialize the hysteresis functions from Eqs.~3! and ~4!.

In the above relations,M̃ is the effective compliance tenso
of an elastic linear comparison composite with phase mod
tensorM (1) and M (2), distributed with the same microstructur
as the nonlinear composite. In this work, use will be made
the Hashin-Shtrikman estimates of Walpole@32–34# for fiber
composites:

M̃5$c~1!M ~1!1c~2!M ~2!@ I1Q~M ~2!2M ~1!!#21%

$c~1!I1c~2!@ I1Q~M ~2!2M ~1!!#21%21. (31)

In these relations, the microstructural tensorQ is related to the
well-known Eshelby tensor,S, through theP tensor, such thatP
5SM(1) andQ215M (1)(M (1)2P)21M (1). Using Walpole’s@34#
notation theP tensor may be expressed in the form

P5F 3

6k18m
,0,0,0,

3k17m

12km116m2 ,
1

4mG . (32)

4 Applications and Results
In this section, the nonlinear homogenization method discus

in Section 3 is applied to the SMA-actuated fiber composites
picted in Fig. 5. Here, the matrix phase is taken to be isotro
incompressible, linear elastic with given shear modulusm (1), and
the SMA fibers, which are assumed to be aligned in
x3-direction with transverse isotropy in the (x1 ,x2)-plane, exhibit
the constitutive behavior described in some detail in Section
Therefore, the only source of nonlinearity in the composite ari
from the SMA fibers. On the other hand, prestrains may exis
both the matrix and fiber phases, depending on the fabrica
conditions and thermomechanical loading history. The phase f
tion of SMA, c(2), is considered to be 0.33, and the phase fract
of the matrix,c(1), is 0.77.

Without considering minor loops, the constitutive behavior f
unconstrained SMA fibers at constant temperature evolves fro
single, fixed strain state. This implies that a complete proportio
loading and unloading cycle will form closed loops. Alternative
unconstrained traction-free SMA will remain stress free dur
thermal cycling. However, for constrained SMA fibers embedd
within a composite varying the temperature will cause inter
stresses to develop and evolve. Once the temperature has
fixed, despite the presence of prestresses in the phases, the
stitutive behavior will again evolve from a single fixed point
stress-strain space. However, the fixed point in strain~the«i! now
happens to occur at nonzero stress for both phases.

The general solution procedure requires determining the lo
tion of the aforementioned fixed strain points for the SMA cons
tutive behavior and the surrounding matrix. These fixed points
a function of the fiber-matrix interaction stresses created du
thermal phase transformation under traction-free conditions
are determined by solving the appropriate expressions for ju
conditions between phases as described in the Appendix. Ass
ing that the evolution direction ofj is known, the correct consti-
Transactions of the ASME
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Fig. 7 Traction-free temperature cycle using three different
matrix stiffnesses

Fig. 6 Loading and heating scenarios for SMA composite
Journal of Applied Mechanics
tutive branch for the SMA is carefully selected. If temperature a
applied stress are driving the SMA towards different transform
tion directions, the constitutive branch is determined by whet
applied stress or temperature will dominate the evolution of
martensite in the envelope functions in Eqs.~5! and~6!. Once the
correct branch is identified, the initial states of temperature
stress in the SMA fiber are determined from Eqs.~30! and the
traction-free«i are calculated using Eqs.~36! through ~38!. Of
course, if temperature is fixed, the«i do not need to be recalcu
lated. The homogenization procedure is then completed with
final applied stress and the appropriate«i .

The homogenization equations can be shown to reduce to
coupled nonlinear algebraic equations inte and mo

(2) which are
solved usingMatlab scripts with a Levenberg-Marquardt metho

Four general stress/temperature loading conditions will be
amined in this section as illustrated in Fig. 6, where the6D indi-
cates a change in the appropriate quantity. While these four c
do not represent all possible combinations of temperature
stress, they are representative of likely applications of the c
trolled SMA composite.

4.1 Case #1. Case 1 demonstrates heating and cooling
the SMA under traction-free boundary conditions for the comp
ite. In Fig. 7 we have include three shear moduli for the surrou
ing matrix to illustrate the reduction in transformation strain as
matrix becomes increasingly stiff. Not only is the maximum tran
formation strain reduced, but the temperature required to ach
a particular strain becomes higher with the stiffness of the s
rounding matrix. For purposes of controlling a system whe
maximumstrain is the sole metric for control performance, the
results indicate that embedding within a more compliant matrix
preferable. Maximum contraction is greater and the energy
quirements to achieve a particular state of strain are less.

4.2 Case #2. Case 2 demonstrates uniform tractions on t
composite followed by a single heating-cooling cycle of the e
bedded SMA. In Figs. 8 and 9, we have applied longitudinal a
transverse tractions, respectively, where subsequent hea
cooling cycles cause strains to develop and recede. The hyste
Fig. 8 Initial application of longitudinal traction of 100 MPa on the composite
with subsequent temperature cycle
JULY 2002, Vol. 69 Õ 475
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Fig. 9 Initial application of transverse shear traction of 100 MPa on the com-
posite with subsequent temperature cycle
a

s

c
s
t

s

her
A

n-
e-
al
lta-
in the composite is biased by the combination of applied str
and internal fiber-matrix interaction stresses. In Fig. 8 where
applied stress and the fiber-matrix interactions are primarily
alignment and the fibers carry the larger portion of the load,
shape of the hysteresis remains similar to the previous c
Whereas, in Fig. 9, where most of the load is carried by the ma
in shear, hysteresis development is dominated by stress du
fiber-matrix interaction. However, a much smaller hystere
loop now forms in the transverse direction. This result is con
tent with stress development in the fibers of fiber-reinforc
composites.

4.3 Case #3. Case 3 considers embedding prestressed S
fibers in a matrix prior to attempting a heating cycle. This ca
differs slightly from that of Case 1 in that jump conditions a
enforced with prestresses in each phase. The analysis of this
is discussed in more detail in the Appendix. The hysteresis lo
in temperature-strain space in Fig. 10 have shifted towards hig
temperatures without altering size or shape. We have seen in
7 that the size and shape of the hysteresis is dramatically affe
by the stiffness of the surrounding matrix; however, this does
appear to be true for a pretensioning of the fibers. The shape
maximum attainable strains in Figs. 7, 8, and 10 are identi
Shape preservation of hysteresis loops under these condition
function of the linearity of the surrounding matrix combined wi
the fact that the transformation temperature is simply offset by
effective stress as seen in the definitions ofFA andFM in Eqs.~5!
and ~6!.

The fact that the maximum attainable thermal transformat
strain is not retarded by fiber prestress has implications for con
of the composite. Without using forced convection, there is
active means of controlling SMA cooling rate and its associa
low temperature shape recovery. However, by manufacturing
composite with prestress in the wires, there appears to be a m
of accelerating shape recovery simply by using thermal gradie
With a shift of the operational temperature range of the compo
the relative difference between ambient temperature and temp
ture of the composite can be increased. This increase provid
02
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thermodynamic enhancement in convective heat loss. A hig
flux out of the composite correlates to faster rebound of the SM
and the composite as a whole.

4.4 Case #4. Case 4 demonstrates three cyclic loading co
ditions for the composite after the SMA fibers have been pr
heated. The three cyclic loading simulations include longitudin
tractions, transverse tractions, and both tractions applied simu

Fig. 10 Initial longitudinal prestress in the fiber with subse-
quent temperature cycle
Transactions of the ASME
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Fig. 11 Initial thermal transformation strain with a single longitudinal traction
of 300 MPa on the composite
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neously. The initial heating causes a transformation to auste
and the subsequent cyclic tractions will increase and decreas
quantity of martensite.

In Fig. 11 the composite exhibits an initial heating-induced co
traction followed by a single isothermal longitudinal loadin
cycle. Figure 12 is a slight variation on Fig. 11. In this plot t
SMA fiber is heated to a variety of different temperatures f
lowed by a single traction cycle on the composite. Notice that
composite assumes many of the characteristics of pure SMA
der longitudinal tension. As the initial temperature is reduced p
to loading, hysteresis becomes less and less dramatic. Figure

Fig. 12 Initial thermal transformation strain with a single lon-
gitudinal stress cycle of 200 MPa on the composite
hanics
ite,
the

n-
g
e
l-

the
un-
ior
13 is

an application of a transverse shear load to the composite
heating the SMA. Notice the longitudinal strain of the compos
caused by heating the SMA is unchanged while a hysteresis
has emerged in the transverse shear direction. The magnitude~en-
closed area! of the transverse hysteresis loop is less than t
found in Fig. 11. The final loading condition in Fig. 14 is th
combination of longitudinal and transverse tractions. Hystere
loops appear in both transverse and longitudinal strain co
ponents, where the hysteresis magnitude of each cycle is less
that of either Fig. 11 or 13. Individual hysteresis loops in ea
stress state become smaller as the number of stress s
increases.

5 Concluding Remarks
The objectives in this work were twofold. The first objectiv

was to explore possible performance optimization—performa
being best characterized by maximum contraction and larg
bandwidth of the system response as a whole—by varying
possible ‘‘configurations’’ of SMA composites. Bandwidth here
a concept from control theory describing a systems ability to tr
sinusoidal inputs, where the larger the bandwidth in general
plies the system can successfully track higher frequency sin
ids. However, these were found to not be complementary cha
teristics. Some type of tradeoff would necessarily be expected
any SMA composite. The second purpose was to determine
feasibility of including such homogenization techniques in
control-type environment. For homogenization to be a succes
component of a controller it must be both relatively accurate a
be computationally efficient.

In addressing the first objective, as would be expected, incr
ing the matrix stiffness reduced the overall contraction of
composite and required higher activation temperatures. In the
sence of any criteria other than percentage contraction, a soft
trix is more desirable. However, a soft matrix will suffer in ban
width performance for two reasons. First, the low activati
temperature reduces natural conduction of heat away from
composite and slows transformation of the SMA back to mart
site. Second, a soft matrix will have little restoring force. Intere
ingly, where tractions were applied to the composite or prestre
JULY 2002, Vol. 69 Õ 477
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Fig. 13 Initial thermal transformation strain with a single transverse shear
stress cycle of 300 MPa on the composite
e
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created during manufacturing, theshape of the hysteresis re-
mained consistent with previous thermal activations where
phases were initially stress-free. The position of the hyster
loops simply shifted to higher temperature regimes. Because
duction is driven by temperature differential, in choosing a s
matrix but including a pretension on the fibers, it may be poss
to have large percentage contraction and better response tim
course, this improvement has an associated cost in energy req
ments for heating.
002
the
sis
on-

oft
ble
. Of

uire-

In addressing the second objective, a simple three-dimensi
SMA constitutive law with an embedded Duhem-Madelung ty
hysteresis model was used in conjunction with homogenization
generalization of Ponte Castan˜eda’s homogenization procedure
include prestrains was formulated to account for the complica
behavior of the SMA. This particular constitutive model succe
fully demonstrated the ability of a simple model to efficient
capture many complicated behaviors of an embedded SMA. In
Fig. 14 Initial thermal transformation strain with a single longitudinal and
transverse shear stress cycle of 300 MPa on the composite
Transactions of the ASME
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future, better phenomenological models can be incorpora
within the procedures developed in this article. By calculat
average stress and strain fields for the composite, homogeniz
provides significant advantages over more traditional numer
techniques, where inclusion definition and nonlinear constitu
behavior significantly increase computational time.
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Appendix A

Eigenstrains due to Transformation of Constrained Con-
tinuous Fibers. The strains due to thermal activation and/
pretensioning of the fibers are functions of the stresses within e
phase. Fortunately, with the average stresss̄ a known quantity
there are a sufficient number of equations to solve for th
stresses~and thus obtain the strains!. Under the assumption tha
temperature distribution varies slowly over the composite bo
the temperature within a RVE can be considered a constant. J
conditions for the states of stress and strain require the no
l

h

r
e

e

s
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components~n! of stress and tangential components~t! of strains
in the phases to be continuous:@«t#50, @sn#50. The strains are
determined by using the state of average stresss̄5c(1)s(1)

1c(2)s(2), combined with continuity of the traction stresses a
Fig. 5.

s rr
~1!5s̄ rr 5s rr

~2! , s r3
~1!5s̄ r35s r3

~2! , sur
~1!5s̄ur5sur

~2!

(33)

and

s33
~1!5S s̄332c~2!s33

~2!

c~1! D , suz
~1!5S s̄uz2c~2!suz

~2!

c~1! D (34)

suu
~1!5S s̄uu2c~2!suu

~2!

c~1! D
Likewise, tangential strain continuity implies

«33
~1!5«33

~2! , «u3
~1!5«u3

~2! , «uu
~1!5«uu

~2! . (35)

Without prestresses the jump conditions between fibers and
trix with an average stresss̄ are reduced to the following equa
tions for the stresses in the fiber phase ((2)), where we define
g@u(t),te(t)# to be 3/2v/D(j@u(t),te(t)#21) to simplify
notation:
052
2c~2!suu2c~2!s3322s̄uu1c~1!s̄ rr 1s̄33

6c~1!m~1! 2
2~suu1s331s̄ rr !tem

~2!13k~2!~2suu2s332s̄ rr !~te12g@u~ t !,te~ t !#m~2!!

18k~2!tem
~2!

(36)

052
2c~2!suu12c~2!s331s̄uu1c~1!s̄ rr 22s̄33

6c~1!m~1! 1
22~suu1s331s̄ rr !tem

~2!13k~2!~suu22s331s̄ rr !~te12g@u~ t !,te~ t !#m~2!!

18k~2!tem
~2!

(37)

052
g@u~ t !,te~ t !#su3

te
1

2~c~2!su3!1s̄u3

2c~1!m~1! 2
su3

2m~2! (38)

where

te5
A2suu

2 13su3
2 12s33

2 13s̄ur
2 22s33s̄ rr 12s̄ rr

2 22suu~s331s̄ rr !13s̄ r3
2
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If a uniform initial tensionso
(2) is placed on trained SMA fibers a

low temperature and the surrounding matrix material is sub
quently poured and set around them, the strain in the fibers wi
equal toMso

(2) , while the strain in the matrix will be equal to
zero. Once the initial tension is removed from the fibers, the co
posite as a whole reaches some new state of equilibrium, w
each component will have a prestress. Equations~33! through~38!
remain valid, but the stress in each phase now must include
prestressess̄pre

(r ) . The relationships in Eq.~30! used with a linear
Hashin-Shtrikman estimate forM̃ ~both fiber and matrix are linea
at low temperature! can determines̄pre

(r ) , where the prestrains ar

Mso
(2) and zero for the fibers and matrix, respectively.

For s̄50, Eq. ~33! defines six of the twelve states of stres
Equation~34! reduces the remaining six unknown states of str
to three. The three relationships in Eq.~35! combined with the
constitutive behaviors allow us to solve for the remaining state
stress in three coupled nonlinear equations defined by Eqs.~36!
through ~38!. These equations were solved with Matlab scrip
using a Levenberg-Marquardt@35# method.
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In this paper the problem of a finite crack in a strip of functionally graded piezoelec
material (FGPM) is studied. It is assumed that the elastic stiffness, piezoelectric con
and dielectric permitivity of the FGPM vary continuously along the thickness of the s
and that the strip is under an antiplane mechanical loading and in-plane electric load
By using the Fourier transform, the problem is first reduced to two pairs of dual inte
equations and then into Fredholm integral equations of the second kind. The ne
singular stress and electric fields are obtained from the asymptotic expansion o
stresses and electric fields around the crack tip. It is found that the singular stresse
electric displacements at the tip of the crack in the functionally graded piezoele
material carry the same forms as those in a homogeneous piezoelectric material bu
the magnitudes of the intensity factors are dependent upon the gradient of the F
properties. The investigation on the influences of the FGPM graded properties s
that an increase in the gradient of the material properties can reduce the magn
of the stress intensity factor.@DOI: 10.1115/1.1467091#
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1 Introduction
Since the Curie brothers announced their pioneering disco

of the piezoelectric effect in 1880, there have been a numbe
studies devoted to the theoretical analysis and engineering a
cation of the piezoelectric materials~@1–3#!. Up to now, piezo-
electric materials have been found to have wide applications in
smart systems of aerospace, automotive, medical, and elect
fields due to the intrinsic coupling characteristics between th
electric and mechanical fields. However, as the piezoelectric
terials are being extensively used as actuators or transducers
technologies of smart and adaptive systems, the mechanical
ability and durability of these materials become increasingly
portant. For example, piezoelectric bimorphs are a particular t
of piezoelectric devices~@4,5#!. They usually consist of two long
and thin piezoelectric elements, which are bonded over their l
faces by using adhesive epoxy resin, and suitably covered
electrodes. The principal disadvantage of this kind of material
that the bonding agent may crack at low temperature and cree
high temperature. These drawbacks may lead to lifetime limita
and restrict the utility of piezoelectric actuator in the area of m
sured devices that require high reliability~@6#!. To meet the de-
mand of advanced piezoelectric materials in lifetime and relia
ity and with the help of the development in modern mater
processing technology, the concept of functionally graded ma
als has recently been extended into the piezoelectric mate
~@6–10#!. These new kind of materials with continuously varyin
properties may be called functionally graded piezoelectric mat
als~FGPM!. The advantages of using a device wholly made of
FGPM or using an FGPM as a transit layer instead of the bond
agent are that no discernible internal seams or boundaries e
and that no internal stress peaks are caused when voltage i
plied and thus failure from internal debonding or from stre
peaks developed in conventional bimorphs can be avoi

1Author to whom correspondence should be addressed.
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Discussion on the paper should be addressed to the Editor, Professor Lew
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~@7,11#!. The preliminary results of fatigue tests indicate that t
lifetime of the actuator can be significantly increased~@11#!.

Because of the brittle nature of piezoelectric ceramics the pr
lems on fracture mechanics of piezoelectric materials have
ceived much attention in recent decades. Some important co
butions include Parton@12#, Deeg@13#, Sosa and Pak@14#, Pak
@15#, Suo et al.@16#, Wang @17#, Dunn @18#, Park @19#, Park and
Sun @20#, Zhang and Tong@21#, and Shindo et al.@22#, among
others. These literatures examined the general solutions of
mechanical and electric coupling and systematically studied
crack problems in piezoelectric materials. However, because
FGPM are just an emerging class of piezoelectric materials,
searches on their mechanic behaviors are still very few~@23,24#!.
To our knowledge, there is still no article considering the fractu
problem in an FGPM.

The main objective of this paper is to explore the fracture m
chanics of FGPM. We consider a finite crack problem in a strip
FGPM under antiplane mechanical loadings and in-plane elec
loadings. We assume that the elastic stiffness, piezoelectric
stant, and dielectric permittivity of the FGPM vary continuous
along the thickness of the strip. But in order to overcome
complexity of the mathematics involved, we shall focus in th
initial study on a special class of FGPMs in which the variatio
of these properties are in the same proportion. These would a
us to shed some light on the influence of the material grad
upon the stress and electric intensity factors. Instead of using
approximate impermeable boundary conditions along the cr
surfaces as many studies have done, we shall study the c
problem using the exact boundary conditions~@21#!. Zhang and
Tong@21# have found by analyzing an elliptical cavity that the tw
commonly used boundary conditions~i.e., impermeable and per
meable! are actually two limiting cases of the exact bounda
conditions when the cavity approaches a slit crack. In our wo
the crack problem is first reduced into two pairs of dual integ
equations by using the Fourier transforms. They are then redu
into Fredholm integral equations of the second kind. Shindo e
@22# have developed this approach for crack problems in a ho
geneous piezoelectric ceramic strip, and it is now extended to
crack problems in FGPMs. The closed forms of singular stress
electric fields around the crack tip are obtained. The influence

,
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on,
he
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the FGPM graded properties on the stress intensity factor
electric displacement intensity factor are investigated. It is
served that an increase in the gradient of the material prope
can reduce the magnitudes of the intensity factors.

2 Basic Equations of Functionally Graded Piezoelec-
tric Materials

Consider a linear piezoelectric material. The governing eq
tions in the Cartesian coordinatesxi( i 51,2,33) are given by

s i j , j50 and Di ,i50, (1)

wheres i j is the stress tensor,Di the electric displacement vecto
a comma denotes partial differentiation with respect to the co
dinatexi , and the Einstein summation convention over repea
indices is used.

For an anisotropic functionally graded piezoelectric mater
the constitutive relation is

s i j 5ci jkl «kl2eki jEk , (2)

Di5eikl«kl1P ikEk , (3)

where«kl is the strain tensor,Ek the electric field intensity, and
ci jkl , eki j , P ik are the elastic stiffness tensor, the piezoelec
tensor, and the dielectric tensor, respectively. Unlike in a hom
geneous piezoelectric material, theci jkl , eki j , and P ik are now
functions of the coordinatesxi( i 51,2,3).

From the restrictions set by the crystal symmetry, the in
change symmetries of the material property tensors are

ci jkl 5ci j lk 5cjikl 5ckli j , eki j5ek ji , P ik5Pki . (4)

The relation between the strain tensor and the displaceme
given by

« i j 5
1
2 ~ui , j1uj ,i !, (5)

where ui is the displacement component and the electric fi
intensity is

Ei52f ,i , (6)

wheref is the electric potential.
Suppose that the crack is filled with air, then the electric pot

tial inside the crack should satisfy the following equation:

¹2f50, (7)

and the relation between the electric displacement and the ele
field intensity is given by

Di5P0Ei , (8)

whereP0 is the permittivity of vacuum.
It is well known that the piezoelectric effect exists only in cry

tals that do not have a center of symmetry. What has been c
monly studied in the literature and also one of the most us
types is the transversely isotropic piezoelectric material belong
to the hexagonal crystal class 6 mm. For this kind of material,
taking direction 3 to be the axis of symmetry, the nonzero mate
parameters are

c11115c22225c11, c11225c12,

c11335c22335c13, c33335c33,

c23235c31315c44, c12125
1
2 ~c112c12!5c66,

e3115e3225e31, 3335e33, e1135e2235e15,

P225P11. (9)

3 Antiplane Crack Problem
To obtain the singular stress and electric fields, we consider

simplest crack problem, i.e., the antiplane Griffith crack. The
nite crack of length 2c is embedded in an infinite long strip of
482 Õ Vol. 69, JULY 2002
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transversely isotropic functionally graded piezoelectric mater
The electric and antiplane mechanical loadings are shown as
1. A set of Cartesian coordinates (x,y,z) is attached at the cente
of the strip and the principal axes are taken to coincide with
reference axesx, y, and z, in which z is the poling axis. It is
also assumed that the strip is thick enough in thez-direction to
allow a state of antiplane shear. The crack is situated along
planey50.

Under the antiplane mechanical loading and in-plane elec
loading, only the out-of-plane displacement and in-plane elec
fields need to be considered. We take the notations as follows

ux5uy50, uz5uz~x,y!,

Ex5Ex~x,y!, Ey5Ey~x,y!, Ez50 (10)

where (ux ,uy ,uz) are components of displacements and~Ex , Ey ,
Ez! the components of the electric field vector. In this case,
constitutive relations Eqs.~2! and ~3! can be simplified as

sxz5c44uz,x2e15Ex ,

syz5c44uz,y2e15Ey ,

Dx5e15uz,x1P11Ex ,

Dy5e15uz,y1P11Ey (11)

where ~sxz , syz! are the stress components and~Dx , Dy!
the components of the electric displacement vector. The subsc
comma denotes the partial derivative with respect to
coordinates.

As shown in Fig. 1 with the shaded region showing an incre
ing intensity, the material property parameters are taken to v
continuously along they-direction inside the strip. To achieve ou
objective of obtaining the stress and electric fields in the FGP
we consider the following distribution to simplify the problem:

c44~y!5c44
0 ~11auyu!k, e15~y!5e15

0 ~11auyu!k,

P11~y!5P11
0 ~11auyu!k, (12)

wherek is a constant anda can be determined by the materia
property parameters. If we use the notations (c44

0 ,e15
0 ,P11

0 ) and

Fig. 1 An antiplane crack problem of functionally graded pi-
ezoelectric materials
Transactions of the ASME
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h ,e15

h ,P11
h ) to stand for the values at the planey50 and the

surfacesy56h of the strip, respectively, the expression ofa
will be

a5
1

h
~Ak c44

h /c44
0 21!. (13)

Due to the assumed proportionality of the property variations
Eq. ~12!, this gradient parametera also serves to characterize th
variation of other material constants.

Substituting Eqs.~11! and ~12! into Eq. ~1!, we can obtain the
governing equations in the following forms

c44
0 S ¹2uz1

ka

11ay
uz,yD1e15

0 S ¹2f1
ka

11ay
f ,yD50,

e15
0 S ¹2uz1

ka

11ay
uz,yD2P11

0 S ¹2f1
ka

11ay
f ,yD50,

(14)

where¹25]2/]x21]2/]y2 is the two-dimensional Laplacian op
erator in the variablesx andy.

Because of the assumed symmetry about they-axis in geometry
and the applied loading, it is sufficient to consider the problem
x>0,y>0 part only. Thus the boundary conditions for this pro
lem become

syz~x,0!50, 0<x,c, (15)

uz~x,0!50, c<x,`, (16)

Ex~x,01!5Ex
c~x,02!, 0<x,c, (17)

f~x,0!50, c<x,`, (18)

Dy~x,01!5Dy
c~x,02!, 0<x,c, (19)

syz~x,01!5syz~x,02!, c<x,`, (20)

syz~x,h!5th , 0<x,`. (21)

Case 1:

Dy~x,h!5D0 , 0<x,`. (22)

Case 2:

Ey~x,h!5E0 , 0<x,` (23)

where the superscriptc stands for the electric quantities in th
void inside the crack,D0 is a uniform electric displacement, an
E0 a uniform electric field applied externally. The shear stress
be expressed as

th5H c̄44
h

c44
h t02

e15
h

P11
h D0 , ~Case 1!,

t02e15
h E0, ~Case 2!,

(24)

where t0 is a uniform shear stress at zero electric loading a
c̄44

h 5c44
h 1(e15

h )2/P11
h is the piezoelectric stiffened elasti

constant.

4 Solution of the Problem

Since (e15
0 )21c44

0 P11
0 Þ0 in general, it can be obtained from

Eq. ~14! that

¹2uz1
ka

11ay
uz,y50, (25)

¹2f1
ka

11ay
f ,y50. (26)

Now the problem has been converted to finding the displacem
field and the electric potential that satisfy Eqs.~25! and ~26! and
meet the boundary conditions Eqs.~15!–~23!.
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Considering the symmetry of the problem about they-axis, we
introduce the Fourier cosine transforms to Eqs.~25! and~26!. The
solutions are obtained as

uz~x,y!5
2

p E
0

`

~11ay!2bH A1~s!I bF ~11ay!
s

aG
1A2~s!KbF ~11ay!

s

aG J cos~sx!ds1a1y, (27)

f~x,y!5
2

p E
0

`

~11ay!2bH B1~s!I bF ~11ay!
s

aG
1B2~s!KbF ~11ay!

s

aG J cos~sx!ds2b1y, (28)

whereb5(k21)/2, I b , andKb are the first and second kind o
modified Bessel’s functions, respectively,Ai(s), Bi(s)( i 51,2)
are the unknowns to be solved, anda1 , b1 are real constants
which will be determined from the edge loading conditions.

The stress, electric field, and electric displacement express
can be derived from Eqs.~27! and ~28! along with Eq.~11! as

sxz~x,y!52
2

p E
0

`

s~11ay!2bH @c44~y!A1~s!

1e15~y!B1~s!#I bF ~11ay!
s

aG1@c44~y!A2~s!

1e15~y!B2~s!#KbF ~11ay!
s

aG J sin~sx!ds, (29)

syz~x,y!52
2

p E
0

`S H ba~11ay!2b21I bF ~11ay!
s

aG
2s~11ay!2bI b8 F ~11ay!

s

aG J @c44~y!A1~s!

1e15~y!B1~s!#1H ba~11ay!2b21KbF ~11ay!
s

aG
2s~11ay!2bKb8 F ~11ay!

s

aG J @c44~y!A2~s!

1e15~y!B2~s!# D cos~sx!ds1c44~y!a12e15~y!b1 ,

(30)

Ex~x,y!5
2

p E
0

`

s~11ay!2bH B1~s!I bF ~11ay!
s

aG
1B2~s!KbF ~11ay!

s

aG J sin~sx!ds, (31)

Ey~x,y!5
2

p E
0

`S H ba~11ay!2b21I bF ~11ay!
s

aG
2s~11ay!2bI b8 F ~11ay!

s

aG J B1~s!

1H ba~11ay!2b21KbF ~11ay!
s

aG
2s~11ay!2bKb8 F ~11ay!

s

aG J B2~s! D
3cos~sx!ds1b1 , (32)
JULY 2002, Vol. 69 Õ 483
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Dx~x,y!52
2

p E
0

`

s~11ay!2bH @e15~y!A1~s!

2P11~y!B1~s!#I bF ~11ay!
s

aG1@e15~y!A2~s!

2P11~y!B2~s!#KbF ~11ay!
s

aG J sin~sx!ds, (33)

Dy~x,y!52
2

p E
0

`S H ba~11ay!2b21I bF ~11ay!
s

aG
2s~11ay!2bI b8 F ~11ay!

s

aG J @e15~y!A1~s!

2P11~y!B1~s!#1H ba~11ay!2b21KbF ~11ay!
s

aG
2s~11ay!2bKb8 F ~11ay!

s

aG J @e15~y!A2~s!

2P11~y!B2~s!# D cos~sx!ds1e15~y!a1

1P11~y!b1 , (34)

whereI b8 andKb8 are derivatives ofI b andKb, respectively.

On the other hand, in the vacuum between the crack surfa
the electric potential that satisfies Eq.~7! is

fc~x,y!5
2

p E
0

`

C~s!sinh~sy!cos~sx!ds, 0<x,c (35)

whereC(s) is also an unknown. The electric fields and elect
displacements in the void inside the crack can be obtained a

Ex
c~x,0!50, 0<x,c, (36)

Ey
c~x,0!52

2

p E
0

`

sC~s!cos~sx!ds, 0<x,c, (37)

Dx
c~x,0!50, 0<x,c, (39)

Dy
c~x,0!52

2

p E
0

`

P0sC~s!cos~sx!ds, 0<x,c. (40)

By applying the edge loading conditions of Eqs.~21!–~24!, the
following relations between the unknown functions can be fou

A2~s!5R21A1~s!, (41)

B2~s!5R21B1~s!, (42)

where

R2152
ba~11ah!21I b@~11ah!s/a#2sIb8 @~11ah!s/a#

ba~11ah!21Kb@~11ah!s/a#2sKb8 @~11ah!s/a#
.

(43)

Meanwhile the constantsa1 , b1 can be determined as follows:

a15
P11

h th1e15
h D0

c44
h P11

h 1~e15
h !2 , b15

c44
h D02e15

h th

c44
h P11

h 1~e15
h !2 , ~Case 1!,

(43)

a15
th1e15

h E0

c44
h , b15E0 , ~Case 2!. (44)

Substitutions of Eqs.~31!, ~36!, and ~28! into the boundary
conditions of Eqs.~17! and~18! yield a pair of dual integral equa
tions of the following forms:
484 Õ Vol. 69, JULY 2002
ces,
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d:

E
0

`

sB1~s!@ I b~s/a!1R21Kb~s/a!#sin~sx!ds50, 0<x,c,

(45)

E
0

`

B1~s!@ I b~s/a!1R21Kb~s/a!#cos~sx!ds50, c<x,`.

(46)

If we define

B1~s!@ I b~s/a!1R21Kb~s/a!#5
pc2

2 E
0

1

AjF~j!J0~scj!dj,

(47)

whereJ0( ) is the zero-order Bessel function of the first kind, th
Eq. ~46! is satisfied automatically and the satisfaction of Eq.~45!
requires that the functionF(j)50. Therefore we can determin
that the unknown functionB1(s)50 and then straightlyB2(s)
50.

Noting above results of the unknown functionsB1(s), B2(s),
substitutions of Eqs.~27! and ~32! into the boundary conditions
~15! and ~16! yield another pair of dual integral equations

E
0

`

sF~s!A~s!cos~sx!ds5
p

2

c44
0 a12e15

0 b1

c44
0 , 0<x,c,

(48)

E
0

`

A~s!cos~sx!ds50, c<x,`, (49)

where

A~s!5A1~s!@ I b~s/a!1R21Kb~s/a!#, (50)

F~s!5
@baI b~s/a!2sIb8 ~s/a!#1R21@baKb~s/a!2sKb8 ~s/a!#

s@ I b~s/a!1R21Kb~s/a!#
.

(51)

Following the method proposed by Copson@25#, the solution that
satisfies Eqs.~48!, ~49! can be written as

A~s!5
pc2

2

c44
0 a12e15

0 b1

c44
0 E

0

1

AjC~j!J0~scj!dj, (52)

which satisfies Eq.~49! automatically. The satisfaction of Eq.~50!
requires that functionC(j) be governed by the following stan
dard Fredholm integral equation of the second kind:

C~j!1E
0

1

C~j!G~j,h!dh5Aj. (53)

The kernel functionG(j,h) in Eq. ~53! is

G~j,h!5AjhE
0

`

s@F~s/c!21#J0~sj!J0~sh!ds. (54)

5 Singular Stress and Electric Fields Around the
Crack Tip

In order to obtain the stress and electric fields around the cr
tip we follow the analysis of Sih and Embley@26# on the stress
singularity at the crack tip to consider the singular behavi
of the stress, electric field, and electric displacement by set
s→`.

Integration ofA(s) in Eq. ~52! by parts yields

A~s!5
pc

2

c44
0 a12e15

0 b1

c44
0

1

s H C~1!J1~sc!

2E
0

1

jJ1~scj!
d

dj FC~j!

Aj
GdjJ , (55)
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whereJ1( ) is the first-order Bessel function of the first kind. Th
integral in Eq.~55! is bounded at the crack tipx56c. Thus the
singular behaviors of the stress and electric fields are governe
the leading term containingC(1). From Eqs.~29!–~34! and con-
sidering the following asymptotic behavior of the modified Bes
functions whens→`,

I b~s!5
1

A2ps
esF11OS 1

sD G , Kb~s!5Ap

2s
e2sF11OS 1

sD G ,
(56)

I b8 ~s!5
1

A2ps
esF11OS 1

sD G , Kb8 ~s!52Ap

2s
e2sF11OS 1

sD G ,
(57)

and, after complicated algebra, we obtain

Ex50, Ey5E0 , (58)

sxz~x,y!52~c44
0 a12e15

0 b1!cC~1!~11ay!k/2

3E
0

`

J1~sc!exp~2sy!sin~sx!ds1..., (59)

syz~x,y!52~c44
0 a12e15

0 b1!cC~1!~11ay!k/2

3E
0

`

J1~sc!exp~2sy!cos~sx!ds1..., (60)

Dx~x,y!52
e15

0 ~c44
0 a12e15

0 b1!

c44
0 cC~1!~11ay!k/2

3E
0

`

J1~sc!exp~2sy!sin~sx!ds1..., (61)

Dy~x,y!52
e15

0 ~c44
0 a12e15

0 b1!

c44
0 cC~1!~11ay!k/2

3E
0

`

J1~sc!exp~2sy!cos~sx!ds1... . (62)

Evaluation of the integrals in Eqs.~59!–~62! yields

E
0

`

J1~sc!exp~2sy!cos~sx!ds

5
1

c
2

1

Ar 1r 2

r

c
cosS u2

1

2
u12

1

2
u2D , (63)

E
0

`

J1~sc!exp~2sy!sin~sx!ds

52
1

Ar 1r 2

r

c
sinS u2

1

2
u12

1

2
u2D . (64)

The polar coordinatesr , r 1 , r 2 , u, u1 , and u2 are defined in
Fig. 1.

Substituting Eqs.~63!, ~64! into Eqs.~59!–~62! and considering
u→0, u2→0 and r 2→2c when r→c, we obtain the following
near-fields of stress and electric displacement

sxz~r 1 ,u1!52
K III

A2pr 1

sinS u1

2 D1O~r 1
0!, (65)

syz~r 1 ,u1!5
K III

A2pr 1

cosS u1

2 D1O~r 1
0!, (66)
Journal of Applied Mechanics
e

d by

el

Dx~r 1 ,u1!52
e15

0

c44
0

K III

A2pr 1

sinS u1

2 D1O~r 1
0!, (67)

Dy~r 1 ,u1!5
e15

0

c44
0

K III

A2pr 1

cosS u1

2 D1O~r 1
0!. (68)

The stress intensity factorK III in Eqs.~62! and ~63! is

K III 5~c44
0 a12e15

0 b1!ApcC~1!, (69)

whereC(1) is the value ofC(j) evaluated at the crack tip cor
responding toj51.

As for the electric fields, it has been observed from Eq.~58!
that no singularities exist in them. This conclusion is the same
that for homogeneous piezoelectric materials~see, e.g.,@22#!.

If we express all the near-fields as in the traditional linear fr
ture mechanics, we have

Ex~r 1 ,u1!52
K III

E

A2pr 1

sinS u1

2 D , Ey~r 1 ,u1!5
K III

E

A2pr 1

cosS u1

2 D ,

(70)

sxz~r 1 ,u1!52
K III

s

A2pr 1

sinS u1

2 D , syz~r 1 ,u1!5
K III

s

A2pr 1

cosS u1

2 D ,

(71)

Dx~r 1 ,u1!52
K III

D

A2pr 1

sinS u1

2 D , Dy~r 1 ,u1!5
K III

D

A2pr 1

cosS u1

2 D ,

(72)

where K III
E is the electric field intensity factor,K III

s is the stress
intensity factor, andK III

D is the electric displacement intensity fac
tor. These field intensity factors are then given by

K III
E 50, (73)

K III
s 5K III 5~c44

0 a12e15
0 b1!ApcC~1!, (74)

K III
D 5

e15
0

c44
0 K III 5

e15
0

c44
0 ~c44

0 a12e15
0 b1!ApcC~1!. (75)

6 Results and Discussion
The expressions in Eqs.~70!–~72! for the near-tip stress and

electric fields show that the stresses and the electric displacem
at the crack tip in functionally graded piezoelectric materials s
possess the inverse square root singularity in terms of the l
coordinate at the crack tip and the angular distribution functio
are also the same as the cases of homogeneous piezoelectric
with cracks. This is a very important conclusion. Because
complexity of electromechanical coupling terms in piezoelec
materials plus the nonlinear terms brought by the graded pro
ties to obtain the analytical solution of the crack problem of fun
tionally graded piezoelectric materials is rather difficult, ma
practical engineering fracture problems related to functiona
graded piezoelectric materials should be solved with the help
some numerical methods. The conclusion deduced from this p
provides a theoretical base for these numerical methods in t
simulation of the crack-tip stress and electric fields in functiona
graded piezoelectric materials.

It is observed from Eqs.~74! and ~75! that the forms of the
stress intensity factor and the electric displacement intensity fa
in the FGPM are similar to those in the homogeneous piezoe
tric material. Their values, however, are different becausea1 and
b1 depend on the properties at the outer surfacesy56h. Since
the electric displacement intensity factorK III

D is proportional to the
stress intensity factorK III

s , we shall illustrate the variation ofK III
s
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only in what follows. The variation ofK III
D can be obtained

straightly through multiplying theK III
s by the proportional con-

stante15
0 /c44

0 .
Figure 2 displays the variations of the normalized stress int

sity factor K III /s0Apc ~wheres05c44
0 a12e15

0 b1! with the ratio
c44

h /c44
0 at c/h50.2. It is evident that the normalized stress inte

sity factor decreases with the increase ofc44
h /c44

0 . This means that
the stress and electric displacement intensity factors can be
duced by increasing the material property gradient of functiona
graded piezoelectric materials. Figure 2 also shows that the in
ence of the gradient exponentk tends to increase with increasin
material gradientc44

h /c44
0 . In addition, when the ratio ofc44

h /c44
0

approaches to 1, which is the case of homogeneous piezoele
materials, our results approach the result of corresponding p
lem in a homogeneous piezoelectric material~@22#!. This implies
the correctness and accuracy of our results.

Figure 3 illustrates the effect of the gradient exponentk on the
variations of the normalized stress intensity factorK III /s0Apc. It

Fig. 2 The variations of the normalized stress intensity factor
with the ratio of c 44

h Õc 44
0

Fig. 3 The effect of the gradient exponent k on the normalized
stress intensity factor
486 Õ Vol. 69, JULY 2002
en-
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can be seen that the greater the ratio ofc44
h /c44

0 , the stronger the
influence of the gradient exponentk. However, the influence is
dominant only whenk is in the range between 0 and 3. When th
value of k is beyond 3, its influence becomes weak. It is al
observed that for a definitec44

h /c44
0 and a definitec/h the normal-

ized stress intensity factor decreases when the value ofk reduces.
If we define the gradient indexa as the local gradient of the
FGPM, this means that the stress and electric displacement in
sity factors can also be reduced by increasing the local mate
property gradient of functionally graded piezoelectric materia
because we know from Eq.~13! that the reduction of the valuek
results in the increase of the local gradienta for a definitec44

h /c44
0

and a definitec/h. For the sake of explanation, the influence ofk
on the gradient of the material propertyc44(y) is shown in Fig. 4.

The variation of the normalized stress intensity fact
K III /s0Apc with the ratio of crack length to strip thickness i
shown in Fig. 5. Different from the case for homogeneous pie
electric materials, in which the normalized stress intensity fac
increases monotonically with increasingc/h, the normalized
stress intensity factors initially decrease and then gradually

Fig. 4 The variations of the normalized stress intensity factor
with the ratio of c Õh

Fig. 5 The variation of the gradient with the exponent k
Transactions of the ASME
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crease with increasingc/h. The greater the gradient of the mate
rial property is, the steeper the initial decrease of the normali
stress intensity factor. This phenomenon at first glance may s
to be unreasonable, but it can be explained. Suppose the c
length was definite, and then the strip thicknessh would decrease
with the increase ofc/h. On the one hand, from Eq.~13! we know
that the decrease ofh implies the increase of the gradienta. Thus
the material property gradient would increase with the increas
c/h. In the above two paragraphs, we have deduced the con
sion that the normalized stress intensity factor decreases with
increase of the material property gradient. So the phenomeno
the normalized stress intensity factors initially decreasing with
increase ofc/h is thus explained. On the other hand, the upper a
lower free boundaries of the FGPM strip usually have the effec
increasing the stress intensity factor. With the decrease ofh, the
effect of the free boundaries becomes stronger. Whenc/h in-
creases to a certain point, i.e., when the value ofh decreases to a
certain value, the effect of the free boundaries starts to offset
influence of the gradient, and then the stress intensity fac
gradually increases.

In order to uncover the effects of the electric intensification a
the electric displacement on the stress intensity factor, we
define the normalized stress intensity factor asK III

s /t0Apc and
derive the explicit expressions for the two cases of free bound
conditions as follows:

Case 1:
K III

s

t0Apc
5

1

g S 11
~e15

0 !2

c44
0 P11

0 2
e15

0

P11
0

D0

t0
DC~1!, (76)

Case 2:
K III

s

t0Apc
5S 1

g
2e15

0
E0

t0
DC~1!, (77)

where g5c44
h /c44

0 . We take c44
0 53.5331010 N/m2, e15

0

517.0 C/m2, and P11
0 5151310210 C/Vm for PZT-5H. The ef-

fects of the applied electric displacementD0 and the applied elec-
tric field E0 are displayed in Fig. 6 and Fig. 7, respectively.
reveals that the positive external electric displacement or posi
external electric field helps reduce the stress intensity factor
the negative external electric displacement or negative exte
electric field increases the stress intensity factor. The effec
external electric displacement or external electric field on
stress intensity factor is linear.

It should be pointed out that the finite permeability in the cra
cavity has effects on the electric field intensities and electric d

Fig. 6 The effect of the electric displacement on the normal-
ized stress intensity factor
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placements. From Eqs.~73!–~75!, however, it can be seen that th
finite permeability in the crack is not related to the singular pa
of these variables. As we are mainly concerned with the fractu
behavior~the singular parts! of FGPMs, the effect of the finite
permeability is not an issue here.

7 Conclusions
The problem of a finite crack in a strip of a functionally grad

piezoelectric material is studied. It is assumed that the variati
of the elastic stiffness, piezoelectric constant, and dielectric p
mittivity be continuously varying along the thickness of the st
and the strip is under antiplane mechanical loading and in-pl
electric loading. By using the Fourier transform, the problem
first reduced into two pairs of dual integral equations and then
Fredholm integral equations of the second kind. The near-tip
gular stress and electric fields are obtained from the asymp
expansion of the stresses and electric fields around the crack t
is found that the forms of the singular stress and electric field
the tip of a crack in the FGPM can be cast in the same forms
those in a homogeneous piezoelectric material. This result is v
important in that one can use conventional numerical method
fracture mechanics developed for homogeneous piezoelectric
ids to study the crack problems in such a class of functiona
graded piezoelectric materials.

The computed results show that the gradient of the mate
property has a considerable effect on the fracture behavior o
FGPM. It is found that increasing the gradient of the mater
properties is helpful to the reduction of the stress and elec
displacement intensity factors.
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A Local Theory of Elastoplastic
Deformation of Two-Phase Metal
Matrix Random Structure
Composites
A two-phase material is considered, which consists of a homogeneous elastoplastic
containing a homogeneous statistically uniform random set of ellipsoidal inclusions
the same form, orientation, and mechanical properties. The multiparticle effective
method (used in this paper) in the original form assumes constant plastic strains i
matrix. This assumption is replaced by the following micromechanical model: Each
clusion consists of an elastic core and a thin coating. The mechanical properties of
the matrix and the coating are the same but with different plastic strains. Homogen
plastic strains are assumed inside the matrix and in each of separate subdomains
coating. A general theory of plasticity is developed for arbitrary loading based on in
mental elastoplastic analysis. The consideration of inhomogeneity of plastic strains i
coating enables to obtain some principally new effects of elastoplastic deforma
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1 Introduction

Significant contributions to the micromechanics of metal ma
composites~MMCs! have been given by Dvorak and co-worke
@1–3# by the use of particular mean field methods. In this fram
work the distribution of the plastic part of the strains as well as
stresses within the components are assumed to be homogen
For a deterministic, periodic arrangement of inclusions this
proach was extended by Dvorak et al.@3# to mean fields varying
of over subdomains. For random packing in the framework of
original mean field assumption the average stresses inside
components can be estimated by different methods. Most pop
and widely used methods are variants of effective medium~@4–
6#! and mean field methods~@2,7,8#!. Since the widely used mean
field methods are capable of estimating only the average stre
in the components, its use for the averaging of functions desc
ing nonlinear effects, e.g., strength~@9,10#! yielding ~@11#!, hard-
ening ~@12#!, and creep~@13#! may be limited, because in realit
significant inhomogeneities of the stress fields in the compon
~especially in the matrix! can be obtained.

When plastic deformations occur, the homogeneity of the m
chanical properties of the components is lost and the local p
erties of the phases become position-dependent. Exact solu
by analytical or numerical methods can be obtained only
model composites having deterministic phase arrangements,
as composites with regular micro structure~see, e.g.,@2,14–17#!.
Alternatively, nonlinear multiphase materials may be described
self-consistent schemes. For example, Duva@18# as well as Lee
and Mear@19# studied a special case of infinitely small conce
trations of heterogeneities in nonlinear matrix composites

1Present address: Air Force Research Laboratory, AFRL MLBC, Oh 45433-7
e-mail: buryach@aol.com.
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used differential self-consistent schemes for obtaining appr
mate constitutive relations applicable for a large range of inc
sion concentrations.

The three-phase spherical model~see, e.g.,@20#! and its gener-
alizations were used by Zhu and Weng@21# to predict the creep
behavior of metal-matrix composites and by Olsson et al.@22# for
elastoplastic analysis of thermal cycling of particulate composi
Taggart and Bassani@23# as well as Herrmann and Mihovsky@24#
showed a principle role of the concentration of plastic strains
the vicinity of the inclusions in the overall deformation properti
of composite materials.

The classical mean field method uses the first-order statis
moment of stresses in each individual component. A modifi
method, based on the average second moment of stresses
components, was proposed by Buryachenko and Lipanov@25#,
Qiu and Weng@26#, Ding and Weng@27# ~see @28,29#! for the
estimations of different nonlinear effective properties such as e
ticity, plasticity, and viscosity. Other theories basing on a simi
principle are connected with generalizations of the Hashin
Shtrikman @30# variational principles to nonlinear materials, a
proposed by Talbot and Willis@31# ~see@32#!.

The present contribution is aimed at investigating the elas
plastic behavior of two-phase materials in the framework of fl
theory and small elastoplastic strains. Ellipsoidal coated inc
sions with the same shape, oriention, and mechanical prope
are statistically uniformly distributed inside the space. Each inc
sion consists of an elastic core and a thin coating. The mechan
properties of the coating are the same as that of the matrix.
mogeneity of the plastic strains is assumed inside the matrix
in individual subdomains of the coating, which are considered
individual components. By this means the proposed method
be considered as a logical extension of the transformation fi
analysis by Dvorak@1# to random arrangement, when the phas
with inhomogeneous stress states are subdivided into a finite n
ber of subdomains with homogeneous stress states. The cha
of the average stresses within the components are estimated
the help of the multiparticle effective field method~MEFM! pro-
posed by one of the authors for linear problems~see@28,29#!. For
a single inclusion the thin-layer hypothesis and the assumptio
a homogeneous stress state in the core are used. For a d
concentration of the inclusions the proposed model is tested by
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use of finite element analysis. The employment of the propo
theory for predicting the elastoplastic deformation behavior o
model material with a finite concentration of inclusions is show

2 Mechanical Properties and Geometrical Structure of
the Components

2.1 Leading Equations. Let the total local small strain« be
decomposed into an elastic«e and plastic«p contribution«5«e

1«p. The local constitutive equation, which connects the lo
stress tensors(x) and the local elastic strain tensor«e is given in
the forms(x)5L (x)«e(x), whereL (x) is the fourth-order aniso-
tropic tensor of elasticity; in particular for isotropic materialL
5(3k(x),2m(x))[3k(x)N112m(x)N2 , where N15d^ d/3; N2
5I2N1 , k andm are the bulk and shear moduli,d and I are the
unit second-order and fourth-order tensors. At the macrodomaw
uniform boundary traction conditions generating the homo
neous macroscopic stresss0 are given, the phases are assumed
be perfectly bonded.

For the description of the behavior of the matrix and the elas
plastic coating the so-calledJ2-flow theory with combined
isotropic-kinematic hardening is used. The von Mises form of
yield surface is given by

f [t2F~g!50, F~0!5t0 (1)

in terms of the effective stress and plastic strain increments
defined byt5(1.5si j

a si j
a )1/2, dg5(2d« i j

p d« i j
p /3)1/2. Here F is a

nonlinear function describing the hardening effect, for exam
F(g)5t01hgn, whereh and n are the strength coefficient an
the work-hardening exponent, respectively.sa[N2(s2ap) is the
deviator of the active stresses;ap is a symmetric second-orde
tensor corresponding to the ‘‘back-stress’’ defining the location
the center of the yield surface in the deviatoric stress space.
the evaluation of the back stressap Ziegler’s hardening rule is
used:

dap5dgAsa, A[A~g!, (2)

whereap50 at g50. The material behaves elastically iff ,0, or
if f 50 and (] f /]s):ds<0; elastic-plastic deformations tak
place under active loading, whenf 50 and (] f /]s):ds.0. By
using the associated flow rule, the yield functionf is taken as
plastic potential function from which the incremental plas
strains can be derived as

d«p5dl
] f

]s
, for

] f

]s
:ds.0, (3)

wheredl is a proportionality factor derived from the condition o
continuous variation of the yield surfaced f50.

2.2 Geometrical Structure of Composites. The paper dis-
cusses a mesodomainw with a characteristic functionW contain-
ing a setX5(Vi ,xi ,v i), (i 51,2, . . . ) ofcoated ellipsoidal inclu-
sionsv i with characteristic functionsVi , centersxi ~that forms a
Poisson set!, semi-axesaj

c ( j 51,2,3) and aggregate of Eule
anglesv. It is assumed that the inclusionsv i have identical me-
chanical and geometrical properties. Each inclusion consists o
elastic ellipsoidal corev i

s,v i with semi-axesaj
s ( j 51,2,3), char-

acteristic functionVi
s(x), and a thin coatingv i

c[v i \v i
s bounded by

a homothetic ellipsoidal surface]v i
c with semi-axesaj

c5aj
s(1

1j) ( j 51,2,3,0,j,1) and a characteristic functionVi
c(x)

[Vi(x)2Vi
s ; herej is the relative thickness of the coating. Th

mechanical propertiesg(x)5g(0) (g5L ,t0,h,n) are the same for
both the matrixv (0)[w\øv i and the coatingv i

c . The plastic
strains are constant in the matrix and are an inhomogeneous
tion along the surface]v i

s . The volumev i
c is subdivided along

]v i
s into several local volumes v i j

c (mesv i
c!mesv i

c , j
51, . . .nc), such that the plastic strains«p(x), (xPv i j

c ) are con-
490 Õ Vol. 69, JULY 2002
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c . In the core of the

inclusions we assumeg(x)5g(0)1g1(x)5g(0)1g1 ; g1(x)
5const for xPv (1). The upper index of the material propertie
tensor, written in parentheses, shows the number of the respe
component:(0) correspond to the matrix,(1) to the core of the
inclusions and(k) (k52,nc11) to the coating. It is assumed tha
the representative domainw contains a statistically large numbe
of inclusionsv i ; all random quantities under discussion are d
scribed by statistically homogeneous ergodic random fields a
hence, the ensemble averaging could be replaced by volume
eraging^~.!& and ^(.)& (k) (k50, . . . ,nc11) for the overall aver-
age and for phase averages, respectively. The bar appearing a
the region represents its measure,v̄[mesv. V(k) is the charac-
teristic function ofv (k). The average over an individual inclusio
v iPv (1) ( i 51,2, . . . ): isdefined by^(.)& i5^(.)& (1) if v iPv (1).
c(k) is the concentration, i.e., volume fraction, of compone
v (k):c(k)5^V(k)&; c(1)5 v̄m

s n(1), c(0)512(c( l ) (k50, . . . ,nc

11;l 51, . . . ,nc11,m51,2, . . . ). In thefollowing the notation
^(.)(x)ux1 ; . . . ;xm& is used for the conditional average taken f
the ensemble of a statistically homogeneous ergodic fieldX
5(v i), on the condition that there are inclusions at the poi
x1 , . . . ,xm and x1Þ . . . Þxm . The notation ^(.)
3(y)u;x1 ; . . . ;xm& means the casey¹v1 , . . . ,vm .

3 Average Stresses Inside the Components and Ove
all Elastic Moduli

A general infinite system of integral equations can be deriv
~see for references and details Willis@33# and Buryachenko@29#!

^s~x!ux1 ; . . . ;xn&2(
i 51

n E G~x2y!^Vi~y!h~y!ux1 ; . . . ;xn&dy

5s01E G~x2y!$^h~y!u;x1 ; . . . ;xn&2^h&%dy, (4)

wherexPv1 , . . . ,vn (n51,2, . . . ) in thenth line of the system,
and h(y)5M1(y)s)(y)1«1

p(y) is the strain polarization tensor
M1(y) is the jump of the complianceM (y)[L (y)21 inside the
core of the inclusionvs with respect to the matrixv (0). The inte-
gral operator kernel G(x2y)[2L (0)@ Id(x2y)1¹¹G(x
2y)L (0)#, is defined by the Green tensorG of the Lame’ equation
of an infinite homogeneous medium with elastic modulus ten
L (0): ¹$L (0)@¹ ^ G(x)1(¹ ^ G(x))T#/2%52dd(x), d(x) is the
Dirac delta function.

In order to simplify the exact system~4! we now apply the main
hypothesis of many micromechanical methods, called the ef
tive field hypothesis~see for references and details Buryachen
@29#!

H1 Each inclusionv i has an ellipsoidal form and is located in
the field s̄i(y)[s̄(xi), (yPv i) which is homogeneous over th
inclusionv i , and the perturbation introduced by the inclusionv i
at the pointy¹v i is defined by the relation

E G~y2x!Vi~x!h~x!dx5 v̄ iT i~y2xi !hi . (5)

Here hi[^h(x)Vi(x)& ( i ) is an average over the volume of th
inclusion v i ~but not over the ensemble!, ^(.)& i[^^(.)& ( i )&, and
T i(y2xi)5( v̄ i)

21*G(y2x)Vi(x)dx, y¹v i .
In view of the linearity of the problem there exist consta

fourth and second-rank tensorsB( j ), B, R andC( jk), C, F, respec-
tively, such that

s~x!5B~ j !s̄ i1 (
k51

nc11

C~ jk !«1
p~k! , (6)

^s& i5B^s̄& i1C, v̄1^h& i5R^s̄& i1F, (7)
Transactions of the ASME
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(xPv ( j )), whereC( j 1)[0 and the tensorsB, C, B( j ), C( jk), ( j ,k
51, . . . ,nc11) are represented in the Appendix. The tensorsR
andF are found by the use of the Eshelby theoremR5 v̄ iQ

21(I
2B), F52 v̄ iQ

21C; the tensorQ is associated with the well
known Eshelby tensorS by S5I2M (0)Q.

Buryachenko and Rammerstorfer@34# proved that in the frame-
work of the effective field hypothesisH1 only the effective pa-
rametersM* , «

*
p governing the overall constitutive relation^«&

5M* ^s&1«
*
p as well as statistical average of the local stres

inside the inclusions have the general representation. In partic
from Eq. ~6! we get

M* 5M ~0!1YRn~1!, «
*
p 5«p~0!1YFn~1!, (8)

^s&~ j !5B* ~ j !s01 (
k50

nc11

C* ~ jk !«1
p~k! , (9)

where

C* ~ j 0!, C* ~ j 1![0, ~ j 50, . . . ,nc11!

and

B* ~ l !5B~ l !R21YR, ~ l 51, . . . ,nc11!,

B* ~0!5
1

c~0! F I2 (
l 51

nc11

c~ l !B* ~ l !G ,

C* ~ j l !5C~ j l !1B~ j !R21~Y2I !F v̄ i
sM1

~1!C~1l !1
c~ l !I

n~1! G ,
C* ~0l !52

1

c~0! (
k51

nc11

c~k!C* ~kl !. (10)

The tensorY is determined by the purely elastic action~with F
[0! of the surrounding inclusions on the separated one. Fo
dilute concentration of the inclusions, i.e.,c(1)→0, we haveY
→I . The actual form of the tensorY, used in the analysis as a
approximation, depends on additional assumptions for closin
the infinite system~4!. For the purely elastic case~with F[0!
such relations are represented by Buryachenko and Ramme
fer @34#.

4 Onset of Yielding
Most of the mean field methods~references can be found, e.g

in the survey papers by Dvorak,@2# and Buryachenko@28#! use as
initial yield condition

t~0!5t0
~0! , t~0![A1.5̂ s&~0!:N2 :^s&~0!. (11)

The hypothesis~11! is, in the above-mentioned sense, incons
tent. This becomes obvious if we consider a macroscopically
tropic porous material with a matrix which is described by v
Mises plasticity. In this case under hydrostatic loading condit
^s i j &5^snn&d i j /3, irrespective of the microstructure of the por
and the method of calculation of^s& (0) ~for example, by Eq.~9!
or any other formula!, we obtain that̂ s& (0)[0, wheres[N2s.
This would lead to the condition that the plastically incompre
ible matrix would never yield under hydrostatic loading, what
in contradiction with experimental observations. The abo
mentioned inconsistency can be avoided if the same gen
scheme of mean field methods with subdivisions of the com
nents in separate subdomains are considered. So in our cas
varied loading onset of yielding appears in the individual sub
main of the coatingv i j

c or in the remaining matrixv (0), respec-
tively, if the corresponding yield criterion

t̃ ~ j !5t0
~0! , t̃ ~ j ![A1.5̂ s&~ j !:N2 :^s&~ j !, (12)
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( j 50,1, . . . ,nc11) is used. The composite starts to deform pla
tically, when maxj t̃(j)2t0

(0)50 ( j 50, . . . ,nc11) is fulfilled. Up
to the moment when yielding starts, the problem of estimatingt̃ ( j )

is linear, which allows the use of the relations~9! for calculating
the yield surface

f̃ ~^s&!5max
j

A1.5~B* ~ j !s0!T:N2 :~B* ~ j !s~0!!2t0
~0!50,

(13)

( j 50, . . . ,nc11). The initial yield surfaces of the componen
~i.e., the individual subdomains! ~12! may be embedded within
each other or they may intersect in the space of macrostresses^s&.

It should be mentioned that special so-called localized mod
of plasticity of particulate composites have been developed.
Hervé and Zaoui~1993! proposed a generalization of the elas
three-phase spherical model~see e.g. Hashin, 1986! towards the
elastoplastic case in the framework of a secant modulus conc
We will not discuss here in general the known advantages of fl
theory over deformation theory of plasticity in the case of non
dial loading, that takes place usually at the local level near
inclusions even if the overall stress path is radial. We just look
the method of the calculation of onset of yielding in the lay
model by Herve´ and Zaoui@35#, who use the criterion~in our
notations, see the Appendix!

A1.5̂ sc~s!&si:N2 :^sc~s!&si2t0
~0!50, (14)

where^sc(s)&si is the surface average of the stressessc(s) in the
coating over the surface of the coresi . As a consequence of th
properties of the interface operatorḠ(n) this average is given by
^sc(s)&si[s(1) and, therefore, for porous materials one wou
obtain an infinite overall initial yield stress for pure hydrosta
loadings0

0. More recently a model has been proposed by Bor
et al. @36# which assumes a yield criterion by

A1.5̂ $^sc&~s!:N2 :^sc&~s!%&si2t0
~0!50. (15)

Here ^sc&(s) is a statistical average of the stresses in the po
sPsi . Obviously the criterion ~12! described in this pape
is a generalization of~15! and, the yield surface~12! is inside
the elliptical curve ~15! in a dimensionless coordinate sy
tem Xt5s0

0/t0
(0) , Yt5(1.5s0:s0)1/2/t0

(0) , wheres0
0[d:s0/3, s0

[N2s0.
Zhu and Weng@21# used a criterion, equivalent to~12!, in that

approach at each increment of external loading the incremen
homogeneous inelastic strains in the matrix was assumed to b
average of the local inelastic strain increments over the ma
volume. This, however, would lead to zero increments of inela
strains in the case of hydrostatic loading of macroisotropic me

Instead of the assumptions of mean field methods~11! Bury-
achenko and Lipanov@25# ~for more details see also@28,29#! pro-
posed the criterion

A1.5~s:N2 :s!~0!2t0
~0!50, (16)

which is based on the estimation of the second moment of
stresses in the matrix. For the composite with the isotropic inco
pressible matrix containing identical spherical voids, Bur
achenko and Rammerstorfer@37# presented the yield surface
~11!, ~13!, and ~16! in the dimensionless coordinate systemXt ,
Yt . The yield surface for stress states at the boundary of the v
~13! has a nonelliptical form and lies inside the elliptical yie
surface~16!; the solution of linear elastic problem~8! and ~9! by
the two-particle approximation of MEFM was used. The criterio
~13! and~16! show that yielding will also take place under pure
hydrostatic loading, which is in contrast to the results for onse
yielding obtained by conventional analysis of composites ba
on the assumption of homogeneity of the microstress fields in
matrix, Eq.~11!. Comparisons of the yield surfaces proposed w
JULY 2002, Vol. 69 Õ 491
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other known results are considered by Ponte Castan˜eda and Su-
quet @32# and by Buryachenko@28,29# in more detail.

5 Elastoplastic Deformation
Now we shall deal with the elastoplastic state, when under s

cessive external loading elastic-plastic deformations will ta
place for the componentsi 1 , . . . ,i r

f̃ ~ i q!50,
] f̃ ~ i q!

]^s&~ i q! :d^s&~ i q!.0, (17)

where the indexi q , (q51, . . . ,r ) passes through the numbe
( i 1 , . . . ,i r) of plastically deformed componentsv ( i q), (0< i q

<nc11,i qÞ1) and where a homogeneous yield criterion ins
the volumev ( i q) is assumed:

f̃ ~ i q![t̃~ i q!2F ~ i q!~g~ i q!!50, (18)

t̃ ~ i q!5A1.5̂ sa&~ i q!:^sa&~ i q!. (19)

By using the associated flow rule, the yield functionf̃ ( i q) is taken
as plastic potential function of the matrix from which the incr
mental plastic strains inside the matrix can be determined as

d«p~ i q!5dl~ i q!
] f̃ ~ i q!

]^s&~ i q! . (20)

At each incremental step of the external stresses homogen
plastic strains«p( i q) and increments of hardening parameters
assumed within each subdomain. With Ziegler’s rule~2! we obtain

dap~ i q!5dg~ i q!A^sa&~ i q!, A5
H ~ i q!

F ~ i q!~g~ i q!!
, (21)

where H ( i q) is the plastic tangent modulus, derived from t
uniaxial stress-plastic strain curve of the matrix material,

H ~ i q!5
]t̃a~ i q!

]g~ i q! , dg~ i q!5A2d«p~ i q!:d«p~ i q!/3, (22)

dt̃a~ i q![A^dsa&~ i q!:^dsa&~ i q!. (23)

From the requirement of consistency of the plastic deforma
process we come up with

] f̃ ~ i q!

]^s&~ i q! :d^s&~ i q!1
] f̃ ~ i q!

]ap~ i q! :dap~ i q!1
] f̃ ~ i q!

]g~ i q! dg~ i q!50. (24)

The partial derivatives in~24! are found under the following as
sumptions:«p( i q), ^s&p( i q)5const(q51, . . . ,r ). From ~9!, ~20!
and~21!, ~22! the relations for the differential of average stress
and hardening parameters inside the componentv (q) can be de-
rived as

d^s&~ i q!5B* ~ i q!ds02(
k51

r

C* ~ i qi k!:Fl~ i k!
] f̃ ~ i k!

]^s&~ i k!2l~0!
] f̃ ~0!

]^s&~0!G ,

(25)

dg~ i q!5dl~ i q!, dap~ i q!5dl~ i q!A~g~ i q!!^sa&~ i q!. (26)

In Eq. ~26! dl (0)[0 and] f̃ (0)/]^s& (0)[0 if the conditions~17!
are not met for the componentv (0).

Substitution of the Eqs.~25!, ~26! in ~24! leads to the following
relation for the proportionality factor:

dl~ i q!5(
s51

r

bqsbs , bs5
] f̃ ~ i s!

^s&~ i s! :B* ~ i s!:s0. (27)

The elements of the inverse of the matrix~b! are given by
492 Õ Vol. 69, JULY 2002
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~b21!qs5
] f̃ ~ i q!

]^s&~ i q! :FC* ~ i qi s!~d i s0
21!

1d i s0(n51

r

C* ~ i qi n!G :
] f̃ ~ i s!

]^s&~ i s! 12
]F ~ i q!

]g~ i q! dqs . (28)

Plastic deformations in the componentv ( i q) take place, if the con-
dition dl ( i q).0 is satisfied together with the local yield criterio
~17!, ~18!. By this means for a prescribed loading paths0(t),
~wheret is a monotonically varying parameter! the system of Eq.
~25! becomes a system of six ordinary differential equations
the determination of all components of the tensor^s& (q). In so
doing only five from these six equations are independent by vir
of the yield condition~17!. After integration of the system~25! the
averaged plastic strains inside each subdomain are found an
averaged strains are given by^«& ( i q)5M (0)^s& ( i q)1«p( i q). The
overall plastic strains«

*
p and the total overall strains are define

by the relations«
*
p 5( j (B* ( j ))T«p( j )c( j ), ( j 50, . . . ,nc11), ^«&

5M* s01«
*
p . The numerical integration of Eq.~25! under the

restriction~18! can be carried out by different integration schem
analogous to the treatment of homogeneous materials with ve
yield surfaces as for example described in Ortiz and Popov@38#,
Ray and Utku@39#, Nemat-Nasser and Hori@40#, and Papadopou-
los and Taylor@41#. The same methodology usually is applied
particular versions of mean field methods in the mechanics
composite materials by Lagoudas et al.@42#, Dvorak et al.@3#,
and Isupov@43#. In this work a backward difference method wit
a variable integration step has been used as the integration sc
for Eq. ~20!. An iterative procedure is used, starting with the ela
tic predictor ~27! which provides a first estimate of the stre
increment in the component. This means that at each step
Euler-backward scheme is used in combination with a New
method, with the initial guess being determined by the ela
predictor.

6 Numerical Results
We consider an isotropic composite consisting of a steel ma

and identical spherical carbidic inclusions with elastoplastic
rameters~n is the Poisson’s ratio!:
Phase k ~GPa! n t0 ~GPa! h ~GPa! n

matrix 175 0.3 2.75 1.5 0.5
inclusion 300 0.25 ` - -

At first we consider the case of a dilute concentration of the
clusionsc(1)!1. This leads toY[I , see~8!, and we have the
possibility to check the quality of our local plasticity model by th
use of finite element analysis~FEA!. Comparison of the accumu
lated effective plastic strainsg(x)/c(1) (xPv i

c), calculated by the
proposed analytical method with results obtained by finite elem
analysis~FEA!, are represented in Fig. 1 for hydrostatic loadi
s05s0

0d. FEA results are presented for two points in the coat
v i

c , near the boundaries with the corev i
s (uxu5a10) and with the

matrix v (0) (uxu5a(11j)20), respectively; herej is the relative
thickness of the coating, and three thicknesses are consider
Fig. 1: j50.033,j50.1. In the local plasticity theory the subd
vision of the coatingv i

c into one layer of individual subdomain
v i j

c ( j 51, . . . ,nc) is employed by the use of sectionsu5p/nc in
a spherical coordinate system (u,f,r ), the origin of which coin-
cides with the center of the inclusion. Hereafter we will restr
our problems to axisymmetric loading and, therefore, the pla
strains in the ribbona,r ,a(11j), kp/nc,f,(k11)p/nc

(k50, . . . ,nc21) can be obtained by the rotation around the a
u50. As we see in Fig. 1 for the considered case ofnc511 and
for a sufficiently thin coating (j<0.1) the proposed analytica
model provides satisfactory exactness and, as a consequence
here on we will consider the thicknessj50.1 only. In Fig. 2 the
Transactions of the ASME
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normalized overall plastic strains«
*
pn[«

*
p /c(1) as functions of the

loadings0
0 are calculated by the use of both the proposed mo

and of FEA. For uniaxial loadings i j
0 5s33

0 d i3d j 3 , s33
0 ;t the in-

fluence of the mesh width of the uniform subdivision (p/nc) of
the coating on the local values of the von Mises effective pla
strainsg ( i ) ( i 52, . . . ,nc11) ~23! is studied; heret is the time,
i.e., a monotonically increasing parameter. The results show
Fig. 3 were calculated for bothnc511 and fornc533. In Fig. 3
the valuesg(x) as a function of the polar angle 0,u,90 deg are
shown fors33

0 52.8 GPa, whereas onset of yielding takes place
s33

0 52.2 GPa. As can be seen for the considered case both
divisions of the coating~nc511 andnc533! lead to similar re-
sults for the local values of the von Mises effective plastic stra
g ( i ) ( i 52, . . . ,nc11) ~23!. The increase of the degree of subd
vision, nc533, leads to an increase in the calculated values«

*
pn

which is however smaller than 0.5 percent. This leads to the c
clusion that even a crude subdivision (nc511) provides good
estimates for the overall plastic strains«

*
pc . Because of this in the

following we will consider the fixed thicknessj50.1 and the
fixed degree of subdivisionnc511. Let us now study the finite
concentration of carbidic inclusions (c(1)50.25), for which the
FEA-unit cell analysis is not able to capture real random arran
ments of the inclusions. In this case the effective field^s̄& iÞs0

but is defined by particle interaction and by accumulated pla
strains~both in the coating and in the remaining matrix!. Whereas
the solution of the corresponding linear problem can be found
any known method~see, e.g.,@29,40#!, in the current paper we

Fig. 1 Accumulated effective plastic strains g„x…Õc „1… as a
function of hydrostatic loading s0

0 calculated by FEA „dashed
curve for zx zÄa¿0, dot-dashed curve for zx zÄa„1¿j…À0… and
by the proposed model „solid curve …. „a… jÄ0.033, „b… jÄ0.1
Journal of Applied Mechanics
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will use only the solution of the linear elastic problem~8!, ~9! by
the two-particle approximation of MEFM~see, e.g.,@29,34#!. Let
us assume uniaxial tensional loadings i j

0 5s33
0 d i3d j 3 , s33

0 ;t. Fig-
ure 4 shows the comparison of the overall plastic strains«

* 33
p

once calculated by the use of traditional mean field method
sumptions~11! and once by the proposed assumptions~12!. As
can be seen the employment of the proposed criterion~12! tends
to decrease the overall initial yield stress of the composite. F
thermore, the concentration of plastic strains in the coating le
to a ‘‘softening’’ effect of the coated inclusions. This ‘‘softening
results in a redistribution of the stresses from the coated inclus
to the matrix, which causes an increase of plastic deformation
the matrix. The limiting case of the ‘‘softening’’ of the inclusion
is the replacement of them by voids, resulting in a significa
increase of the overall plastic strains~such a result is presented i
Fig. 4 by the use of the traditional scheme~11!, ~17!–~19!!. For
the qualitative comparison in Fig. 4 the overall plastic strains
calculated also by a FEA-unit cell model for face-centered-cu
~FCC! packing of the inclusions, when the orientation of unit c
coincides with the global coordinate system. For the conside

Fig. 2 Normalized overall plastic strain e
* 33
pn as a function of

hydrostatic loading s0
0 calculated for jÄ0.1 by the proposed

model „12…, „17…–„19… „solid curve … and by FEA „circles …

Fig. 3 Accumulated effective plastic strains g„x… as a function
of the polar angle u, calculated by FEA „dot-dashed curve for
zxzÄa¿0, dotted curve for zxzÄa„1¿j…À0… and by the pro-
posed model „dashed curve for n cÄ11, solid curve for n cÄ33…
JULY 2002, Vol. 69 Õ 493
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small concentration of the inclusions (c50.25) the difference of
the effective elastic moduli for FCC packing and for random
rangement should be rather small. As can be seen in Fig. 4
error of the proposed model~in comparison with FEA! is much
smaller than that of the traditional mean field method~11!. This
significant difference between the use of yield functions~11! and
~12! are explained by the possibility of the proposed model to p
up the effect of plastic strain inhomogeneity inside the coati
i.e., around the inclusions. Let us now compare the estimat
obtained by the proposed model and by other popular meth
There are different versions of mean field methods employ
flow theory ~Dvorak @2#! and secant concept method~e.g., Qiu
and Weng,@26#!. In Fig. 5 the curves 4 and 5 are calculated in t
framework of mean field method~11! ~at j50! by the secant
concept method and by the flow theory, respectively. Modifi

Fig. 4 Overall plastic strain e
* 33
p as a function of uniaxial load-

ing s33
0 calculated by the proposed model „12… „solid curve …, by

FEA „dotted curve … and by the traditional mean field method
„11… „dashed curve …. Overall plastic strain e

* 33
p for model mate-

rial with replacement of the inclusions by voids „dot-dashed
curve ….

Fig. 5 Overall plastic strain e
* 33
p as a function of uniaxial load-

ing s33
0 calculated by the proposed model „12… „solid curve 1 …,

by a modified approach based on the the estimations of second
moment of stresses „dotted curve 2—secant concept method,
dot-dashed curve 3—flow theory …, and by mean field method
„dashed curve 4—secant concept method, dot-dashed curve
5—flow theory …
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improved methods utilize the estimations of statistical average
each component of either the stress potential or the second
ment of stresses~16!. Such estimations take into account~in the
average sense! the measure of stress inhomogeneity in the ma
and can be found by perturbation methods and the method
integral equations~see for references Buryachenko@29#! as well
as by variational methods~see for references Ponte Castan˜eda and
Suquet@32#!. For our elastoplastic analysis in the framework
homogeneity of plastic strains in the matrix (j50) we will use
the exact perturbation method in combination with the secant c
cept method by Buryachenko@28# as well as the method of inte
gral equations in combination with flow theory~see for references
Buryachenko@29#!. The corresponding curves 2 and 3, respe
tively, are presented in Fig. 5. Finally, the proposed local plastic
model takes into account the inhomogeneity of plastic strains
some matrix layer around the inclusions (j50.1) as well as the
inhomogeneity of the first-order moment of the stresses in
coating ~curve 1!. As can be seen from Fig. 5 the mean fie
method approach~curves 4 and 5! yields predictions which are
stiffer than the predictions of the modified approach~curves 2 and
3!. Secant concept model~curves 2 and 4! seems softer by com
parison with flow theory~curves 3 and 5! both for classical and
for modified methods, based on the first-order moments
second-order moments of the stresses in each individual ph
respectively. The known question regarding the correctness o
secant concept model is not discussed here. It is just mentio
that even for radial external loading the stress path at the lo
level is not a radial one. At the same time in the considered c
(s33

0 53 GPa) the modified secant approach~curve 2! predicts val-
ues of the overall plastic strain«

* 33
p which are considerably

smaller than those calculated by the use of both FEA-unit
model and the local model of plasticity for random packing of t
inclusions~curve 1!. As can be seen in Fig. 5 the better discre
zation of the stress-plastic strain state in the proposed m
~curve 1! leads to significantly improved predictions of the over
plastic strains~at least with respect to the comparison of the p
sented estimations for random structure composites with the F
unit cell model!.

As a further example we consider a cyclic external loadin
described s05sf ix1smax1(smin2smax))(t21)@H(t21)2H(1
2t)#, which is a combination of a constant hydrostatic loadi
s i j

f ix5s0
f ixd i j and a uniaxial cyclic stress with zero mean-stre

and an amplitudesam5s33
max, smax52smin, s i j

max5s33
maxdi3dj3;

hereH is the Heaviside step function andt is the time. From Fig.
6 we see that the overall plastic strain componente

* 33
p after the

Fig. 6 Overall plastic strain e
* 33
p as a function of uniaxial cy-

clic loading s33
0 calculated for different constant hydrostatic

contributions s0
fixÄÀ4 GPa „solid curve …, 4 GPa „dotted curve …;

s33
maxÄ2.8 GPa, „s…–onset of yielding
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first cycle ~with s33
max52.8 GPa! converges to a steady-state r

sponse~or steady cycle!, i.e., a closed loop is received. From Fi
6 we see a significant role of the hydrostatic loading which le
to a considerable variation of the closed loop of the overall pla
strains~plastic shakedown!. It should be mentioned that the use
the criterion~11! tends to an overprediction of the initial yiel
stress of the composite,s33

0Y52.92 GPa instead ofs33
0Y

52.34 GPa obtained by the proposed method, and to inde
dence of plastic deformations on hydrostatical loadingsf ix

5s0
f ixd. Therefore, in the considered range of external load

s33
max,2.92 GPa by using~11! the composite material would de

form elastically, and fors33
max.2.92 GPa after the first cycle o

elastoplastic deformation the process would result in ela
shakedown.

7 Concluding Remarks
Let us discuss the main hypotheses as well as the limitation

the proposed estimations and their possible generalizations.
possible constitutive relations are not limited to the von Mis
yield criterion ~1! assumed in this study, and modification of th
present method to accommodate general yield criteria and ge
hardening laws can be performed. It is only important that
sponse of a ‘‘coated’’ inclusion is defined by the Eqs.~6! and~7!,
notwithstanding the inclusion can be considered as some sort
‘‘black box.’’ The local model proposed can be applied to a wi
class of nonlinear problems for which the local properties of
components become location-dependent: nonlinear elasticity
conductivity, viscosity and creeping, and viscoplasticity. Mo
over, the model proposed can be generalized easily to any nu
of thin coating layers of nonellipsoidal inclusions~see Bury-
achenko and Rammerstorfer@34#!. The next step of the improve
ment of the proposed model is a consideration of statistical a
ages of the second moments of stresses in both the matrix an
coating estimated by the method of integral equations by~see,
e.g., Buryachenko@34#!. The model proposed for composites wi
identical inclusions is valid for any averaging method of micr
mechanics using the hypothesisH1, and can be generalized in th
framework of the MEFM by Buryachenko@34# to composites
with any number of different components containing inclusio
with a distribution of size, shape, orientation, and properties.
principal limitation of this paper is due to the assumption of s
tistical homogeneity of the composite microstructure. Nevert
less, in the light of the researches on functionally graded comp
ites performed by the MEFM~see@34#! obviously, consideration
of the local model of elastoplastic deformation of graded mater
are also possible.
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Appendix

Single Ellipsoidal Inclusion. Buryachenko and Rammersto
fer @34# ~see there additional references also! obtained an approxi-
mate solution for a single ellipsoidal inclusion with thin coatin
under the approximative assumption of a homogeneous s
state in the core,si , and at the infinity,s0:s(x)[si5const,x
Pv i , s05const. Then the stresses in the coatingsc(s) are found
by the relationsc(s)5si1G̃(n) @M1

(1)(s)si2«p(s)#, where the
interface operator G̃(n) is defined by G̃(n)5L (0)

2L (0)U(n)L (0), U(n)5n^ G(n) ^ n, G(n)5L (n)21, L (n)
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5L (0)(n^ n), n is the unit outward normal vector onsi in the
point sPsi , si is the outer surface of the boundary]v i

s .
Let the volumev i

c be subdivided into one layer ofnc individual
local volumesv i j

c (mesv i j
c !mesv i

c , j 51, . . .nc), such that the
plastic strain«p(x) and sc(x) (xPv i j

c ) are constant inside eac
subdomainv i j

c . For example in a spherical coordinates syste
(u,w,r ) coinciding with the semi-axesaj

s this subdivision can be
done by the use of cutting the coatingv i

c along surfacesu
5const,w5const. Estimations for the tensors in Eqs.~6! and~7!
can be obtained

B~1!5~ I1QM1
~1!!21, B~ l !5@ I1G̃~nl !M1

~1!#B~1!,

C~1l !52B~1!QFd1l1
v̄ i l

v̄ i
~12d1l !G1

v̄ i l

v̄ i
~12d1l !B

~1!G~xi2yi l !,

C~ml!5@ I1G̃~nm!M1
~1!#C~1l !1G̃~nm!~d1l2dml!,

B[
1

12c~0! (
j 51

nc11

c~ j !B~ j !5I1
v̄ i

s

v̄ i
~B~1!2I !,

C5
1

12c~0! (
j ,k51

nc11

c~ j !C~ jk !«1
p~k! ,

where l, m52, . . . ,nc11; xi and yi l are the centers of the do
mains v i and v i l

c , respectively;nl is the unit outward normal
vector onsi in the pointyi l .
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Stress Distribution in Porous
Ceramic Bodies During Binder
Burnout
A model has been developed for describing the stresses that arise during binder bu
in three-dimensional porous bodies. The pressure gradient that arises from the deco
sition of binder in the pore space is treated as an equivalent body force. For input int
mechanics model, the pressure distribution is obtained from the analytical solution
three-dimensional porous bodies with anisotropic permeability. The normal and s
stresses are then calculated from finite element analysis for bodies of parallele
geometry. In general, the normal stresses occur at the center of the body and are an
of magnitude larger than the shear stresses. Both the normal and shear stresses dep
the body size, the body geometry, and on the permeability.@DOI: 10.1115/1.1460908#
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1 Introduction
In the fabrication of ceramic components by powder process

routes, the strength of formed bodies is often enhanced by
addition of polymeric binders~@1#!. These polymers are then re
moved in later processing steps by decomposing them at elev
temperature into gas-phase products. Two types of models~@2–
20#! have appeared for describing how the degradation prod
exit the body. For bodies having large volume fractions of bin
and thus low initial porosity, diffusion of the decomposition pro
ucts through the remaining binder in the nearly filled space
been treated as the rate-limiting step~@2–11#!. For bodies pre-
pared with lower volume fractions of binder, gas-phase flow is
faster transport mechanism~@12–20#!. In both cases, however,
distribution of pressure arises within the pore space of the bo

Depending on the processing parameters and the size o
component, the pressure increase inside the ceramic body d
binder burnout can be so large as to decrease the product
~@7,19,21#!. In Liau et al.@19#, it was demonstrated that the yiel
depended on the heating cycle and on the dimensions of squ
parallelepiped multilayer ceramic capacitors~MLCs!. The authors
also noted that the flow of the gas-phase decomposition prod
in the MLCs was enhanced in the direction parallel to the pla
containing the metal electrodes, which suggests that the pe
ability is anisotropic within the body. To describe these obser
tions, an analytical model~@20#! has been developed for descri
ing the pressure distribution during binder burnout in thre
dimensional porous ceramic bodies with anisotropic permeab

Although the pressure is known to increase within the bo
during binder burnout, the mechanical stresses arising during
process are ultimately what cause the ceramic component to
When the pressure distribution is known, the distribution
stresses can be calculated by adopting mechanical models fo
ceramic body. Stangle and Aksay@14# used the stress formulatio
developed for partially saturated granular media~@22#! to calculate
the stress distribution in spherical bodies. They considered b
capillary stresses due to liquid-phase binders and stresses d
the increase in pressure arising from binder degradation prod
Tsai @15# considered binder burnout in axisymmetric porous bo
ies. Both the radial and tangential stresses, which satisfy the e

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
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CHANICS. Manuscript received by the ASME Applied Mechanics Division, Feb. 1
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paper should be addressed to the Editor, Prof. Lewis T. Wheeler, Departme
Mechanical Engineering, University of Houston, Houston, TX 77204-4792, and
be accepted until four months after final publication of the paper itself in the AS
JOURNAL OF APPLIED MECHANICS.
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librium equations, were considered to consist of contributio
from the gas phase and the solid phase~skeleton! by an equal
amount. An isotropic constitutive law was used for the stre
strain relationship for the skeleton and the void fraction does
appear explicitly in the stress formulation. This pair of mode
take as their starting point that the local pressure and the l
stress are linearly additive quantities.

In this paper, we propose a general three-dimensional mode
the stresses caused by the buildup of internal pressure in a cer
body during binder removal. Instead of calculating avera
stresses in porous media as is conventionally done~@23#!, we
model the ceramic body as a solid skeleton permeated by a
eous phase whose pressure follows a known distribution. We
derive the equilibrium equations for the stresses on the skel
and use an isotropic constitutive law. The gradient of the inter
gas pressure is shown to be responsible for the stresses, an
develop a model formulation in which the pressure gradien
treated as an ‘‘equivalent body force.’’ Numerical methods a
then used to solve for the stress distribution in rectangular pa
lelepipeds, a common geometry of ceramic capacitors.

2 The Mechanics Model
We make the following assumptions in the development of

model:

•The porous ceramic during the burnout process consists
void fraction,«, and a solid skeleton fraction, 1-«.

•The void space is occupied by gas of internal pressurep,
which varies continuously in the pore space of the body. The
phase cannot support shear stresses and both viscous and in
stresses accompanying fluid flow are neglected.

•The solid skeleton can be modeled as an isotropic linear-ela
solid.

In Fig. 1, we show a free-body diagram of a two-dimension
infinitesimal volume. Force and moment equilibrium leads to
following equations:

~12«!S ]sxx

]x
1

]sxy

]y D5«
]p

]x
(1)

~12«!S ]sxy

]x
1

]syy

]y D5«
]p

]y
(2)

wheresxx , sxy , andsyy are the components of true stress on t
skeleton. Obviously, an increase in internal pressure causes s
an effect that is proportional to the void fraction,«, appearing on
the right-hand side of Eqs.~1! and ~2!. The factor of 1-« on the
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ill
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left-hand side of Eqs.~1! and ~2! arises because only the skele
part of the body bears the stress. The occurrence of a pre
gradient is thus equivalent to a body force throughout the c
tinuum.

The stresses are often defined as the force per unit area w
subtracting the nonload bearing voids. These nominal stresses̃,
are smaller than the true stresses as given by

s̃ i j 5~12«!s i j (3)

where i and j correspond tox and y. In terms of the nomina
stresses, the equilibrium equations become

]s̃xx

]x
1

]s̃xy

]y
5«

]p

]x
(4)

]s̃xy

]x
1

]s̃yy

]y
5«

]p

]y
. (5)

Note that the nominal stresses differ from the true stresses
constant factor, which is only dependent on the void fraction.

The equilibrium equations in two dimensions can be gene
ized into three dimensions as

]s̃xx

]x
1

]s̃xy

]y
1

]s̃xz

]z
5«

]p

]x
(6)

]s̃xy

]x
1

]s̃yy

]y
1

]s̃yz

]z
5«

]p

]y
(7)

Fig. 1 Free-body diagram of an infinitesimal two-dimensional
element showing the solid skeleton „hatched … and the continu-
ous porous network. The shear stresses are denoted by the
dashed arrows.
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]s̃xz

]x
1

]s̃yz

]y
1

]s̃zz

]z
5«

]p

]z
. (8)

To complete the description of the problem, the skeleton is
sumed to follow isotropic elastic constitutive laws~@24#! with
Young’s modulus,E, and the Poisson’s ratio,n. An alternative
approach~@25#! leading to the identical model is to use the theo
of interacting continua as proposed by Green and Naghdi@26# and
applied by Ortiz@27#.

The relationship between the internal pressure and stress d
butions described by Eqs.~6!–~8! can be clarified for the follow-
ing special case. We consider two-dimensional problems~plane
stress or plane strain! with body forces derivable from the gradien
of a potential, which is the pressure in our case. The Airy str
function,F, can then be invoked by letting~@24#!:

s̃xx5«p1
]2F

]y2 , s̃xy52
]2F

]x]y
, s̃yy5«p1

]2F

]x2 . (9)

The Airy stress function is then determined from solution to t
nonhomogeneous biharmonic equation

]4F

]x4 12
]4F

]x2]y2 1
]4F

]y4 5DS ]2p

]x2 1
]2p

]y2D (10)

where the constantD depends on whether the problem is pla
stress or plane strain. The plane-stress and plane-strain result
be generalized to sheet-like geometries~length in one direction is
much smaller than the other two! or rod-like geometries~length in
one direction is much larger than the other!. Although numerical
methods are required even to solve forF with these geometries
great simplification for two-dimensional problems can
achieved if the internal pressure satisfies the Laplace equa
Under these circumstances, the right-hand side of Eq.~10! be-
comes zero, and the biharmonic equation is thus homogeneou
we further assume that no external loads are applied on the
ramic body,F50 is a solution which satisfies both the biharmon
equation and the boundary conditions. By uniqueness, we c
clude thatF50 everywhere within the body and thus the stres
inside the body are isotropic tensors and are proportional to
internal pressure as given by Eq.~9!. This conclusion only holds
for the two-dimensional case. In summary, stresses and inte
pressures are related through differential equations; only in
circumstances are they related by simple algebraic relations.

3 Stresses in Rectangular Parallelepipeds
To calculate the stresses in a three-dimensional ceramic b

we first need to know how the internal pressure varies with po
tion. The starting point is to use Darcy’s law for flow in porou
media ~@28#! when a source term is present. Applying conserv
tion of mass then leads to a partial differential equation, the so
tion ~@20#! to which describes the pressure distribution in a par
lelepiped of dimensionsLx , Ly , andLz , as
p5P0A11 (
i 51,3,5, . . .

(
j 51,3,5, . . .

(
k51,3,5, . . .

Ai jk cosS ipx

Lx
D cosS j py

Ly
D cosS kpz

Lz
D (11)
c-
d

g in
for 2Lx/2,x,Lx/2, 2Ly/2,y,Ly/2, 2Lz/2,z,Lz/2, where
P0 is the ambient pressure surrounding the porous body, and

Ai jk58CS 2

p D 5 1

i jk @ i 21~ j /W!21~k/H !2#
~21!

i 1 j 1k23
2 .

(12)

The source termC in Eq. ~12! is dependent on the reaction rat
the length scale of the body and the permeability,k; W, andH,
,

which are defined in terms of the permeability in different dire
tions,kx , ky , andkz , are the effective dimensionless width an
height of the body:

W5Akx

ky

Ly

Lx
, H5Akx

kz

Lz

Lx
. (13)

After determining the pressure distribution from Eq.~11!, we
compute the three components of the body forces appearin
Eqs.~6!–~8! as
Transactions of the ASME
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]p

]x
, f y52«

]p

]y
, f z52«

]p

]z
. (14)

These body forces are then distributed equally among all node
a commercial finite element analysis program, Algor. For ‘‘bric
elements in Algor, the body forces of each element are t
equally distributed among the eight nodes in each element.
stress calculations in a rectangular parallelepiped with overal
mensions 2 cm34 cm31 cm, we use 125 ‘‘brick’’ elements to
represent one-eighth of the body. The product of the void frac
and ambient pressure is taken as«P05105 N/m2; because of the
linear elasticity assumption, the stresses are proportional toP0 .
The void fraction,«, is therefore left to be arbitrary, and th
stresses that are calculated by finite element analysis are thu
nominal stresses which are~12«! times the true stresses on th
skeleton. The nominal stresses presented here are due to the
sure gradient alone. For the skeleton material, we use the s
material properties as Tsai@15#: l5116.83105 N/m2 and G
577.93105 N/m2 which corresponds to Poisson’s ration50.3
and Young’s modulusE523107 N/m2.

The stress componentss̃xx , s̃yy , s̃zz, and s̃xy are calculated
for a rectangular parallelepiped of overall dimensions of 2 cm34
cm31 cm for C5100 with equal permeability~W52, H50.5! in
all directions. The maximum pressure in the center of the bod
3.553105 N/m2 as determined by Eq.~11!. Corresponding to this
pressure, we find that the maximum normal stressess̃xx , s̃yy ,
ands̃zz are 8.53105 N/m2, 83105 N/m2, and 9.93105 N/m2, re-
spectively, and these maxima all occur at the center of the bod
well. The three components of normal stress all decrease m
tonically in a nonlinear manner as the edges of the body are
proached. The occurrence of the maximum stress in the cent
the body agrees with the commonly observed failure mode in
the ceramic parts fracture along surfaces of symmetry corresp
ing to the normal stresses in thex andy-directions.

For the case treated above, the maximum shear stressess̃xy ,
s̃yz , and s̃xz are 0.333105 N/m2, 0.393105 N/m2, and 0.50
3105 N/m2, respectively, and do not occur at the center of
body. We note, in particular, that the maximum shear stresses
at least an order of magnitude smaller than the maximum nor
stresses. Calculations on rectangular parallelepipeds with o
aspect ratios lead to the same general observation. For this re
our computational results will be given primarily in terms of th
three normal stress componentss̃xx , s̃yy , ands̃zz.

Fig. 2 The dependence of the maximum stress s̃xx with C for
parallelipiped bodies of different W and H with isotropic per-
meability
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Equations~11! and ~12! describe the dependence of the pre
sure distribution on the constantC, which is related to the rate o
reaction of binder decomposition, the length scale, and the per
ability. As a result of Eqs.~6!–~8!, the stresses are also depende
on C. Figure 2 shows that the maximum normal stresss̃xx in-
creases withC for bodies of isotropic permeability for differen
values ofW andH. In our previous work@20#, we have found that
the maximum internal pressure is mainly controlled by the flow
decomposition products across the smallest length of the body
differences in pressure for the top three cases listed in Fig. 2
small since the shortest length of these cases is the same. W
from Fig. 2 that this limiting behavior is true for the maximum
normal stresss̃xx as well.

In order to investigate the differences in maximum stress
bodies with anisotropic permeability, we have examined the
lowing two cases:~a! kx5ky5kz510215 m2 and ~b! kx5ky

510215, kz510216 m2. The normal stresses are calculated f
bodies of identical volume,V58 cm3 with Lx5Ly , and Lz

58 cm3/Lx
2. We also letC525 cm22Lx

2 to correctly account for
its dependence on the length scale~@20#!. Figures 3~a! and 3~b!
show the maximum normal stresses, and sinces̃xx5s̃yy for
square parallelepipeds, onlys̃xx and s̃zz are shown. From Fig. 3,
we see that in each case, the difference between the two no
stress components is small. In case~a!, the maximum normal
stress occurs atLz /Lx51, i.e., the body with cubic geometry. In
case~b!, the maximum normal stress occurs atLz /Lx near 0.3.
When the different permeability is taken into account in calcul
ing the ‘‘effective’’ aspect ratioH by Eq. ~12!, however, we find

Fig. 3 The dependence of the maximum stresses s̃xx and s̃zz
with aspect ratio for a square parallepiped body of fixed vol-
ume VÄ8 cm3 with „a… equal permeability of kxÄkyÄkz
Ä10À15 m2 and „b… unequal permeability of kxÄkyÄ10À15, kz
Ä10À16 m2
JULY 2002, Vol. 69 Õ 499
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that the maximum normal stress occurs atH51. The fact that the
stresses vary withLz /Lx should not be surprising since we a
considering parallelepipeds with fixed volume; bodies with eit
small or large aspect ratios will have one short length scale
which the pressure is relieved, thereby lowering the stress.

The maximum internal pressure corresponding to cases~a! and
~b! are shown in Fig. 4. We see that maximum pressure va
with aspect ratio in manner which is very similar to how t
stresses in Fig. 3 vary with aspect ratio and permeability. N
especially that the maximum internal pressure occurs atLz /Lx
near 0.3 (H51) for the case of anisotropic permeability.

The normal stresses shown in Fig. 3~a! indicate thats̃zz is
greater thans̃xx for Lz,Lx and this ordering is reversed forLz
.Lx . In other words, the normal stress corresponding to
shorter length is larger than the normal stress corresponding to
longer length. To understand this particular ordering of the nor
stresses, we calculate on the three symmetric planes of the
the mean pressures, which are defined as

px
m5

4

LyLz
E

0

Ly/2E
0

Lz/2

p~x50,y,z!dydz (15)

py
m5

4

LxLz
E

0

Lx/2E
0

Lz/2

p~x,y50,z!dxdz (16)

pz
m5

4

LxLy
E

0

Lx/2E
0

Ly/2

p~x,y,z50!dxdy. (17)

Figure 5~a! corresponds to case~a! of isotropic permeability,
where we see that the ordering of the mean pressures is the
as that of the normal stresses. Thus, for bodies of isotropic
meability, the maximum normal stress and mean pressure bot
along the shortest direction.

For case~b! of anisotropic permeability, the mean pressures
plotted in Fig. 5~b!, where we see that the two curves cross ea
other at Lz /Lx near 0.3 (H51). That is, the maximum mea
pressure occurs along the shortest direction if the lengths are
justed by the permeability following Eq.~13!. Comparing Fig.
5~b! with Fig. 3~b!, we find that the same cannot be said about
normal stresses; the two curves in Fig. 3~b! cross each other whe
Lz /Lx is near one. In summary, the maximum normal stress
maximum mean pressure occur where the effective aspect raH
is unity; the aspect ratio at which the ordering of the str
changes, however, occurs at the true aspect ratioLz /Lx of unity.

Fig. 4 The dependence of the maximum internal pressure with
aspect ratio for a square parallepiped body of fixed volume V
Ä8 cm3 with „a… equal permeability of kxÄkyÄkzÄ10À15 m2

and „b… unequal permeability of kxÄkyÄ10À15, kzÄ10À16 m2
500 Õ Vol. 69, JULY 2002
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Conclusions
We have developed a mechanics model that allows us to ca

late the stress distribution in porous three-dimensional bod
based on a known internal pressure distribution. This model, w
combined with finite element analysis, allows us to study
stress distribution in ceramic components during binder burn
This combined approach thus allows one to design bodies b
on consideration of the effect of mechanical stresses on pro
yield.

For the simple geometry we have considered, the nor
stresses, which occur at the center of the body, are an orde
magnitude larger than the shear stresses. In general, the no
stresses follow the same trends as the internal pressure. Th
especially so for bodies with isotropic permeability. Therefo
instead of carrying out stress calculations, which require num
cal solution, the internal pressure, for which an analytical solut
exists, can often be used for development of the binder burn
cycle and for product design.

During the binder burnout process, very little is known abo
how the material properties such as the Young’s modulus
Poisson’s ratio vary spatially and temporally. In addition, the fa
ure criteria have not been identified. In light of these limitation
the mean pressure on different material surfaces can be used
convenient compromise between the full finite element stress
culations and the internal pressure calculations. Although
mean pressure is calculated solely from the internal pressur
captures the effect that geometry plays on the distribution of
internal load within the body.

Fig. 5 The dependence of the maximum mean pressure with
aspect ratio for a square parallepiped body of fixed volume V
Ä8 cm3 with „a… equal permeability of kxÄkyÄkzÄ10À15 m2

and „b… unequal permeability of kxÄkyÄ10À15, kzÄ10À16 m2
Transactions of the ASME
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Isoparametric Graded Finite
Elements for Nonhomogeneous
Isotropic and Orthotropic
Materials
Graded finite elements are presented within the framework of a generalized isoparam
formulation. Such elements possess a spatially varying material property field,
Young’s modulus~E! and Poisson’s ratio~n! for isotropic materials; and principal
Young’s moduli~E11,E22!, in-plane shear modulus~G12!, and Poisson’s ratio~n12! for
orthotropic materials. To investigate the influence of material property variation, b
exponentially and linearly graded materials are considered and compared. Se
boundary value problems involving continuously nonhomogeneous isotropic and o
tropic materials are solved, and the performance of graded elements is compared t
of conventional homogeneous elements with reference to analytical solutions. Such
tions are obtained for an orthotropic plate of infinite length and finite width subjecte
various loading conditions. The corresponding solutions for an isotropic plate are
tained from those for the orthotropic plate. In general, graded finite elements pro
more accurate local stress than conventional homogeneous elements, however, su
not be the case for four-node quadrilateral (Q4) elements. The framework described
can serve as the basis for further investigations such as thermal and dynamic proble
functionally graded materials.@DOI: 10.1115/1.1467094#
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1 Introduction
Recent advances in material processing have allowed manu

turing a wide diversity of functionally graded materials~FGMs!
~@1–3#!. Such materials possess continuously graded prope
with gradual change in microstructure~@4,5#!. The materials are
made to take advantage of desirable features of its constit
phases. For instance, in a thermal protection system, FGMs
advantage of heat and corrosion resistance typical of ceram
and mechanical strength and toughness typical of metals.

FGMs are nonhomogeneous with regard to thermomechan
and strength related properties. Depending on the processing
nique, they may exhibit either isotropic or anisotropic mater
properties. For instance, large bulk FGMs produced by sp
plasma sintering~SPS! technique may be modeled as isotrop
materials ~@6#!. On the other hand, materials processed us
plasma spray technique have generally a lamellar structure~@7#!,
while materials processed by electron beam physical vapor d
sition ~PVD! may have a columnar structure~@8#!. Thus, in study-
ing the mechanics of the former class of materials~fabricated by
SPS!, a nonhomogeneous isotropic model may be appropri
and for the latter class of materials~fabricated by plasma sprayin
or PVD!, a nonhomogeneous orthotropic model may suffice a
first approximation. Thus, both types of material models, i.e., i
tropic and orthotropic, are investigated here.

As the manufacturing of FGMs advances, new modeling te
niques are also developed for such materials~@3,9#!. Here, we
focus on the finite element method for nonhomogeneous mate
using a generalized isoparametric formulation. The graded

1To whom correspondence should be addressed.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERSfor publication in the JOURNAL OF APPLIED MECHAN-
ICS. Manuscript received by the ASME Applied Mechanics Division, July 2, 20
final revision Nov. 14, 2001. Associate Editor: M.-J. Pindera. Discussion on the p
should be addressed to the Editor, Professor Lewis T. Wheeler, Department o
chanical Engineering, University of Houston, Houston, TX 77204-4792,
will be accepted until four months after final publication of the paper itself
the THE AMERICAN SOCIETY OF MECHANICAL ENGINEERSJOURNAL OF APPLIED
MECHANICS.
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ments obtained with this formulation are compared with conv
tional homogeneous elements, as illustrated by Fig. 1. Notice
the graded element incorporates the material property gradie
the size scale of the element, while the homogeneous elem
produces a stepwise constant approximation to a continuous
terial property field such as the one shown in Fig. 1.

This paper discusses and compares the behavior of graded
sus conventional homogeneous elements under various loa
conditions in both isotropic and orthotropic FGMs with respect
analytical solutions which are either available in the literature
derived in this work. The manuscript is organized as follows. T
next subsection presents an example which serves as a motiv
to this work. In this example, the FGM leads to a stress redis
bution with lower stress concentration factor~SCF! than the cor-
responding problem with homogeneous material. Next, a brief
erature survey and comments on previous related work are gi
Section 2 presents some exact solutions for displacements
stresses in orthotropic FGMs. The exact solutions for isotro
FGMs are obtained as particular instances of those for orthotr
FGMs. Section 3 reviews finite element formulations. Section
addresses the generalized isoparametric graded finite elemen
mulation. Sections 5 and 6 present finite element results
stresses in isotropic and orthotropic FGMs, respectively, wh
are compared with analytical solutions. Finally, Section 7 provid
some concluding remarks.

1.1 Motivation. Functionally graded composites, wit
smooth variation of volume fractions, offer various advantag
such as reduction of residual stress~@10#! and increased bonding
strength~@11#!. Moreover, if properly used, such materials ma
also lead to reduction of stress concentration or stress inten
factors ~@12#!. For example, Hasselman and Youngblood~@13#!
found that the maximum tensile thermal stresses in brittle cer
ics can be reduced significantly by spatially varying thermal c
ductivity in a hollow circular cylinder subjected to radially inwar
or outward steady-state heat flow, and Horgan and Chan~@14#!
investigated the effect of material nonhomogeneity on the
sponse of linearly elastic isotropic hollow circular cylinders

1;
per
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disks under uniform internal or external pressure by vary
Young’s modulus with respect to the radial direction and fou
that the maximum hoop stress in a nonhomogeneous material
not, in general, occur on the inner surface in contrast with a
mogeneous material.

To further motivate the use of FGMs in engineering applic
tions, consider the isotropic FGM link bar of Fig. 2~a!. The bar
has unit thickness, it is subjected to unit axial tension load at
right end, and it is considered in a state of generalized pl
stress. The basic FGM constituents are titanium monoboride~TiB!
and commercially pure titanium~CP Ti! as illustrated by Fig. 2~b!.
The elastic properties of the base materials are~@15#!

ETiB5375 GPa, nTiB50.14

ETi5107 GPa, nTi50.34.

The graded region is incorporated with an exponential mate
variation. Thus Young’s modulus and Poisson’s ratio are functi
of the Cartesian coordinatey ~see Fig. 2!, i.e.,

E~y!5ETie
bEy, n~y!5nTie

bny, (1)

respectively, where 1/bE and 1/bn are the length scales of nonho

Fig. 1 Homogeneous versus graded finite elements. „a… Prop-
erty variation along one coordinate axis; „b… homogeneous el-
ements; „c… graded elements. Notice that the property of the
homogeneous element corresponds to the property at the cen-
troid of the graded element.
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mogeneity which are given by

bE5
1

W
log~ETiB /ETi!, bn5

1

W
log~nTiB /nTi!, (2)

respectively, whereW is the width of the symmetric model a
shown in Fig. 2~b!. Figure 3~a! shows the finite element mesh fo
the symmetric portion of the link bar with 1000 quadrilateral e
ements of eight nodes~Q8!. These elements are graded finite e
ements as illustrated by Fig. 1 and explained subsequently in
paper. Figure 3~b! shows thesxx stress contour for the homoge
neous link bar~either TiB or Ti! and Fig. 3~c! shows thesxx stress
contour for the FGM link bar~TiB/Ti !. The main stress value
~nodal average! are summarized in Table 1. Notice that the ma
mum stress location in the FGM bar is different from that in t
homogeneous bar—the maximum stress occurs inA8 ~see Fig.
2~b!! for the homogeneous bar, while it occurs inB8 ~see Fig.
2~b!! for the FGM bar. Moreover, the maximum stress is lower
the FGM than in the homogeneous bar. Thus, the FGM lead
stress redistribution with a lower SCF as illustrated by Table 1
Fig. 3. In summary, this example shows, by means of elastic fi
element analysis, thatthe stress response of (inhomogeneo
FGMs differ substantially from those of their homogeneo
counterparts.

1.2 Related Numerical Work. Several numerical models
have been used to investigate FGMs, including integral equat
~e.g., @16–18#!, the higher order model~e.g., @19,20#!, boundary
elements~e.g., @21,22#!, and finite elements~e.g., @10,23–30#!.
This work concentrates on the finite element method for FG
using the isoparametric concept for graded elements.

A few additional comments about the related work by Sant
and Lambros~@30#! are in order. They have also published in th
journal a graded finite element model for nonhomogeneous m
rials. However, their work differs from ours in the sense that th
sample the material properties directly at the Gauss points of
element, while we adopt a generalized isoparametric formulat
Although the two methods are different, they are equivalent
fine mesh discretizations~@31#!. They investigated the behavior o
Fig. 2 FGM link bar „units: N, mm …: „a… geometry and boundary conditions; „b…
symmetric model
JULY 2002, Vol. 69 Õ 503
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Fig. 3 FGM link bar under unit axial tension „units: N Õmm2
…: „a… mesh con-

figuration with 1000 graded Q8 elements; „b… sxx stress distributions for ho-
mogeneous link bar „both TiB and Ti …; „c… sxx stress distributions for FGM bar
„TiB ÕTi…
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four-node quadrilaterals~Q4! for isotropic FGMs only. In addition
to the bilinear element~Q4!, we also investigate the behavior o
eight-node quadrilaterals~Q8! for both isotropic and orthotropic
FGMs. They investigated exponential material variation on
Here, we compare both exponential and linear material variati
Finally, we believe that the generalized isoparametric formulat
is more natural to the finite element method than the Gauss p
sampling of material properties because the generalized form
tion embraces the important isoparametric concept—the s
shape functions are used to interpolate the unknown displ
ments, the geometry, and the material parameters.

2 Some Exact Solutions for Nonhomogeneous
Elasticity

Exact solutions for both isotropic and orthotropic functiona
graded materials~FGMs! will be used as reference solutions fo
the numerical examples that follow. We consider anorthotropic
functionally graded plate of infinite length and finite width su
jected to various loading conditions such as remote fixed g
tension, and bending, as shown in Fig. 4. Both exponential
linear material variations are considered. First, analytical soluti
for stresses and displacements are developed for orthotr
FGMs and, afterwards, they are particularized~e.g., in the limit!
for isotropic FGMs. The analytical solutions for exponentia
graded isotropic FGMs coincide with those of Erdogan and

Table 1 Representative sxx stress values „NÕmm2
… for the link

bar of Figs. 2 and 3

sxx

Location

A8 B8

Homogeneous 2.908 2.137
FGM 2.369 2.601
002
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~@32#! and Paulino and Kim~@33#!. The analytical solutions for
linearly graded isotropic and orthotropic FGMs are new solutio
derived in this work.

2.1 Exponential Material Variation. Consider a plate un-
der generalized plane stress conditions~see Fig. 4! made of a
nonhomogeneous orthotropic material. Assume the Poisson’s

Fig. 4 An isotropic or orthotropic functionally graded plate:
„a… geometry and material properties—the shaded portion indi-
cates the symmetric region of the plate used in this analysis;
„b… fixed grip loading with a schematic of the corresponding
stresses at the end points of the plate; „c… tension loading; „d…
bending loading
Transactions of the ASME
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es,
(n12) constant, and the Young’s moduli and in-plane shear mo
lus with variations given by the following expressions:

E11~x!5E11
0 eb11x

E22~x!5E22
0 eb22x

(3)
G12~x!5G12

0 eb12x

n12~x!5constant,

whereE11
0 5E11(0), E22

0 5E22(0), andG12
0 5G12(0) are the mate-

rial properties at thex50 line ~see Fig. 4~a!!, and the coefficients
b i j above are independent nonhomogeneity parameters chara
ized by

b115
1

W
logFE11~W!

E11~0! G
b225

1

W
logFE22~W!

E22~0! G (4)

b125
1

W
logFG12~W!

G12~0! G ,
whereW is the width of the FGM plate as shown in Fig. 4. Notic
that in this case theb i j parameters have units@Length#21.

For a corresponding nonhomogeneous isotropic materialE
5E115E22, G5G12, n125n), the Poisson’s ratio is assume
constant and the Young’s modulus varies exponentially, i.e.,

E~x!5E0ebx

(5)
n~x!5constant

whereE05E(0). Thenonhomogeneity parameterb is given by

b5
1

W
logFE~W!

E~0! G (6)

which has units@Length#21.

2.1.1 Fixed Grip Loading. For fixed grip loading~see Fig.
4~b!! with «yy(x,6`)5«0, the stress distribution becomes

syy~x!5E22
0 «0eb22x. (7)

Using strain-displacement relations and the boundary conditio
r
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du-

cter-

e

(
d

ns

ux~0,0!50, uy~x,0!50, (8)

one obtains the displacements

ux~x,y!52n12«0

E22
0

E11
0

1

b222b11
@e(b222b11)x21#

(9)
uy~x,y!5«0y.

Notice that for isotropic materials (E5E115E22, G125G, and
n125n), the stress distribution~7! becomes~@32#!

syy~x!5E0«0ebx (10)

and the displacements are obtained in the limit of Eq.~9! as
(b222b11)→0. Thus~@33#!

ux~x,y!52n«0x
(11)

uy~x,y!5«0y.

2.1.2 Tension and Bending. For tension and bending load
~see Figs. 4~c! and 4~d!, respectively!, the applied stresses ar
defined by

N5s tW, M5
sbW2

6
, (12)

whereN is a membrane resultant along thex5W/2 line ~see Fig.
4~a!!, andM is the bending moment. For these two loading cas
the compatibility condition]2«yy /]x250 gives«yy5Ax1B and
thus

syy~x!5E22
0 eb22x~Ax1B! (13)

where the constantsA ~with unit @Length#21) andB ~dimension-
less! are determined from

E
0

W

syy~x!dx5N, E
0

W

syy~x!xdx5M (14)

by assuming

M5NW/2 for tension
(15)

N50 for bending.

Thus, for tension load, the stress distribution is given by Eq.~13!
with
A5
b22N

2E22
0 S Wb22

2 eb22W22b22e
b22W1Wb22

2 12b22

eb22Wb22
2 W22e2b22W12eb22W21

D ,

(16)

B5
b22N

2E22
0 S eb22W@eb22W~2W2b22

2 13b22W24!1W2b22
2 22b22W18#2b22W24

~eb22W21!~eb22Wb22
2 W22e2b22W12eb22W21!

D .
e,
For bending load, the stress distribution is also given by Eq.~13!,
however, the coefficientsA andB for this case are

A5
b22

2 M

E22
0 S b22~12eb22W!

eb22Wb22
2 W22e2b22W12eb22W21

D ,

(17)

B5
b22

2 M

E22
0 S b22Web22W2eb22W11

eb22Wb22
2 W22e2b22W12eb22W21

D ,

respectively. For both tension and bending loads, using the st
displacement relations and the boundary conditions~8!, one ob-
tains the displacements
ain-

ux~x,y!52n12

E22
0

E11
0
H S Ax2

A

b222b11
1BD

b222b11
e(b222b11)x

1
A2B~b222b11!

~b222b11!
2

J 2
A

2
y2

(18)

uy~x,y!5~Ax1B!y.

The constantsA andB refer to the appropriate loading case abov
either tension~Eq. ~16!! or bending~Eq. ~17!!.
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For the isotropic case (E5E115E22, G125G, andn125n), the
stress distribution is obtained by Eqs.~16! and ~17! ~for tension
and bending loads, respectively! with b22 replaced byb, which
agree with Erdogan and Wu’s@32# solution. The displacements ar
obtained in the limit of Eq.~18! as (b222b11)→0. Thus~@33#!

ux~x,y!5nS A

2
x21BxD2

A

2
y2

(19)
uy~x,y!5~Ax1B!y.

2.2 Linear Material Variation. Once again, consider a
plate under generalized plane stress conditions, as illustrate
Fig. 4. Assume the Poisson’s ratio (n12) is constant, and the
Young’s moduli and in-plane shear modulus with variations giv
by the following expressions~cf. Eq. ~3!!:

E11~x!5E11
0 1g11x

E22~x!5E22
0 1g22x (20)

G12~x!5G12
0 1g12x

n12~x!5constant,

whereE11
0 5E11(0), E22

0 5E22(0), andG12
0 5G12(0) are the mate-

rial properties at thex50 line ~see Fig. 4~a!! and the coefficients
g i j are independent nonhomogeneity parameters characterize

g115
E11~W!2E11~0!

W

g225
E22~W!2E22~0!

W
(21)

g125
G12~W!2G12~0!

W
.

Notice that in this case theg i j parameters have unit
@Force#/@Length#3.

For a corresponding nonhomogeneous isotropic materialE
5E115E22, G5G12, n125n), the Poisson’s ratio is assume
constant and the Young’s modulus varies linearly, i.e.,

E~x!5E01gx
(22)

n~x!5constant

whereE05E(0). Thenonhomogeneity parameterg is given by

g5
E~W!2E~0!

W
(23)

which has units@Force#/@Length#3.

2.2.1 Fixed Grip Loading. For fixed grip loading~see Fig.
4~b!! with «yy(x,6`)5«0, the stress distribution becomes

syy~x!5«0~E22
0 1g22x!. (24)

Using strain-displacement relations and the boundary conditio

ux~0,0!50, uy~x,0!50,

one obtains the displacements

ux~x,y!52n12«0H g22

g11
x1

E22
0 ln~E11

0 1g22x!

g11

2
g22E11

0 ln~E11
0 1g11x!

g11
2

2S E22
0

g11
2

g22E11
0

g11
2 D ln~E11

0 !J
(25)

uy~x,y!5«0y.
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For isotropic materials (E5E115E22, G125G, and n125n),
the stress distribution~24! becomes

syy~x!5«0~E01gx!, (26)

and the displacements are obtained from Eq.~25! as

ux~x,y!52n«0x
(27)

uy~x,y!5«0y.

2.2.2 Tension and Bending.For tension and bending load
~see Fig. 4~c! and 4~d!, respectively!, the applied stresses are d
fined by Eq.~12!, i.e.,

N5s tW, M5
sbW2

6
,

whereN is a membrane resultant applied along thex5W/2 line
~see Fig. 4~a!!, and M is the bending moment. For these tw
loading cases, the compatibility condition]2«yy /]x250 gives
«yy5Ax1B and thus

syy~x!5~E22
0 1g22x!~Ax1B!, (28)

where the constantsA ~with unit @Length#21) andB ~dimension-
less! are determined from Eq.~14!, i.e.,

E
0

W

syy~x!dx5N, E
0

W

syy~x!x dx5M ,

by assuming~see Eq.~15!!

M5NW/2 for tension
(29)

N50 for bending.

Thus, for tension load, the stress distribution is given by Eq.~28!
with

A5
2g22N

1
6 g22

2 W31g22E22
0 W21~E22

0 !2W
,

(30)

B5
N~E22

0 1g22W!

1
6 g22

2 W31g22E22
0 W21~E22

0 !2W
.

For bending load, the stress distribution is also given by Eq.~28!
with

A5
236M ~2E22

0 1g22W!

g22
2 W516E22

0 g22W
416~E22

0 !2W3
,

(31)

B5

36M ~2E22
0 1g22W!

3g22W
213E22

0 W

2g22W16E22
0

g22
2 W516E22

0 g22W
416~E22

0 !2W3
.

For both tension and bending loads, using the strain-displacem
relations and the boundary conditions.

ux~0,0!50, uy~x,0!50,

one obtains the displacements in closed form, which are given
Transactions of the ASME



ux~x,y!52n12H 2S E11
0 g22A

g11
2

2
g22B

g11
2

E22
0 A

g11
D x1

g22A

2g11
x21S E22

0 B

g11
2

E11
0 g22B

g11
2

2
E11

0 E22
0 A

g11
2

1
~E11

0 !2g22A

g11
3 D ln~g11x1E11

0 !

2S E22
0 Bg11

2 2E11
0 g11g22B2E11

0 E22
0 g11A1~E11

0 !2g22A

g11
3 D ln~E11

0 !J 2
A

2
y2,

(32)
uy~x,y!5~Ax1B!y.
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For the isotropic case (E5E115E22, G125G, andn125n), the
stress distribution is obtained by Eqs.~30! and ~31! ~for tension
and bending loads, respectively! with g22 andE22

0 , replaced byg
and E0, respectively. The displacements are obtained from
~32! as

ux~x,y!5nS A

2
x21BxD2

A

2
y2

(33)
uy~x,y!5~Ax1B!y.

Notice that the form of the exact solutions for displacements
orthotropic FGMs differs significantly from that for isotropi
FGMs because the former case depend on two principal You
moduli, while in the latter case the explicit moduli dependence
absent.

3 Basic Finite Element Formulation
Displacements for an isoparametric finite element can be w

ten as

ue5(
i 51

m

Niui
e (34)

whereNi are shape functions,ui is the nodal displacement corre
sponding to nodei, and m is the number of nodal points in th
element. For example, for a Q4 element, the standard shape
tions are

Ni5~11jj i !~11hh i !/4, i 51, . . . ,4 (35)

where (j,h) denote intrinsic coordinates in the interval@21,1#
and (j i ,h i) denote the local coordinates of nodei. As usual,
strains are obtained from displacements by differentiation as.

«e5Beue (36)

whereBe is the strain-displacement matrix of shape function d
rivatives, andue is the nodal displacement vector. Thus stra
stress relations are given by

se5De~x!«e (37)

where De(x) is the constitutive matrix, which is a function o
position for nonhomogeneous materials, i.e.,De(x) 5 De(x,y).
The principle of virtual work~PVW! yields the following finite
element stiffness equations~@34#!

keue5Fe (38)

whereFe is the load vector and the element stiffness matrix is

ke5E
Ve

BeT
De~x!BedVe (39)

in which Ve is the domain of element~e!, andT denotes trans-
pose. The reasoning above, at the element level, can be re
extended to the whole domain, which leads to a system of a
braic equations for the unknown displacements~@34#!.
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4 Generalized Isoparametric Graded Finite Elements
For simplicity of notation, the superscript (e), denoting the

element, is dropped in this section. Material properties~e.g., at
each Gaussian integration point! can be interpolated from the
nodal material properties of the element using isoparametric sh
functions which are the same for spatial coordinates (x,y):

x5(
i 51

m

Nixi , y5(
i 51

m

Niyi (40)

and displacements (u,v):

u5(
i 51

m

Niui , v5(
i 51

m

Niv i . (41)

Thus, by generalization of the isoparametric concept, the Youn
modulusE5E(x) and Poisson’s ration5n(x) are interpolated as

E5(
i 51

m

NiEi , n5(
i 51

m

Nin i (42)

respectively, as illustrated by Fig. 5. Similar expansions can a
be made to two-dimensional orthotropic materials where the f
independent engineering elastic parameters are the princ
Young’s moduli,E11[E11(x), E22[E22(x), in-plane shear modu-
lus G12[G12(x); and Poisson’s ration125n12(x), i.e.,

E115(
i 51

m

Ni~E11! i , E225(
i 51

m

Ni~E22! i ,

(43)

G125(
i 51

m

Ni~G12! i , n125(
i 51

m

Ni~n12! i ,

as illustrated by Fig. 5.
Some material models may be given in terms of the volu

fraction (V) of a material phase, ‘‘p,’’ e.g., the metal phase in
ceramic/metal FGM~@35#!. In this case, the generalized isopar
metric formulation consists of approximatingVp by the standard
interpolation

Vp5(
i 51

m

NiVi
p (44)

whereVi
p ( i 51,2,. . . ,m) are the values ofVp at the nodal points.

This approach offers a convenient framework to couple the fin

Fig. 5 Generalized isoparametric formulation for isotropic or
orthotropic FGMs
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element method with micromechanics-based models, e.g.,
consistent scheme.

The above framework allows development of a fully isopa
metric formulation in the sense that the same shape functions
used to interpolate the unknown displacements, the geometry
the material properties. Thus, the actual variation of the mate
properties may be approximated by the element interpola
functions~e.g., a certain degree of polynomial functions!.

5 Numerical Examples
Although the finite element method offers a lot of flexibility i

terms of modeling material property variation, the actual choice
properties and boundary value problems in this section was
tated by the analytical solutions derived in Section 2 for the p
configuration of Fig. 4. Here the analytical solutions are compa
with the numerical ones. The examples are divided into t
groups:

1. isotropic FGM plate
2. orthotropic FGM plate

For each group, two material variations along the Cartesian di
tion x are examined:

1. exponentially graded materials
2. linearly graded materials

and also the following loading conditions are considered:

1. fixed grip
2. tension loading
3. bending loading

The relevant stress values obtained numerically by the fi
element method are compared with the analytical results.
fixed grip loading~see Fig. 4~b!!, the stresssyy is considered. For
tension applied parallel to the material gradation, the stresssxx is
the quantity of interest, while for tension and bending loads
plied perpendicular to the material gradation~see Figs. 4~c! and
4~d!, respectively!, the stresssyy is the relevant quantity. More
over, for a few of the examples, the displacements computed
merically are also compared with the analytical results.

The finite element meshes consist of square elements~Q4 or
Q8! with edges of unit length. For all the examples, 232 Gauss
quadrature was employed. All the numerical stress values repo
here are nodal values extrapolated directly from the Gauss po
and without any averaging. The finite element program develo
in this work was implemented by the authors in a simple co
using MATLAB.

5.1 Isotropic Functionally Graded Plate. Figure 6 illus-
trates an isotropic FGM plate with material variation in the C
tesian directionx subjected to various loading conditions. Figu
6~a! shows the basic geometry, boundary conditions and pro
ties. The finite element mesh consists of 939 Q4 or Q8 elements
~either graded or homogeneous! as illustrated in Figs. 6~b! to 6~d!.
The Young’s modulus varies from

E15E05E~0! to E25E~W! (45)

either exponentially as given by Eq.~5! or linearly as given by Eq.
~22! with E151.0 andE258.0. The independent nonhomogene
parameters are given by Eqs.~6! and~23! for the exponential and
linear material variations, respectively, with

b5~ ln~8/1!!/9 and g57/9. (46)

Consistent units are employed here. The Poisson’s ratio is
stant and it is selected as follows:

n50.3 for tension and bending applied perpendicular to m
terial gradation~Figs. 6~b! and 6~c!, respectively!

n50.0 for tension load parallel to material gradation~Fig.
6~d!!.
508 Õ Vol. 69, JULY 2002
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The behavior of the elements~homogeneous versus graded! is
as follows. Figure 7 shows the stresssyy versusx for an expo-
nentially graded isotropic plate subjected to a uniform displa
ment in they direction with«05D/H. According to Eq.~10!, the
stresssyy is uniform in they-direction and thus the graph of Fig
7 is applicable to the entire range ofy coordinates, i.e., 0<y
<H ~see Fig. 6~a!!. In this case, the solution obtained with grad
Q4 elements matches the exact solution. This is expected bec
the exact displacement field is linear~see Eq.~11! and Fig. 8!,
which is captured by linear isoparametric elements such as
Moreover, because of the linearity of the analytical solution~Eq.
~11!!, a single Q4 element could be used to predict the ex
solution. Figure 7 also shows that the stress obtained with ho
geneous Q4 elements is piecewise constant due to the fact
these elements have a single value for each material prop
which leads to a piecewise constant material property approxi
tion as illustrated by Fig. 1. Therefore such homogeneous
ments predict the actual stress values only at their centroids w

Fig. 6 Isotropic FGM plate with material variation in the
x-direction: „a… geometry, boundary conditions and material
properties; „b… tension load perpendicular to material grada-
tion; „c… bending load; „d… tension load parallel to material gra-
dation. The finite element mesh „9Ã9 quads: either Q4 or Q8 …

is illustrated in parts „b… through „d… with a representative Q4
element at the upper left hand corner

Fig. 7 Stress distribution „syy … using Q4 elements for fixed
grip „«0ÄDÕH… load applied perpendicular to the exponential
material gradation
Transactions of the ASME
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the properties match the material gradation. Moreover, the am
tude of the nodal stress jumps for homogeneous Q4 element
creases with coordinatex in a nearly exponential fashion, as illus
trated by Fig. 7. These observations are consistent with thos
Santare and Lambros~@30#!. Of course, the exact solution is also
recovered with higher-order graded elements, e.g., Q8. The ho
geneous Q8 elements also lead to a piecewise constant n

Fig. 8 Displacements „u x and u y… using Q4 elements for fixed
grip load applied perpendicular to the exponential material gra-
dation in isotropic FGMs

Fig. 9 Stress distribution „syy … using Q4 elements for tension
load applied perpendicular to the exponential material
gradation

Fig. 10 Stress distribution „syy … using Q8 elements for ten-
sion load applied perpendicular to the exponential material
gradation
Journal of Applied Mechanics
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stress profile with the stress at the midnode location along thx
direction matching the exact stress value, which occurs beca
the material properties at the mid-nodes match the actual mat
properties.

Figures 9 and 10 compare nodal stresses interpolated f
stresses at Gauss integration points using graded and hom
neous Q4 and Q8 elements, respectively, which are subjecte
tension loading applied perpendicular to the material gradat
Figures 11 and 12 show such comparison considering linear
terial variation. On the left side of the domain in Figs. 9–12, t
exact solution shows an increasing trend ofsyy with x, while the
homogeneous elements~either Q4 or Q8! give syy as a decreasing
function ofx in each individual element. Notice that this proble
does not occur with the graded elements. In this case, the e
solution for displacements is quadratic~see Eqs.~19! and~33! for
exponential and linear material variations, repectively!, which co-
incides with the order of interpolation for the Q8 element. Mor
over, the material variation for the linear case is captured by
element shape functions. The stress results for the Q8 elem
considering exponential and linear material variations are sho
in Figs. 10 and 12, respectively. As expected, the homogene
Q8 element shows piecewise variation while the graded Q8
ment approaches the analytical solution quite well. The relativ
small differences observed between the analytical and graded
solutions may be attributed to the finite plate length~length/

Fig. 11 Stress distribution „syy … using Q4 elements for ten-
sion loading applied perpendicular to the linear material
gradation

Fig. 12 Stress distribution „syy … using Q8 elements for ten-
sion load applied perpendicular to the linear material gradation
JULY 2002, Vol. 69 Õ 509
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width51 as shown in Fig. 6! utilized in the numerical
calculation—the analytical solution was derived for aninfinitely
long plate of finite width.

A similar comparison is also made for a different loading ca
consisting of bending applied perpendicular to the material gra
tion. Figures 13 and 14 show the behavior of the Q4 and
elements, respectively, for the exponential variation. Figures
and 16 show such comparison for the bending case conside
linear material variation. The stress results for the Q8 elem
considering exponential and linear material variations are sh

Fig. 13 Stress distribution „syy … using Q4 elements for bend-
ing load applied perpendicular to the exponential material
gradation

Fig. 14 Stress distribution „syy … using Q8 elements for bend-
ing load applied perpendicular to the exponential material
gradation

Fig. 15 Stress distribution „syy … using Q4 elements for bend-
ing load applied perpendicular to the linear material gradation
510 Õ Vol. 69, JULY 2002
se
da-
Q8
15
ring
ent
wn

in Figs. 14 and 16, respectively. Similar comments to those m
comparing the Q8~homogeneous versus graded! and analytical
solutions for the tension load case also hold for the present b
ing load case.

The above results lead to the following observations. The va
tion of stress with positionx is larger for linear than with expo-
nential material variations~cf. Figs. 9 and 11, 10 and 12, 13 an
15, and 14 and 16!. In general, the amplitude of stress jump
between Q4 elements is larger than between Q8 elements, e
cially for conventional homogeneous elements~cf. Figs. 9 and 10,

Fig. 16 Stress distribution „syy … using Q8 elements for bend-
ing load applied perpendicular to the linear material gradation

Fig. 17 Stress distribution „sxx … using Q4 elements „9Ã9
mesh … for tension load applied parallel to the exponential or
linear material gradation

Fig. 18 Stress distribution „sxx … using Q8 elements „9Ã9
mesh … for tension load applied parallel to the material gradation
Transactions of the ASME
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11 and 12, 13 and 14, 15 and 16, and 17 and 18!. As expected, the
graded elements show superior performance to homogeneou
ements, i.e., the graded elements provide a better approxim
to the exact solution in every element. Essentially, the gra
elements show good performance in terms of actual~i.e., no av-
eraging! nodal stress (syy) along they50 line and the homoge
neous elements behave well in terms of the averaged n
stresses.

Figures 17 and 18 compare nodal stresses of graded ve
homogeneous Q4 and Q8 elements (939 mesh!, respectively,
which are subjected to tension applied parallel to the mate
gradation~see Fig. 6~d!!. The exact solution issxx51.0. Different
from the observation above, it is interesting to observe in Fig.
that the Q4 graded element shows poor performance when c
pared to Q4 homogeneous elements for both material variat
~i.e., exponential and linear!. Although mesh refinement~for a
fixed material gradient! increases the accuracy of the solution, t
same trend of Fig. 17 is observed for a finer mesh, e.g., 18318.
Figure 17 shows that the Q4 graded elements provide piece
continuous solutions to the nodal stresses (sxx), while the homo-
geneous Q4 elements do recover the exact solution. This is
reverse of the effect seen in the previous load cases. Howev
higher order element such as Q8~either graded or homogeneou!
is able to capture the exact solution in this case, as shown in
18.

A few additional remarks, regarding the behavior of Q4 e
ments observed in Fig. 17, are in order. Both graded and ho
geneous elements lead to the same displacements at all node
the same constant strains for each element. Notice that along
y50 line, the nodal stress range has constant amplitude for
exponential material case, while it has decreasing amplitude
the linear material case~see Fig. 17!. The reason for this behavio
is illustrated by Fig. 19 by investigating the strain distribution f
two mesh discretizations (939 and 18318 meshes!. For instance,
for the exponential material case, the nodal strains decrease e
nentially while the Young’s modulus increase exponentially. Th
the multiplication of these two factors cancel each other to giv
constant stress amplitude at the nodal points, as shown in Fig

5.2 Orthotropic Functionally Graded Plate. Figure 20
shows orthotropic FGM plates, with material variation in the C
tesian directionx, subjected to various loading conditions. Figu
20~a! shows the basic geometry, boundary conditions and mate
property variation. The two principal Young’s moduli and in-pla
shear modulus vary proportionally either with an exponen
function of x as given by Eq.~3! or with a linear function ofx as

Fig. 19 Strain distribution „«xx … using Q4 elements „either 9
Ã9 and 18Ã18… for tension load applied parallel to the material
gradation „either exponential or linear …
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given by Eq.~20!. The independent nonhomogeneity paramet
(b i j and g i j ) are given by Eqs.~4! and ~21! for the exponential
and linear material variations, respectively. The Poisson’s ratio
assumed constant.

For the examples in Fig. 20, the finite element mesh consist
either Q4 or Q8~graded or homogeneous! elements under gener
alized plane stress. The mesh for the geometry of Figs. 20~b! and
20~c! consists of 9318 elements. For the sake of completene
all the properties used in the numerical analyses are given
follows. However, due to space limitations, not all the results a
shown here, but they are reported elsewhere~@36#!. For the fixed
grip case and for tension and bending perpendicular to the m
rial gradation, the following data were used for the finite eleme
analysis:

E11
0 51, E22

0 50.1, G12
0 50.5, n1250.3

in which consistent units are employed. For tension parallel to
material gradation, the following data were used for the fin
element analysis:

E11
0 51, E22

0 50.1, G12
0 50.5, n1250.0.

For the single case of fixed grip loading, only exponential m
terial variation was considered. In this case, theb i j parameters are

b225~ ln8!/95b, b115b/2, b125b/3

so that the range of properties is the following

Fig. 20 Orthotropic FGM plate with material variation in the
x-direction: „a… geometry, boundary conditions and material
properties; „b… tension load perpendicular to material grada-
tion; „c… bending load; „d… tension load parallel to the material
gradation. The finite element mesh „Q4 or Q8 elements … is illus-
trated in parts „b… through „d… with a representative Q4 element
at the upper left hand corner
JULY 2002, Vol. 69 Õ 511



a
g
r

o

h
e
i

o

x

c

f

l
F

ase.
of

ome-
ring
21

se
da-

. As

ity,

ing
s

v-
the
by
ent

oge-

wo
E115@1,2.828#, E225@0.1,0.8#, G125@0.5,1.0#.

For all other loading cases~i.e., tension and bending perpendicul
to the material gradation, and tension parallel to the material
dation!, the b i j parameters, characteristic of exponential mate
variation, are chosen so that the variations ofE11, E22, andG12
are proportional~@16,17#!, i.e.,

b115b225b125~ ln8!/95b, (47)

and theg i j parameters, characteristic of linear material variati
are given by

g1157/95g, g2250.7/9, g1253.5/9

so that the range of properties is the following:

E115@1.0,8.0#, E225@0.1,0.8#, G125@0.5,4.0#.

Regarding the element behavior~homogeneous versus graded!,
several of the observations made for isotropic materials in
previous section also hold for orthotropic materials. Thus rat
than repeating those common observations, this section focus
new observations and insights. Moreover, the analytical solut
of Section 2 show that, for exponential material gradation~Section
2.1!, the relevant stress quantity only depends on the nonhom
neous parameterb22, and the displacements depend on bothb11
andb22. For linear material gradation~Section 2.2!, the relevant
stress depends ong22, and the displacements depend on bothg11
and g22. This information will be helpful to understand the e
amples reported below.

For proportional variation of material properties~see Eq.~47!!,
the change ofux with x is linear ~rather than the nonlinear func
tion of Eq. ~9!!, which is similar to the behavior of the isotropi
plate under the same boundary conditions, i.e., fixed grip~see Fig.
8!. This behavior can be seen by the following limit:

lim
(b222b11)→0

ux5 lim
(b222b11)→0

H 2n12«0

E22
0

E11
0

1

b222b11

3@e(b222b11)21#J
52n12«0

E22
0

E11
0

x. (48)

Figures 21 and 22 compare nodal stresses interpolated
stresses at Gauss points using graded and homogeneous Q
Q8 elements, respectively, which are subjected to tension
applied perpendicular to the exponential material gradation.
ure 23 shows a comparison of the displacements (ux and uy)

Fig. 21 Stress distribution „syy … using Q4 elements for ten-
sion loading applied perpendicular to the exponential material
gradation in orthotropic FGMs „E11

0 Ä1, E22
0 Ä0.1, G12

0 Ä0.5,
n12Ä0.3…
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computed numerically with those obtained by means of Eq.~18!
for all the element types investigated in the present loading c
The curves foruy indicate that the best elements in terms
matching the analytical solution~Eq. ~18!! are Q8 graded, Q8
homogeneous, Q4 graded and Q4 homogeneous, which is s
how expected. Qualitatively, the nodal stress plots conside
linear material variation are somewhat similar to those of Figs.
and 22 and are not given here~@36#!.

A similar comparison is also made for a different loading ca
consisting of bending applied perpendicular to the material gra
tion. Figure 24 shows a comparison of the displacements (ux and
uy) computed numerically with those obtained by Eq.~18! for all
the element types investigated in the present loading case
expected, the Q8 elements capture the analytical solution~Eq.
~18!! for uy better than the Q4 elements. For the sake of brev
the nodal stress plots are not given here~@36#!.

Finally, a few comments regarding the case of tension load
applied parallel to the material gradation in orthotropic FGM
~Fig. 20~d!! are in order. Qualitatively, the counterintuitive beha
ior of homogeneous versus graded Q4 elements is similar to
case involving isotropic nonhomogeneous materials illustrated
Figs. 17 and 18. Thus, for orthotropic case, the Q4 graded elem
also shows poor performance when compared to the Q4 hom
neous elements for both material variations~i.e., exponential or
linear!. The reasons for such behavior are given in the last t

Fig. 22 Stress distribution „syy … using Q8 elements for ten-
sion loading applied perpendicular to the exponential material
gradation in orthotropic FGMs „E11

0 Ä1, E22
0 Ä0.1, G12

0 Ä0.5,
n12Ä0.3…

Fig. 23 Displacements „u x and u y… along yÄ1 using Q4 and
Q8 elements for tension load applied perpendicular to the ex-
ponential material gradation in orthotropic FGMs „E11

0 Ä1,
E22

0 Ä0.1, G12
0 Ä0.5, n12Ä0.3…
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paragraphs of the previous section and will not be repeated h
This is the reverse of the effect seen in the previous load case
graded orthotropic materials where the graded elements show
perior behavior to the corresponding homogeneous eleme
Similarly to the isotropic case, a higher-order element such as
~either graded or homogeneous! with 232 Gauss quadrature i
able to capture the exact solution for this loading case.

5.3 Discussion. This study leads to the following remarks
The isotropic FGM plate~see Fig. 6! has length over width ratio
equal to 1 and the orthotropic FGM plate~see Fig. 20! has ratio 2
~for tension and bending loading cases!. Because the analytica
solution ~Section 2! was derived for an infinitely long plate, th
higher the aspect ratio~within limits! the better the numerica
solution~with respect to the analytical one!. For some load cases
e.g., tension and bending perpendicular to the material grada
the homogeneous elementsgive syy as a decreasing function ofx
in each individual element on the left side of the domain, wh
the exact solution shows an increasing trend ofsyy with x for this
portion of the domain. However, thegraded elementsshow the
same trend as the exact solution in each element~see, for ex-
ample, Figs. 11 and 12!. The stress plots show that the graded Q
element gives a smoother stress profile than the graded Q4
ment ~cf. Figs. 9 and 10!. For each loading case, the numeric
values of the stress components other than the relevant no
stress quantity should approach zero. Thus the remainder of
paragraph focus on the maximum magnitude of these stress v
~obtained numerically! which are theoretically zero. In genera
these stress magnitudes are lower with Q8 than with Q4 eleme
For tension parallel to the material gradation, the numerical va
of the stresssxy and syy are exactly zero for all cases invest
gated. For the fixed grip case, the largest magnitude ofsxy is
O(1022) and occurs for the orthotropic plate with Q4 elemen
The largest magnitude ofsxx andsxy is O(1023) or less for all
other analyses for this loading case. For tension and bending
pendicular to the exponential material gradation, the Q4 elem
leads to spurious shear stresses ofO(100) for the orthotropic plate
and ofO(1021) for the isotropic plate. Smaller magnitudes for th
maximum shear stresses are obtained considering linear ma
gradation. The stresssxx is of O(1022) or less for all the analyse
involving these two loading cases.

6 Concluding Remarks
Graded finite elements, which incorporate the material prop

gradient at the size scale of the element, have been prese
using ageneralized isoparametric formulation. Both linear~Q4!

Fig. 24 Displacements „u x and u y… along yÄ1 using Q4 and
Q8 elements for bending load applied perpendicular to the ex-
ponential material gradation in orthotropic FGMs „E11

0 Ä1,
E22

0 Ä0.1, G12
0 Ä0.5, n12Ä0.3…
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and quadratic~Q8! quadrilateral elements have been investiga
in detail. To address the influence of material property variati
both exponentially and linearly graded elements have been
sidered and compared. Several plates with continuously nonho
geneous isotropic and orthotropic materials were considered u
fixed grip, tension, and bending conditions. The performance
graded elements was compared to that of conventional elem
with respect to analytical solutions.

Higher-order graded elements~e.g., quadratic and higher! are
superior to conventional homogeneous elements based on
same shape functions. One should be careful when using gr
elements with linear shape functions~e.g., Q4! as it may lose
accuracy in certain situations such as uniform traction paralle
the material gradient direction. When using this element, we r
ommend to average the nodal properties of the element, w
would convert it to a regular homogeneous element. Thus
value of material properties at the integration points used to c
pute stresses depend on whether first-order or higher-order
ments are used. This simple procedure leads to a more ro
element. A similar procedure is used in the finite element co
ABAQUS ~@37#! for heat transfer analysis and also in th
WARP3D code~@38#!.
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Influence of Boundary Conditions
on Decay Rates in a Prestrained
Plate1

Decay of end perturbations imposed on a prestrained semi-infinite rectangular pla
investigated in the context of plane-strain incremental finite elasticity. A separatio
variables eigenfunction formulation is used for the perturbed field within the plate.
merical results for the leading decay exponent are given for three hyperelastic mate
with various boundary conditions at the long faces of the plate. The study expo
considerable sensitivity of axial decay rates to boundary data, to initial strain and
constitutive behavior. It is suggested that the results are relevant to the applicabili
Saint-Venant’s principle even though the eigenfunctions are not always self-equilibra
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1 Introduction
Studies of axial decay rates of incremental end disturbance

prestretched plates, are restricted to free boundaries~Durban and
Stronge@1,2#, and Durban and Karp@3#! with an earlier paper by
Abeyaratne, Horgan, and Chung@4#. Here, we consider severa
new cases of boundary conditions~clamped, sliding, inexten-
sional! to enhance earlier work in the context of estimating t
validity of Saint-Venant’s principle. Such boundary data can
viewed as modeling limit moduli ratios in composite multilayer
plates.

The governing equations, extracted from~@3#!, are summarized
in the next section. The mathematical formulation leads to
eigensystem, for the two velocity components, that admits a s
ration of variables solution for the eigenfields. These are brie
discussed in Section 3 with the useful distinction between s
metric and antisymmetric perturbed fields. Axial decay is ex
nential with the decay rates obtained as eigenvalues of trans
dental equations.

Numerical solutions for the lowest~exponential! decay rate—
the leading decay exponentK—are detailed in Section 4. Calcu
lations have been performed for three hyperelastic solids~foam
rubbers! over a range of prestrain~up to an initial stretch of
l52.3! and with different boundary conditions. The latter inclu
free ~FR!, clamped~CL!, sliding ~SL!, and inextensional~IN!
walls. Further results can be deduced for mixed boundary co
tions upon utilizing symmetrical and antisymmetrical propert
of the eigenfields.

The leading decay exponent displays considerable sensitivi
initial stretch, constitutive behavior, and boundary data. Some
the results resemble those for anisotropic and multilayered c
posites in linear elasticity~Choi and Horgan@5,6# and Horgan and
Simmonds@7#!. This follows from the instantaneous anisotrop
induced by initial stretch of the plate. The paper concludes wit
discussion of the relevance of the present study to assessin
validity of Saint-Venant’s principle in the incremental sense. T
eigensystem generate infinite sets of eigenfunctions, each de
ing in the axial direction but producing an eigenperturbation at
edge. It is suggested that though the eigenfields are, in genera

1This work is based in part on a D.Sc. thesis submitted to the Technion.
Contributed by the Applied Mechanics Division in THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Mar. 1
2001; final revision, Sept. 21, 2000. Editor: R. C. Benson. Discussion on the p
should be addressed to the Editor, Prof. Lewis T. Wheeler, Department of Mecha
Engineering, University of Houston, Houston, TX 77204-4792, and will be accep
until four months after final publication of the paper itself in the ASME JOURNAL OF
APPLIED MECHANICS.
Copyright © 2Journal of Applied Mechanics
, in

l

he
be
d

an
pa-
fly
m-
o-

cen-

-

e

di-
es

y to
of
m-

y
h a

the
he
cay-
the
, not

self-equilibrating over the perturbed end, they still provide use
bounds on axial decay rate of incremental end disturbances.

2 Perturbed Field Equations
Consider a semi-infinite plate~Fig. 1! uniformly stretched, un-

der plane-strain conditions, in thez-direction, by an axial stresss
applied at the ends. Assume now that an incremental load is
perposed on the uniform stresss at the endz50, thus inducing a
quasi-static perturbed velocity fieldV within the body. We wish to
examine the~plane-strain! instantaneous response of the pr
strained plate to that incremental end disturbance under var
boundary constraints, applied to the long facesx56h simulta-
neously with the end disturbance. In this setting, the plate is
to contract uniformly in thex-direction during initial stretching
but is constrained at the onset of end loading. That formulat
facilitates an eigenfunction analysis, which provides a simple
sessment of the influence of boundary conditions on axial de
rates of prestrained plates.

The formulation follows an earlier work by the authors~@3#!
where the standard case of free faces along thex56h has been
studied, in the traditional spirit of investigating~@1,2#! the validity
of Saint-Venant’s principle. Accordingly, we shall just recapitula
a few selected results from~@3#! for future use.

The perturbed velocity vector is written as~see Fig. 1 for the
unit triad i, j , k!

V5ui1wk (2.1)

where both velocity components (u,w) depend only onx and z.
The Eulerian strain rate components follow in the form

«x5u,x gxz5
1

2
~u,z1w,x! «z5w,z . (2.2)

Material response is governed by three in-plane relations in
form suggested by Hill@8#, for incremental plane-strain respons

s
¹

x5a«x1c«z t
¹

xz52mgxz s
¹

z5~c2s!«x1b«z , (2.3)

where (sx

¹
,txz

¹
,sz

¹
) are the objective Jaumann stress rates a

(a,b,c,m) denote instantaneous material moduli. Notice th
stress and strain rates can be interpreted also as objective i
ments in stress and strain since no physical time appears in
formulation. The instantaneous moduli in~2.3! are later derived
from hyperelastic strain energy functions and are dependable
the uniform strain level.

4,
aper
nical
ted
002 by ASME JULY 2002, Vol. 69 Õ 515



a
o

that
pha-
hen
nd
t of

of
rbi-

r-

r, is
and
e of

ric
Equilibrium of stress rates requires, in view of~2.3! and ~2.1!,
that the velocities (u,w) satisfy the two equations~@8#!

au,xx1bu,zz1~c1a!w,xz50 (2.4a)

~c1a!u,xz1aw,xx1bw,zz50 (2.4b)

with

a5m2
1

2
s b5m1

1

2
s. (2.5)

The boundary conditions which supplement Eqs.~2.4! are four
different constraints imposed on the velocity vector~2.1! and on
the traction rate vector~Durban and Stronge@9#!

6tx5s
¹

xi1~t
¹

xz2sgxz!k (2.6)

along the facesx56h, respectively. All types of boundary dat
employed in this study can be expressed in terms of velocity c
ponents as detailed by the following classification:

Free boundaries„FR…

tx50⇒s
¹

x50 au,x1cw,z50

⇒ at x56h

t
¹

xz2sgxz50 u,z1w,x50 (2.7)

Clamped boundaries„CL …

V50⇒u50

at x56h

w 50 (2.8)

Fig. 1 Notation for a semi-infinite plate under uniform tension
stress s. Current thickness is 2 h .
516 Õ Vol. 69, JULY 2002
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Sliding boundaries „SL…

V• i50 u50

⇒ at x56h

tx•k50⇒t
¹

xz2sgxz50 u,z1w,x50

(2.9)Inextensional boundaries„IN …

tx50⇒s
¹

x50 au,x1cw,z50

⇒ at x56h

V•k50 w50 (2.10)

Solutions to Eqs.~2.4! along with each boundary data~2.7!–
~2.10! generate eigenfunctions with associated eigenvalues
determine axial decay rates of imposed end disturbances. Em
sis in this study is placed on the influence of boundary data, w
coupled with initial strain of the plate, on the decay rate of e
disturbances. For each boundary data there is an infinite se
eigenfunctions decaying exponentially in thez-direction. Of these,
the most important is the eigenfunction with the lowest rate
axial decay, as it may provide a bound on the decay rate of a
trary incremental end loads.

3 Eigenfunctions and Eigenvalues
Separation of variables solutions of~2.4! are sought via the

representation

u5U~x!expS ipkz

2h D w5W~x!expS ipkz

2h D (3.1)

where U(x) and W(x) are the transverse profiles, to be dete
mined later, of the perturbed velocity field andk stands for the
associated eigenvalue. The notation in~3.1! is slightly different
from the one employed in common studies due to the factorip/2
in the exponential argument. The present formulation, howeve
in agreement with the notation in the literature of wave guides
serves as a basis for a follow-up study on the dynamic respons
the prestrained plate.

Inserting~3.1! in Eqs. ~2.4! results in the two ordinary differ-
ential equations

aU92bS pk

2h D 2

U1~c1a!i S pk

2h DW850 (3.2a)

~c1a!i S pk

2h DU81aW92bS pk

2h D 2

W50 (3.2b)

where the prime denotes differentiation with respect tox. The
solutions of~3.2! can be conveniently separated into symmet
and antisymmetric fields~indicated, respectively, by subscriptss
anda) given by

Us5A1 sinhS G1

pkx

2h D1A2 sinhS G2

pkx

2h D (3.3a)

Ws5A1h1 coshS G1

pkx

2h D1A2h2 coshS G2

pkx

2h D (3.3b)

and

Ua5A3 coshS G1

pkx

2h D1A4 coshS G2

pkx

2h D (3.4a)

Wa5A3h1 sinhS G1

pkx

2h D1A4h2 sinhS G2

pkx

2h D . (3.4b)
Transactions of the ASME
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Here (A1 ,A2 ,A3 ,A4) are integration constants,G1 andG2 are the
roots of the characteristic equation of~3.2!,

aaG42dG21bb50, (3.5)

expressed as

G15Ad2Ad224abab

2aa
G25Ad1Ad224abab

2aa
(3.6)

where

d5ab1ab2~c1a!2 (3.7)

and

hp5
i ~aGp

22b!

Gp~c1a!
p51,2. (3.8)

Compliance with the boundary data~2.7!–~2.10! generates the
transcendental equations for the eigenvaluesk. A straightforward
derivation leads to the following set of equations:

Free boundaries„FR…

tanhS G1

pk

2 D2S Q1

Q2
D 61

tanhS G2

pk

2 D50 (3.9)

where the~1! and ~2! signs correspond to symmetric and an
symmetric modes, respectively, and

Qp5
aGp1 ichp

hpGp1 i
p51,2. (3.10)

Clamped boundaries„CL …

tanhS G1

pk

2 D2S h1

h2
D 61

tanhS G2

pk

2 D50 (3.11)

where again the~1! and ~2! signs correspond to symmetric an
antisymmetric fields, respectively.

Sliding boundaries „SL…
In this case there are two equations for each field, namely

sinhS G1

pk

2 D50 or sinhS G2

pk

2 D50 (3.12a)

for symmetric modes, and

coshS G1

pk

2 D50 or coshS G2

pk

2 D50 (3.12b)

for antisymmetric modes.

Inextensional boundaries„IN …

Eigenvalue equations are here as in the~SL! case apart from the
exchange of symmetric modes with antisymmetric modes. Th

coshS G1

pk

2 D50 or coshS G2

pk

2 D50 (3.13a)

for symmetric modes, and

sinhS G1

pk

2 D50 or sinhS G2

pk

2 D50 (3.13b)

for antisymmetric modes.
The similarity between cases~SL! and ~IN! is expected since

for any symmetric mode the middle planex50 behaves as a
sliding boundary, while for any antisymmetric mode this pla
behaves as an inextensional boundary. In fact, it is a matter of
to show that the solutions of~3.12! are the simple trigonometric
roots
Journal of Applied Mechanics
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d
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k56 i
N

G1

and k56 i
N

G2

(3.14)

where odd integersN51,3,5, . . . correspond to antisymmetric
modes while even integerN52,4,6, . . . correspond to symmetric
modes. The solution of~3.13! is identical with~3.14! but with odd
integers in symmetric modes and even integers for antisymme
modes. Each of the associated eigenfunctions induces an arti
boundary atx50,62h,63h, . . . which is either a sliding~SL!
plane or an inextensional~IN! plane, thus generating a periodicit
which explains the similarity between conditions~SL! and ~IN!.

Each set of the transcendental equations generates infi
eigenvalues—as is apparent for sliding~inextensional! boundaries
from ~3.14!—which determine the decay rates of the associa
eigenfunctions. Attention is focused here on eigenvaluesk with
positive imaginary parts that determine axial decay rates of eig
functions~3.1!.

4 Material Model and Numerical Results
Lowest decay rates have been calculated for hyperelastic s

with the strain energy function~Hill @10#!

W5(
j

Cj

mj
Fl1

mj1l2
mj1l3

mj231
1

n
~J2nmj21!G (4.1)

where (l1 ,l2 ,l3) are the principle stretches,J5l1l2l3 is the
volume ratio, the summation is carried over pairs (Cj ,mj )
which—like n—are known material parameters~notice that pa-
rametersCj have dimensions of 1022 Nmm22). The specific
models considered in this study are the Blatz-Ko~BK! foam rub-
ber ~Blatz and Ko@11#! with the single term representation

~BK! m1522 C15222 n50.5 (4.2)

and two vulcanized foam rubbers due to Stora˚kers @12#: a highly
compressible natural rubber~S1! with

~S1! m152m254.5 C151.85 C2529.20 n50.92
(4.3)

and a nearly incompressible synthetic rubber~S2! with

~S2! m152m253.6 C152.04 C2520.51 n52.5
(4.4)

The instantaneous moduli of the plane-strain constitutive re
tions ~2.3! follows as@3#

a5
lx

lz

]2W

]lx
2

5~n11!(
j

mjCjl
2~nmj 11!/~n11! (4.5a)

b5
lz

lx

]2W

]lz
2

5(
j

Cj@~mj21!l@~n11!mj 21#/~n11!

1~nmj11!l2~nmj 11!/~n11!# (4.5b)

c5
]2W

]lx]lz

5n(
j

mjCjl
2~nmj 11!/~n11! (4.5c)

2m5
lx

21lz
2

lx
22lz

2
~sx2sz!5

l2~2n11!/~n11!11

l2~2n11!/~n11!21
s (4.5d)

where the principal stretches are identified asl15lz5l, l2

5ly51 and l35lx5l2n/(n11), for all materials described by
~4.1!, and sx50, sz5s are the true stress components. T
uniaxial stress-stretch relation, under the plane-strain constrain
given by
JULY 2002, Vol. 69 Õ 517
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s5l21~n11!(
j

Cj~l
mj2l2nmj /~n11!!. (4.6)

The perturbed system~2.4! remains elliptic, for the three mate
rials in ~4.2!–~4.4!, over the range of prestretch considered
this study, see~@3#!. It is therefore permissible to restrict th
space of eigenfunctions~3.1! to diffuse models with continuous
derivatives.

With the known expressions for the instantaneous moduli i
possible to evaluate the eigenvalues for each case of boun
conditions from Eqs.~3.9!, ~3.11!, and~3.14!. The eigenvaluesk
are in general complex numbers which are labeled in increa
order of the~positive! imaginary part, namely

0,Im~k1!,Im~k2!,Im~k3!,¯. (4.7)

It is apparent, by simple inspection of the transcendental eig
value equations that the roots appear on conjugate pairs and
opposite signs (6k). Here, however, we concentrate on eigenv
ues with Im(k).0, especially onk1 in ~4.7!, which has the small-
est imaginary part. That particular eigenvalue provides, via~3.1!,
a bound on the axial decay rate of end disturbances. The imp
tions of the lowest decay rates to the validity of Saint-Venan
principle will be discussed in the next section.

In view of ~4.7! we define the quantities (J,K) by

J1 iK 5
p

2
k1⇔

ip

2
k152K1 iJ (4.8)

where

K5
p

2
Im~k1! J5

p

2
Re~k1! (4.9)

with K denoting the leading axial decay exponent andJ reflecting
the axial oscillatory pattern of decay. Thus, the leading term
eigenfunctions~3.1! will decay as

;e2K~z/h!S cosJ
z

h
1 i sin J

z

hD (4.10)

becoming dominant, among all eigenfunctions, at large dista
from the perturbed edge.

Figure 2 shows the variation of the leading decay rateK with
initial stretchl, for the Blatz-Ko solid~4.2!, with different bound-
ary conditions. Similar results for the vulcanized foam rubb
~4.3!–~4.4! are displayed in Figs. 3 and 4. An available numeri
procedure has been used to solve the eigenvalue equation
both symmetric and antisymmetric modes, and to trace the
eigenvalue among all competing modes. It is apparent from F
2–4 that the leading decay exponentK is highly sensitive to initial
stretch levell and to boundary conditions. Nevertheless, there
a few common characteristic patterns that emerge from the
merical results and deserve further elaboration.

To begin with, at small prestrain (l511D with D!1) the
lowest decay rate, for all materials, is obtained with an antisy
metric mode and free faces, abbreviated as FR~asy!. The
asymptotic behavior of the leading decay exponent is simply~@3#!

K;A3D J50 as D→0 (4.11)

reflecting very low rates of decay near the stress-free state. In
with that particular eigenfunctionk1 remains a purely imaginary
number (J50) with increasing stretch for the vulcanized rubbe
~Figs. 3–4!. For the BK solid it reaches a sharp peak~Fig. 2!
beyond whichk1 becomes a complex number andK decreases
with further stretching. For the vulcanized rubbersK reaches a
smooth maximum, and then decreases with increasing stre
with no associated oscillatory branch (J50), over the range of
stretch considered here.

The first symmetric eigenvalue for free faces~i.e., the one cor-
responding to symmetric fields FR~sym!, with smallest positive
imaginary part! gives much higher rates of decay for all thre
518 Õ Vol. 69, JULY 2002
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materials~Figs. 2–4!. For vanishing initial stretch~l51! we re-
cover the Papkovich-Fadle equation~the limit version of the sym-
metric equation in~3.9! whenl→1!

sin~2K2 i2J!1~2K2 i2J!50 (4.12)

with the leading solution

K52.1061 J51.1254. (4.13)

The value ofK associated with the first symmetric eigenfunctio
for free faces, increases initially with stretch for the BK solid~Fig.
2!, but decreases with stretch for the S1-S2 solids~Figs. 3–4!. For
all materials, however, there exists a definite stretch~whereJ van-
ishes! beyond whichK decreases monotonically withl. For the
BK rubber that branch vanishes at the necking stretch~l52.28!
indicating ~@3#! very low decay near the onset of bifurcation
tension. Notice that the S1-S2 materials do not admit a poin
instability in tension.

Thus, bounds on axial decay of end disturbances for the
case are provided by the first antisymmetric eigenfunction for
vulcanized rubbers and by the envelope formed by both antis
metric and symmetric solutions for the BK rubber. The inters
tion of those branches is at a stretch slightly abovel52 ~Fig. 2!.
The existence of a dominant antisymmetric mode near the st
free state could not be detected from the corresponding lin
elastic equation

sin~2K2 i2J!2~2K2 i2J!50 (4.14)

and has been exposed~@2,3#! only with the full nonlinear analysis.
For clamped boundaries~CL! the leading decay exponent co

responds to the first symmetric eigenfunction, CL~sym!, for all
three materials~Figs. 2–4!, with no imaginary counterpart (J
50). For the first antisymmetric mode, CL~asy!, for the BK ma-
terial K moderately decreases with stretch~Fig. 2! and is accom-
panied by an imaginary part~i.e., JÞ0). For the S1-S2 materials

Fig. 2 Leading decay exponent K for the BK foam rubber, with
different boundary conditions. Symmetric modes are shown
with solid lines and indicated as „sym …. Antisymmetric modes
are shown with broken lines and indicated as „asy ….
Transactions of the ASME
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J vanishes at a definite stretch, characterized by a sharp co
~Figs. 3–4!, beyond whichK decreases sharply withl, and decay
is purely exponential.

The striking similarity between the curves forK in cases
FR~sym! and CL~asy! in Figs. 3–4 for materials S1-S2, and
Figs. 2—up to moderate stretches—for the BK material, is s
ported by a simple analysis for small strains. Taking Eq.~3.11! to
the limit of l51 we arrive at the linear elastic equations

sin~2K2 i2J!7
2n11

2n13
~2K2 i2J!50 (4.15)

where the~2! and ~1! signs correspond to symmetric and an
symmetric fields, respectively. Recalling, however, that the ba
ground, stress free, Poisson ratio of the entire hyperelastic fa
~4.1! is given by

n05
n

2n11
⇒n5

n0

122n0

, (4.16)

we find that~4.15! are exactly the clamped strip eigenvalue equ
tions obtained by Little@13#, for linear elastic materials, with the
coefficients transformation

f 5
2n11

2n13
5

1

324n0

. (4.17)

Now, for the nearly incompressible solid S2 we have thatn525
implying a background Poisson ratio ofn050.4902 with f
50.9651. The antisymmetric branch of~4.15! is then nearly iden-
tical with the symmetric FR branch in~4.12!. That similarity in-
creases withn as illustrated in Figs. 2–4. For the BK materi
with n50.5 (n050.25, f 50.5) we have atl51 that K
52.1752, for S1 withn50.92 (n050.3239, f 50.5868) we find

Fig. 3 Leading decay exponent K for the S1 highly compress-
ible natural rubber, with different boundary conditions. Sym-
metric modes are shown with solid lines and indicated as
„sym …. Antisymmetric modes are shown with broken lines and
indicated as „asy ….
Journal of Applied Mechanics
rner
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i-
ck-

ily

a-

l

the value ofK52.160, and for the S2 solid mentioned above w
find K52.102. These values should be compared withK
52.1061 in~4.13!. A similar likeness exists for the imaginary pa
J of the CL~asy! leading eigenfunction.

By comparison, the first symmetric mode CL~sym! provides the
smallest rates of decay for all three materials, when both walls
clamped, and over the full range of prestretch investigated h
The linear elastic results, obtained from the symmetric branch
~4.15! agree with those in~@13#! with K50.9447 for the BK ma-
terial, K50.845 for the S1 material andK50.2399 for the nearly
incompressible solid S2. Asn increases the asymptotic solutio
for K from ~4.15! reads

K;S 3

2n13D 1/2

(4.18)

indicating vanishingly low decay rates for large values ofn. For
the S2 solid, withn525, we find from~4.18! that K52.2379,
which is less than 1 percent below the exact value. Even fo
relatively low value ofn50.92 for the S1 material we have from
~4.18! the valueK50.7873 which is just about 7 percent belo
the exact results.

For sliding boundaries~SL! we have the closed form expres
sions~3.14! which for the BK material admit the simple form

K2 iJ5
p

2
NA~2R218R21!6~R21!AR2214R11

6R
(4.19)

whereR5l2(8/3). Near the stress free state, withl511D andD
!1, we obtain from~4.19! the asymptotic behavior

Fig. 4 Leading decay exponent K for the S2 nearly incom-
pressible synthetic rubber, with different boundary conditions.
Symmetric modes are shown with solid lines and indicated as
„sym …. Antisymmetric modes are shown with broken lines and
indicated as „asy ….
JULY 2002, Vol. 69 Õ 519
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K1 iJ;
p

2
NS 11 i

4A3

9
D D as D→0. (4.20)

Thus, for sliding boundaries, the lowest rate of decay near
stress free state of a BK solid is dominated by the first antisy
metric function SL~asy! with N51 and K5p/2. That function
dominates also for finite prestrain~Fig. 2!. A similar behavior has
been observed in Fig. 3 for the S1 material, and in Fig. 4 for
S2 material, only that in these casesJ50 for both symmetric and
antisymmetric leading eigenmodes.

Decay rates for inextensional boundaries~IN! are identical with
those of the SL case except for the interchange of symmetric
antisymmetric modes. In symmetric fields we may regard
middle planex50 as a sliding boundary~SL! while in antisym-
metric fields the middle plane behaves as an inextensional bo
ary ~IN!. Hence, with due account for the appropriate wid
((1/2)h) in each half-field, we have the leading decay expone

K IN~sym!5KSL~asy! K IN~asy!5KSL~sym! (4.21)

while for mixed boundary conditions, with one face slipping a
the other inextensional~SLIN!, we find

KSLIN5
1

2
KSL~asy! (4.22)

as the leading decay exponent.

5 Discussion
Initially, for small yet finite strains, all three materials admit th

same order of leading decay rates for the boundary constra
considered here. These may be arranged in ascending magni
of K as

FR~asy!, CL~sym!, SL~asy! and IN~sym!,
(5.1)

FR~sym!, CL~asy!, SL~sym! and IN~asy!.

However, the range of validity of that sequence varies from ab
l,1.5 for the BK material tol,1.3 for the S1 material and
l,1.02 for the S2 material. This variation in range of stret
reflects the coupled influence of compressibility and prestre
near the stress free state.

With increasing stretch, there is a considerable sensitivity of
leading decay exponent to the level of prestrain, apparently du
the instantaneous anisotropy induced by initial stretch. The in
ence of boundary data for the BK material is noticeable also
high prestrain~Fig. 2!. For the S1-S2 materials there is less infl
ence on boundary conditions with increasingl ~Figs. 3–4! with
the six curves grouping together closely around two leading de
exponents.

Values of the leading decay exponent for mixed modes can
deduced from the numerical results obtained here by utilizing
symmetry and antisymmetry of the eigenfunctions. Thus,
FR~asy! mode is also the eigenmode of a strip, having instan
neous thickness (1/2)h, with one boundary free and the othe
inextensional~FRIN!. Hence, with an obvious notation,

KFRIN5
1

2
FFR~asy! (5.2)

which for small strain equals half the value~4.11!. A similar rea-
soning generates the mixed-modes decay exponents
520 Õ Vol. 69, JULY 2002
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KFRSL5
1

2
KFR~sym! , KCLIN5

1

2
KCL~asy! , KCLSL5

1

2
KCL~sym! .

(5.3)

These leading decay exponents are related to the current defo
thicknessh at the instance of applying the end disturbance. T
initial thicknessh0 is given by

h05hln/~n11! (5.4)

for the entire hyperelastic family~4.1!.
The leading decay exponentK is commonly accepted as

bound on the validity of Saint-Venant’s principle when the eige
functions are self-equilibrating over the perturbed endz50. This
happens here in the case of free boundaries and for symm
modes in the case of sliding boundaries. In other cases of bo
ary constraints there is no self-equilibrium of the eigenfunction
the endz50. It may be argued, however, that if an arbitrary se
equilibrating end disturbance can be represented as a combin
of all corresponding eigenfunctions then the leading decay ex
nent does provide a bound on axial decay rate. This issue sh
be resolved in conjunction with proof of completeness of t
eigenfunctions for each boundary condition.

The boundary data examined in this study is ideal in the se
that no material properties are considered beyond the bound
x56h. In reality, multilayered composites~@6#! exhibit decay
rates that depend on the relative moduli ratio of adjacent layer
is conceivable, however, that at limit ratios of moduli in multila
ered composites the leading decay exponent will behave es
tially as exposed in this work.
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Displacement Boundary Value
Problem of Piezoelectric Material
Plane With an Elliptic Hole
In this paper, the displacement boundary value problem of a piezoelectric material p
with an elliptic hole is studied. As the permittivity of the medium in the hole is far
than that of the piezoelectric material, the electric induction of the medium is neglig
An exact solution is obtained. Its application to the inclusion problem has been given
components of the stress tensor are discussed.@DOI: 10.1115/1.1464875#
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Introduction
The mechanical and electric coupling of piezoelectric and

roelectrics materials holds the key for mechatronic devices ex
sively used in electric engineering and information technology
has been 24 years since Cherepanov@1# introduced theJ-integral
into the study of electromagnetic fields. A large amount of
search data from various research groups~e.g.,@2–6#! have been
accumulated on the behavior of piezoelectric and ferroelectric
terials. Yang@7# has given a comprehensive summary of the
lated studies before the year 2001. As an extension of these e
results, the displacement boundary value problem of a piezoe
tric material plane with an elliptic hole is dealt with in this pape
As the permittivity of the medium in the hole is far less than th
of the piezoelectric material, on the surface of the hole, the nor
component of electric displacement should diminish. With
conformal mapping method, this problem is solved. Lastly,
application to the inclusion problem has been given and the c
ponents of the stress tensor are calculated.

Basic Equations
In this section it is assumed that the piezoelectric material

PZT-4 ceramic with material constants that can be found in B
lincourt et al.@8#.

Let’s consider the problem of a transversely isotropic piezoe
tric material under a plane-strain deformation. Sosa@9# has dealt
with it in detail. The result can be easily generalized to the an
tropic piezoelectric material as considered by Stroh@10#, Barnett
and Lothe@11#, and Hao et al.@12#. In the study of Sosa@9# the
mechanical field in such materials can be decoupled into a pl
strain problem and an antiplane shear problem. The constitu
relation for linear piezoelectric materials of this type can be w
ten as

« i5ai j s j1bhiDh , Ef52bf js j1d f hDh (1)

where indicesi and j have a range from 1 to 3, whereas indicef
andh may only vary from 1 to 2. A column notation is anticipate
in ~1! for stress and strain components so thate352e12 and s3
5s12. The transverse isotropy makesa315a1350, a235a3250
andb115b125b2350.

The decoupling from the antiplane case makes it possible
represent all field quantities by three pairs of analytic functio
f k(zk), where zk(x11mkx2 ,k51,2,3) are three complex argu

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, April 2
2001; final revision, December 5, 2001. Editor: H. Gao. Discussion on the p
should be addressed to the Editor, Professor Lewis T. Wheeler, Department o
chanical Engineering, University of Houston, Houston, TX 77204-4792, and wil
accepted until four months after final publication of the paper itself in the AS
JOURNAL OF APPLIED MECHANICS.
Copyright © 2Journal of Applied Mechanics
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ments. Symbolsm1 , m2 , andm3 denote three complex roots o
the characteristic equation~Appendix A! with positive imaginary
parts. The linear combinations of these functions can repre
stresses and electric displacements. According to Sosa@9#, one has

s i52 Re(
k51

3

kik f k9~zk! and D f52 Re(
k51

3

df kf k9~zk! (2)

wherek1k5mk
2, k2k51, k3k52mk , d1k5lkmk , d2k52lk and

lk5@(b211b13)mk
21b22#/(d11mk

21d22).
The components of the displacement vector are expressed

same as given in Sosa@9#.

u152 Re(
k51

3

pkf k8~zk!1v1x21u0 u252 Re(
k51

3

qkf k8~zk!

2v1x11v0 (3)

whereu1 and u2 are the components of displacement,pk equals
a11mk

21a122b21lk , qk equals (a12mk
21a222b22lk)/mk andv1 ,

u0 , v0 are constants.

Boundary Conditions
Piezoelectric material occupies the plane except the area

an elliptic hole. On the surface of the hole, there are

u15 f 1~x1 ,x2! and u25 f 2~x1 ,x2! (4)

where f 1(x1 ,x2) and f 2(x1 ,x2) are known functions.
On the same surface, one also has

Dn50 (5)

whereDn is the normal component of electric displacement.
At infinity

s i5s i
` ; Di5Di

` ;~]u2 /]x12]u1 /]x2!/25v` (6)

where v` is the rotation at infinity. When the displaceme
boundary value problem is studied, the rotation at infinity is n
essary to be considered.

Solution to the Problem
Three complex analytical functions have different arguments

the form ofx11mkx2 . These arguments generally have differe
values at the same physical point except infinity` and points on
Ox1 . In order to solve this question, according to Savin@13#, one
can find some mapping functionsÃk(§). These functions map the
outer region of the elliptic hole to the outer region of the u
circle. For different mapping functionsÃk(§), the point§5eiu

corresponds to the same point on physical plane. At infinity`, the
point §5` also corresponds to the same point on physical pl

,
per
Me-
be
E

002 by ASME JULY 2002, Vol. 69 Õ 521
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~`!. As all the boundary conditions of this problem are defined
these points, one can deal withf k9@Ãk(§)# to replacef k9(zk). This
problem can be solved using the theory of a complex variable

Now, how to choose the mapping functionsÃk(§) is discussed.
A nature choice is the mapping functionsÃk(§) with following
form:

Ãk~z!5~a1 imkb!/2z1~a2 imkb!z/2, k50,1,2,3 (7)

wherem0 equalsi, a, andb are the axes of the ellipse andm1 , m2 ,
m3 are the three roots of the characteristic equation~Appendix A!
with positive imaginary parts.

Then, the boundary conditions have become the boundary
ues of these functionsf k9@Ãk(§)#.

On the surface of the hole~on the circumference of the un
circle!, one has

u152 Re(
k51

3

pkf k8@Ãk~s!#5w1~u! (8)

u252 Re(
k51

3

qkf k8@Ãk~s!#5w2~u! (9)

where the variables equalseiu, the variableu can be found from
s5eiu, andw1(u);w2(u) are the known displacement function

In order to consider the electric displacement, a flow functioc
has been introduced by Sosa@9#. The flow functionc has follow-
ing differential relations:

D15]c/]x2 and D252]c/]x1 . (10)

Therefore, the continuity equation~no charge! ]D1 /]x1
1]D2 /]x250 can be satisfied automatically~Appendix B!. Ap-
plying the flow functionc, the boundary condition~5! can be
simplified. It is known that on the surface of the hole, one h
~Appendix B!

n152]x2 /]s, n25]x1 /]s (11)

wheren1 andn2 are the components of the normal vector ands is
the curve length along the surface of the hole in the counter clo
wise direction.

On the basis of Eqs.~2! and ~11!, Eq. ~5! becomes~Appendix
B!

c52 Re(
k51

3

lkf k8@Ãk~s!#50. (12)

At infinity

2 Re(
k51

3

kik f k9~`!5s i
` ; 2 Re(

a51

3

dakf k9~`!5Di
` ;

(13)

Re(
k51

3

~qk2mkpk! f k9~`!5v`.

When f k9(`)5(Bk1 iCk)1O(1/zk), one has

2 Re(
k51

3

kik~Bk1 iCk!5s i
` ; 2 Re(

a51

3

dak~Bk1 iCk!5Di
` ;

(14)

Re(
k51

3

~qk2mkpk!~Bk1 iCk!5v`.

There are three unknown complex constants (Bk1 iCk) and one
has six real equations. The equations are sufficient to determ
the unknown constants.

Now, the problem can be studied with two steps. First, it
considered that the whole plane is subjected to the homogen
stress tensors i

` , homogeneous electric displacement vectorDi
` ,
522 Õ Vol. 69, JULY 2002
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and homogeneous rotationv`. On the unit circle and at infinity,
they have caused the displacement vector and the flow functioc
as follows:

u152 Re(
k51

3

pk~Bk1 iCk!Ãk~§!,

u252 Re(
k51

3

qk~Bk1 iCk!Ãk~§!, (15)

c52 Re(
k51

3

lk~Bk1 iCk!Ãk~§!

Then, another case is considered, in which at infinity

s i
`5Di

`5v`50, i.e., Bk5Ck50, k51,2,3 (16)

and on the surface of the elliptic hole

u152 Re(
k51

3

pkf k8@Ãk~s!#5w11~u!,

u252 Re(
k51

3

qkf k8@Ãk~s!#5w12~u! (17)

c52 Re(
k51

3

lkf k8@Ãk~s!#5w13~u!

where

w11~u!5w1~u!22 Re(
k51

3

pk~Bk1 iCk!Ãk~s!,

w12~u!5w2~u!22 Re(
k51

3

qk~Bk1 iCk!Ãk~s!,

and

w13~u!522 Re(
k51

3

lk~Bk1 iCk!Ãk~s!.

The functionsw i j (u) are known and discussed in detail in th
numerical example.

On the basis of the equation in Muskhelishvili@14#, one has
~Appendix B!

2 (
k51

3

pkf k8@Ãk~§!#

5 ib12~1/2p i !E
g
$w11~u!~s1§!/@s~s2§!#%ds

2 (
k51

3

qkf k8@Ãk~§!#

5 ib22~1/2p i !E
g
$w12~u!~s1§!/@s~s2§!#%ds (18)

2 (
k51

3

lkf k8@Ãk~§!#

5 ib32~1/2p i !E
g
$w13~u!~s1§!/@s~s2§!#%ds

where g is the circumference of the unit circle in the counte
clockwise direction.

For the boundary conditions,b1 , b2 , and b3 are of no use;
therefore,ib15 ib25 ib350.
Transactions of the ASME
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Considering two useful integrals*g (1/s)(s1§)/@s(s
2§)#ds524p i /§ and *g s(s1§)/@s(s2§)#ds50 for u§u
.1 ~Appendix B!, one obtains

(
k51

3

pkf k8@Ãk~§!#5d1 /§

(
k51

3

qkf k8@Ãk~§!#5d2 /§ (19)

(
k51

3

lkf k8@Ãk~§!#5d3 /§

where

d152~§/4p i !E
g
$w1~u!~s1§!/@s~s2§!#%ds2(

k51

3

$@pk~Bk

1 iCk!~a1 imkb!1 p̄k~Bk2 iCk!~a1 i m̄kb!#/2,

d252~§/4p i !E
g
$w2~u!~s1§!/@s~s2§!#%ds2(

k51

3

$@qk~Bk

1 iCk!~a1 imkb!1q̄k~Bk2 iCk!~a1 i m̄kb!#/2

and

d352(
k51

3

$@lk~Bk1 iCk!~a1 imkb!1l̄k~Bk2 iCk!~a

1 i m̄kb!#/2.

Using the linear algebra manipulations, one can obtain the foll
ing functions:

f 18@Ã1~§!#5$@2q3d1l22d2~l3p22p3l2!1q3p2d3

1q2~l3d12p3d3!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§

f 28@Ã2~§!#5$@2q3p1d32q1~l3d12p3d3!1q3d1l1

1d2~l3p12p3l1!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§ (20)

f 38@Ã3~§!#5$@2d2p1l22q1~d3p22d1l2!1d2p2l1

1q2~d3p12d1l1!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§

Substituting@zk1(zk
22a22mk

2b2)1/2#/(a2 imkb) for § @or zk
for Ãk(§)#, the three functionsf k(zk) have been determined.

Superposing the solutions on top of the homogeneous case
obtains the final results are achieved. The physical quantitie
every point can be found.

Numerical Example
According to Sosa@10#, the material constants are

a1158.205310212, a12523.144310212,

a2257.495310212, a33519.30310212 ~m2N21!

b215216.6231023, b22523.9631023, (21)

b13539.4031023 ~m2C21!

d1157.663107, d2259.823107 ~V2N21!,

These generalized complex variablesmk(zk5x11mkx2) are
Journal of Applied Mechanics
w-

one
of

m151.228i , m250.20311.067i , m3520.20311.067i ,
(22)

Now, a rigid elliptic inclusion is studied. As the permittivity o
the inclusion is far less than that of the piezoelectric material,
electric induction of the inclusion is neglected.

On the surface of the hole, the displacement components a

u152v1x2 , u25v1x1 (23)

wherev1 is the rotation of the inclusion and the rigid displac
ment vector is neglected.

At infinity, one has

s1
`523.013106~N/m2!, s2

`523106, s3
`50,

D1
`50~Cm21!,

D2
`5212.431024, v`50. B15106,

C15B25C25B35C350. (24)

On the basis of the Eq.~23!, consideringx15a cosu, x2
5b sinu, cosu5(s11/s)/2 and sinu5(s21/s)/2i , one has

u15w1~u!52v1b~s21/s!/2i

u25w2~u!5v1a~s11/s!/2. (25)

Substituting them intow11(u), w12(u), andw13(u) in Eq. ~17!, it
is obtained that

w11~u!52v1b~s21/s!2i 22 Re(
k51

3

pk~Bk1Ck!Ãk~s!

w12~u!5v1a~s11/s!/222 Re(
k51

3

qk~Bk1Ck!Ãk~s! (26)

w13~u!522 Re(
k51

3

lk~Bk1Ck!Ãk~s!.

Considering the symmetry of this case, one can deem thatv1
50. Substituting this conclusion and Eq.~26! into Eq. ~19!, one
has

(
k51

3

pkf k8@Ãk~§!#5d1 /§

(
k51

3

qkf k8@Ãk~§!#5d2 /§ (27)

(
k51

3

lkf k8@Ãk~§!#5d3 /§

whered152p1B1a, d252 iq1B1m1b andd352l1B1a.
Using the linear algebra method, one has obtained the follow

functions f k8@Ãk(§)#:

f 18@Ã1~§!#5$@2q3d1l22d2~l3p22p3l2!1q3p2d3

1q2~l3d12p3d3!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§

f 28@Ã2~§!#5$@2q3p1d32q1~l3d12p3d3!1q3d1l1

1d2~l3p12p3l1!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§ (28)

f 38@Ã3~§!#5$@2d2p1l22q1~d3p22d1l2!1d2p2l1

1q2~d3p12d1l1!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§.
JULY 2002, Vol. 69 Õ 523
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Substituting@zk1(zk
22a22mk

2b2)1/2#/(a2 imkb) for § @or zk

for Ãk(§)#, the three functionsf k8(zk) have been determined. Su
perposing the solutions on top of the homogeneous case, one
tains the final results. The physical quantities of every point c
be found.

Now, let a52, b51. The components of the stress tensor a
calculated. On the surface of the hole, the normal stresssr and
the annular stresssu are given in Figs. 1 and 2. The shear stre
tru is too small to be shown.

Concluding Remarks
An exact solution of the displacement boundary value probl

of a piezoelectric material plane with an elliptic hole is given.
application to a rigid inclusion is studied. The components of
stress tensor are calculated. Further study must focus on a m
general method that considers the permittivity of the medium
the hole. It is also necessary to discuss the influence of the l
deformation.
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Fig. 1 The normal stress sr on the surface of the hold
„106 NÕm2

…

Fig. 2 The annular stress su on the surface on the hole
„106 NÕm2

…
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Appendix A

The Characteristic Equation. According to Sosa@10#, the
stress functionU and the flow functionc are introduced so tha
the equations of elastic equilibrium and the continuity equation
electric displacement~no charge! can be satisfied. On the basis o
the constitutive equations, the strains« i and the electric field in-
tensitiesEi can be obtained. Substituting them into the comp
ibility equations of strains and electric field intensity (]E1 /x2
2]E2 /x150), one obtains two linear differential equation
Eliminating the functionc, the linear differential equation of the
function U has been found. AssumingU(x1 ,x2)5U(x11mx2)
and substituting it into the linear differential equation of the fun
tion U, the characteristic equation ofm has been obtained. Tha
has been discussed in detail by Sosa@9#.

Appendix B

The Deduction of Eqs.„12… and „18… and Two Useful Inte-
grals. 1 The deduction of the Eq. (12):The continuity equation
~no charge! is ]D1 /]x11]D2 /]x250. According to Sosa@9#, one
has introduced a functionc so that D15]c/]x2 and D25
2]c/]x1 .

]D1 /]x11]D2 /]x25]2c/]x2]x12]2c/]x1]x250 (A1)

The continuity equation~no charge! ]D1 /]x11]D2 /]x250 is
satisfies automatically. For the curve of the surface of the h
introducing the normal vectorn (n1 ,n2) and the tangent vectors
(s1 ,s2) ~with counterclockwise direction!, one has

n152s252]x2 /]s, n25s15]x1 /]s. (A2)

Substituting~A2! into the equation ofDn , one obtains

Dn5D1n11D2n252D1s21D2s1

52]c/]x2]x2 /]s2]c/]x1]x1 /]s

52dc/ds50.

c5const. (A3)

As the functionc is determined with an arbitrary constant, it ca
be deemed that the functionc equals zero on the surface of th
hole. Now, the expression of the functionc is dealt with. From the
relation between the functionc and the electric displacementD2
(D252]c/]x1) and the complex representation of the elect

displacementD2 @D2522 Re (
k51

3
lkfk9(zk)#, one can find thatc

52 Re (
k51

3
lkfk8(zk),

2 The deduction of the Eq. (18): Considering the formula in
Muskhelishvili @14# ~his formula belongs tou§u,1 but our for-
mula belongs tou§u.1!, one deals with the functionF(§), ana-
lytic outside the unit circle. Therefore, the functionF(§) equals

a1 ib1 (
n51

`
an /§n.

F~`!5a1 ib, F̄~1/§!5a2 ib1(
n51

`

ān§n,

lim
§→0

F̄~1/§!5a2 ib, 1/s5e2 iu5s̄ (A4)

Considering the Cauchy formula forF(§), analytic outside the
unit circle, one has

F~§!52~1/2p i !E
g
@F~s!/~s2§!#ds1a1 ib, u§u.1

(A5)
Transactions of the ASME
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05~1/2p i !E
g
@ F̄~1/s!~s2§!#ds5~1/2p i !E

g
@ F̄~s!/~s

2§!#ds u§u.1 (A6)

whereg is the circumference of the unit circle with countercloc
wise direction.

Minus Eq.~A6!, Eq. ~A5! becomes

F~§!52~1/2p i !E
g
@F~s!1F̄~ s̄ !#/~s2§!ds1a1 ib

52~1/2p i !H 2E
g

ReF~s!/~s2§!ds22p iaJ 1 ib

u§u.1. (A7)

Now, the coefficienta is considered. Foru§u,1, one has

~1/2p i !E
g
@F~s!/~s2§!#ds5a1 ib,

F̄~1/§!5~1/2p i !E
g
@ F̄~1/s!/~s2§!#ds. (A8)

When the variable§ equals zero, one knows

a1 ib5~1/2p i !E
g
@F~s!/s#ds,
Journal of Applied Mechanics
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lim
§→0

F̄~1/§!5~1/2p i !E
g
@ F̄~1/s!/s#ds5a2 ib. (A9)

Therefore, one obtains

~1/2p i !E
g
@F~s!1F̄~ s̄ !#/sds

5~1/2p i !E
g
@F~s!1F̄~1/s!#/sds

5a1 ib1a2 ib52a. (A10)

Multiplying the coefficientp i , the following is obtained:

2p ia5p i ~1/2p i !E
g
@F~s!1F̄~ s̄ !#/sds

5p i ~1/2p i !2E
g

ReF~s!/sds5E
g

ReF~s!/sds.

(A11)

Substituting Eq.~A11! into Eq. ~A7!, one knows
F~§!52~1/2p i !H 2E
g

ReF~s!/~s2§!ds22p iaJ 1 ib

u §.1u52~1/2p i !H 2E
g

ReF~s!/~s2§!ds2E
g

ReF~s!/sdsJ 1 ib (A12)

u§u.152~1/2p i !H E
g

ReF~s!@2/~s2§!21/s#dsJ 1 ib u§u.152~1/2p i !H E
g

ReF~s!@~s1§!/s~s2§!#dsJ 1 ib u§u.1.
Letting ReF(s)5f(u), one obtains

F~§!5 ib2~1/2p i !E
g
$ f ~u!~s1§!/@s~s2§!#%ds, u§u.1.

(A13)

WhenF(s)52 (
k51

3
pkf k8@Ãk(s)# and f (u)5w11(u), one obtains

2(
k51

3

pkf k8@Ãk~§!#

5 ib12~1/2p i !E
g
$w11~u!~s1§!/@s~s2§!#%ds.

(A14)

That is the first part of the Eq.~18!.
3 Two useful integrals: As (s1§)/s(s2§)52/(s2§)21/s,
one has

E
g
~1/s!~s1§!/@s~s2§!#ds

5E
g
~1/s!@2/~s2§!21/s#ds

5E
g
~2/s!/~s2§!ds2E

g
~1/s!/sds

522p i ~2/§!20524p i /§ u§u.1 (A15)

E
g
s~s1§!/@s~s2§!#ds5E

g
s@2/~s2§!21/s#ds

5E
g
2s/~s2§!ds2E

g
ds

502050 u§u.1. (A16)
4 The deduction of the Eq. (19):On the basis of Eq.~A14!, it is
known that
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k51

3

pkf k8@Ãk~§!#

5 ib12~1/2p i !E
g
$w11~u!~s1§!/@s~s2§!#%ds. (A17)

Consideringib150 and w11(u)5w1(u)22 Re(
k51

3
pk (Bk1 iCk)

3Ãk(s), ~A17! becomes

(
k51

3

pkf k8@Ãk~§!#52~1/4p i !E
g
H Fw1~u!22 Re(

k51

3

pk~Bk

1 iCk!Ãk~s!G ~s1§!/@s~s§!#J ds.

(A18)

Now, 2 Re (
k51

3
pk (Bk1 iCk)Ãk(s) is dealt with.

2 Re(
k51

3

pk~Bk1 iCk!Ãk~s!

5(
k51

3

@pk~Bk1 iCk!Ãk~s!1 p̄k~Bk2 iCk!Ã̄k~ s̄ !#

5(
k51

3

$pk~Bk1 iCk!@~a1 imkb!/s1~a2 imkb!s#

1 p̄k~Bk2 iCk!@~a2 i m̄kb!s1~a1 i m̄kb!/s#%/2

5(
k51

3

$@pk~Bk1 iCk!~a1 imkb!

1 p̄k~Bk2 iCk!~a1 i m̄kb!#/2s#1~ . . . !s% (A19)

Considering the two integrals~A15! and ~A16!, the following in-
tegral is

~1/2p i !E
g

Re(
k51

3

pk~Bk1 iCk!Ãk~s!~s1§!/@s~s2§!#ds

5(
k51

3

$@pk~Bk1 iCk!~a1 imkb!1 p̄k~Bk2 iCk!~a1 i m̄kb!#/§.

(A20)

Considering this result, one obtains

(
k51

3

pkf k8@Ãk~§!#

52~1/4p i !E
g
$@w1~u!#~s1§!/@s~s2§!#%ds

2(
k51

3

$@pk~Bk1 iCk!~a1 imkb!

1 p̄k~Bk2 iCk!~a1 i m̄kb!#/2§ (A21)

d152~§/4p i !E
g
$@w1~u!#~s1§!/@s~s2§!#%ds

2(
k51

3

$@pk~Bk1 iCk!~a1 imkb!

1 p̄k~Bk2 iCk!~a1 i m̄kb!#/2 (A22)
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(
k51

3

pkf k8@Ãk~§!#5d1 /§ (A23)

That is the first part of Eq.~19!. Substitutingqk ;r k for pk , one
obtains the whole Eq.~19!.
5 The deduction of the Eq. (20):Using the matrix algebra, one
can rewrite Eq.~19! with the following form:

F p1 p2 p3

q1 q2 q3

l1 l2 l3

G F f 18@Ã1~§!#

f 28@Ã2~§!#

f 38@Ã3~§!#
G5F d1 /§

d2 /§
d3 /§

G .

One can find that

D05detF p1 p2 p3

q1 q2 q3

l1 l2 l3

G , D15detF d1 /§ p2 p3

d2 /§ q2 q3

d3 /§ l2 l3

G ,

D25detF p1 d1 /§ p3

q1 d2 /§ q3

l1 d3 /§ l3

G and D35detF p1 p2 d1 /§

q1 q2 d2 /§

l1 l2 d3 /§
G

f 18@Ã1~§!#5D1 /D05$@2q3d1l22d2~l3p22p3l2!1q3p2d3

1q2~l3d12p3d3!#/@2q3p1l22q1~l3p22p3l2!

1q3p2l11q2~l3p12p3l1!#%/§

f 28@Ã2~§!#5D2 /D0 , f 38@Ã3~§!#5D3 /D0 .
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An Edge Dislocation in a
Three-Phase Composite Cylinder
Model With a Sliding Interface
An exact elastic solution is derived in a decoupled manner for the interaction prob
between an edge dislocation and a three-phase circular inclusion with circumferen
homogeneous sliding interface. In the three-phase composite cylinder model, the
inclusion and the intermediate matrix phase form a circumferentially homogeneous
ing interface, while the matrix and the outer composite phase form a perfect interfac
edge dislocation acts at an arbitrary point in the intermediate matrix. This three-ph
cylinder model can simultaneously take into account the damage taking place in
circumferential direction at the inclusion-matrix interface and the interaction effect
tween the inclusions. As an application, we then investigate a crack interacting wit
slipping interface.@DOI: 10.1115/1.1467090#
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1 Introduction
The three-phase composite constitutive model plays an im

tant role in the micromechanical analysis of composite materi
This three-phase model can be employed to simulate the inte
tion effects between neighboring inclusions~@1,2#! and also the
interphase layer formed between the inclusion and the matrix~@3–
6#!. In addition, the methodology adopted in the three-ph
model can also be extended without added difficulties to analy
multiphase composite system~Ru @7#!. The problem of dislocation
in the three-phase model has also received many investiga
attention since the obtained solution can be used to study c
growth in composites, as well as strengthening and harde
mechanisms in alloyed materials. Luo and Chen@2# presented an
exact solution to the problem of two concentric circles in an u
bounded medium with a dislocation in the intermediate ma
region and no applied loads. In their model, all interfaces
assumed to be perfectly bonded; they found that in compar
with the two-phase model, the so-called trapping mechanism
dislocations is more likely to take place in the three-phase mo
their analysis and calculation showed that in the three-ph
model the orientation of Burgers vector has only limited influen
on the stability of dislocation. Qaissaunee and Santare@3# consid-
ered the problem of an edge dislocation interacting with a thr
phase elliptical inclusion, all interfaces are also assumed to
perfectly bonded in their analysis; their results showed that
presence of the interfacial zone can have a profound effect u
the stress field in the matrix and in the inclusion. Xiao and Ch
@5,6# investigated the interaction between a dislocation an
coated circular inclusion. Their results showed that when the c
ing layer is thick, the elastic property of the inclusion has
significant influence on the force of the dislocation; while wh
the coating layer is thin, the elastic properties of both the inclus
and the coating can affect and change greatly the equilibr
position and the stability of the dislocation.

From another point of view, a study of elastic inclusions w
sliding interfaces is important for modeling certain features
material behavior, such as the grain-boundary sliding in polycr

1Author to whom correspondence should be addressed.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, May 2
2001; final revision, Oct. 15, 2001. Associate Editor: M.-J. Pindera. Discussion
the paper should be addressed to the Editor, Professor Lewis T. Wheeler, Depa
of Mechanical Engineering, University of Houston, Houston, TX 77204-4792,
will be accepted until four months after final publication of the paper itself in
ASME JOURNAL OF APPLIED MECHANICS.
Copyright © 2Journal of Applied Mechanics
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talline materials and the damage taking place in the circumfe
tial direction at the inclusion-matrix interface. We will list som
works on this line of research. Dundurs and Gangadharan@8#
considered the interaction between an edge dislocation and a
cular inclusion with a slipping interface. Mura and his collabor
tors @9–11# investigated the stress fields of ellipsoidal inclusio
with sliding interfaces under various types of eigenstrain or
mote loading. Lee et al.@12# presented an exact elastic solutio
for a circular sliding inclusion embedded in a half-plane in ord
to investigate the joint effect of a traction-free boundary and
interface. Gharpuray et al.@13# investigated an edge crack tha
terminates at a slipping interface with a different material. Ru@14#
presented a general method to obtain the rigorous solution f
circular inclusion embedded within an infinite matrix with a ci
cumferentially inhomogeneous sliding interface in plane elas
statics. By virtue of analytic continuation, the basic bounda
value problem was reduced to a first-order differential equat
for a single analytic function inside the circular inclusion, and t
obtained differential equation was rigorously solved to obtain
finite form solution. Lubarda and Markenscoff@15# presented an
energy study of sliding circular inclusions. They derived simp
relationships between the energies of inclusions with sliding
bonded interfaces. Their results are of interest for the evalua
of average elastic properties of composites with sliding interfac

The limitations of the aforementioned works lie in that som
investigators only considered three-phase inclusion with per
interfaces and ignored the damage taking place on the inclus
matrix interface, while other investigators considered the interf
damage but ignored interaction between neighboring inclusio
The present investigation discusses the interaction problem
tween an edge dislocation and a three-phase circular inclu
with a sliding interface. In the three-phase cylinder model,
inclusion and the matrix form the inner circumferentially hom
geneous sliding interface; while the matrix and the compo
phase form the outer perfect bonding interface. It is of pragm
and theoretical interest to examine the mobility of the dislocat
when different types of interfaces coexist. The analysis dem
strates that all of the unknown coefficients can be determined
decoupled way even though different types of interfaces coex
As a result, mechanical analysis of this kind of composite sys
can be simplified considerably. It shall be addressed that the p
lem studied here could provide a fundamental solution for
dislocation density method for the interaction between an arbitr
crack and a three-phase circular inclusion with a sliding interfa
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on

tment
nd

he
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To demonstrate the importance of the obtained fundamental s
tion for edge dislocation, we then investigate matrix cracking
the three-phase composite system.

2 Formulation and Problem Statement
For plane deformations, the stresses and the correspon

boundary conditions can be expressed in terms of the two w
known Muskhelishvili’s complex potentialsf(z) and c(z) as
~Muskhelishvili @16#!

s rr 1suu52@f8~z!1f8~z!#
(1)

s rr 2 is ru5f8~z!1f8~z!2e2iu@ z̄f9~z!1c8~z!#

i E ~px1 ipy!ds5f~z!1zf8~z!1c~z! (2)

2G~ur1 iuu!5e2 iu@kf~z!2zf8~z!2c~z!# (3)

wherez5x1 iy5reiu is the complex coordinate,G is the in-plane
shear modulus. For the plane deformation of isotropic mater
k5324n wheren is Poisson’s ratio; for the plane deformation
transversely isotropic materials,k5112G12/K12, whereK12 and
G12 are the plane-strain bulk modulus and in-plane shear modu

We now consider the problem as shown in Fig. 1. The circu
region uzu,a is occupied by inclusion phaseS1 whose elastic
properties arek1 andG1 ; the annulus regiona,uzu,b is occu-
pied by the matrix phaseS2 whose elastic properties arek2 and
G2 ; the outer regionuzu.b is occupied by the composite phas
S3 whose elastic properties arek3 andG3 . In the following analy-
sis, we will use the subscripts 1, 2, and 3 to identify the cor
sponding holomorphic functions defined in the regionsS1 , S2 ,
andS3 .

• The inclusion and the matrix phase form a sliding interfa
Ga . The shear stress is proportional to the tangential displacem
discontinuity on the sliding interface, and in addition both t
normal stress and normal displacement are continuous acros
interface, i.e.,

s ru
~1!5s ru

~2!5l@uu
~2!2uu

~1!# s rr
~1!5s rr

~2! ur
~1!5ur

~2! utu5a
(4)

where l is a non-negative constant interface parameter. W
l50, shear stress on the interfaceGa becomes zero and the inte
face is smooth; whenl5`, the interfaceGa becomes a perfec
interface.

The matrix and the composite phase are ideally bonded on
common interfaceGb , i.e., both tractions and displacements a
continuous.

s ru
~2!5s ru

~3! s rr
~2!5s rr

~3! ur
~2!5ur

~3! uu
~2!5uu

~3! uju5b (5)

An edge dislocation with Burgers vectorb̂5b̂x1 i b̂y is located
at an arbitrary pointe5 x̂1 i ŷ in the matrixS2 . In addition, the
three-phase composite system is subjected to remote uni
loadingssxx

` , syy
` , sxy

` .

Fig. 1 An edge dislocation in the three-phase cylinder com-
posite model with a slipping interface
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3 Analysis
In order to treat the boundary conditions on the inner circleGa ,

we introduce the analytical continuation defined by~see England
@17#!

H f1~z!52zf18~a2/z!2c1~a2/z! uzu.a

f2~z!52zf28~a2/z!2c2~a2/z! a2/b,uzu,a
. (6)

Accordingly, we can introduce the following defined analytic
continuation to treat the boundary conditions on the outer cir
Gb

H f2~z!52zf28~b2/z!2c2~b2/z! b,uzu,b2/a

f3~z!52zf38~b2/z!2c3~b2/z! uzu,b
. (7)

3.1 Satisfaction of Boundary Conditions on the Sliding In-
terface Ga. In view of ~6!, the continuity condition of tractions
acrossGa can be expressed as

@f1~t!1f2~t!#15@f1~t!1f2~t!#2 utu5a (8)

where the superscripts ‘‘1’’ and ‘‘ 2’’ denote the inner and the
outer sides of the contour being considered.

It can be found from Eq.~8! that the functionf (z)5f1(z)
1f2(z) is holomorphic in the annulusa2/b,uzu,b, except at
the polesz5e andz5R2/ē. The principal partf 0(z) of f (z) is

f 0~z!5A ln~z2e!2A ln
z2a2/ē

z
1

g1Ā

z2a2/ē
~a2/b,uzu,b!

(9)

where

A5
G2~ b̂x1 i b̂y!

p i ~11k2!
g15

a2~a22ueu2!

ē3 . (10)

Therefore, we can express

f ~z!5f1~z!1f2~z!

5(
n51

1`

~Anzn1A2nz2n!1A ln~z2e!

2A ln
z2a2/ē

z
1

g1Ā

z2a2/ē
~a2/b,uzu,b!, (11)

and the Laurent series whose coefficientsA6n are to be deter-
mined is convergent in the annulusa2/b,uzu,b.

The continuity condition of normal displacement acrossGa can
be expressed as

1

2G1
Re$t21@k1f1

1~t!1f1
2~t!#%

5
1

2G2
Re$t21@k2f2

2~t!1f2
1~t!#% utu5a. (12)

Substituting~11! into the above and eliminatingf2
1(t) and

f2
2(t) will yield

f1
1~t!1

t2

a2 h1f̄1
1~a2/t!1h1f1

2~t!1
t2

a2 f̄1
2~a2/t!

5b1F f ~t!1
t2

a2 f̄ ~a2/t!G utu5a (13)

where the dimensionless parametersh1 andb1 are defined by

h15
k2G11G2

k1G21G1
b15

k2G11G1

k1G21G1
. (14)

Now consider the functionV(z) defined by
Transactions of the ASME



Jou
V~z!5

¦

f1~z!1
z2

a2 h1f̄1~a2/z!1@~12h1!f18~0!1b1Ā/ē#z2b1

3F(
n51

1`

Anzn1(
n51

1`

A2~n22!a
22n12zn1S A2Ā

z2

a2D ln~z2e!2
e2g1Az2

a4~z2e!G uzu,a

2h1f1~z!2
z2

a2 f̄1~a2/z!1@~12h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

A2nz2n1(
n51

1`

An12a2n12z2n2S A2Ā
z2

a2D ln
z2a2/ē

z
1

g1Ā

z2a2/ēG uzu.a.

(15)
c
.

h

pa-

g

It is seen from Eq.~13! thatV(z) is analytic and single-valued
in the whole complex plane including the points at infinity. A
cording to the Liouville’s theorem,V(z) should be a constant
Due to the fact that the constant only represents rigid-body tra
lation ~@16#!, then it can be set zero and the following conditio
can be arrived at

V~z![0. (16)

From the above condition, we obtain the following tw
equations:

f1~z!1
z2

a2 h1f̄1~a2/z!

52@~12h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

Anzn1(
n51

1`

A2~n22!a
22n12zn

1S A2Ā
z2

a2D ln~z2e!2
e2g1Az2

a4~z2e!G uzu,a (17)

z2

a2 f̄1~a2/z!1h1f1~z!

5@~12h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

A2nz2n1(
n51

1`

An12a2n12z2n

1S Ā
z2

a22AD ln
z2a2/ē

z
1

g1Ā

z2a2/ēG uzu.a. (18)

Then the first compatibility condition can be obtained from t
compatibility between~17! and ~18! as follows:
rnal of Applied Mechanics
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ns-
n

o

e

b1 Re$A1%1~h121!Re$f18~0!%5b1 ReH A

eJ . (19)

For convenience, we introduce the following dimensionless
rameterx

x5

laS k1

G1
1

1

G2
D

2
. (20)

The tangential interface condition onGa can be expressed as

Im$f18
1~t!2f18

2~t!%5
la

2G2
Im$t21@k2f2

2~t!1f2
1~t!#%

2
la

2G1
Im$t21@k1f1

1~t!1f1
2~t!#%.

(21)

Substituting ~11! into the above equation and eliminatin
f2

1(t) andf2
2(t) will lead to

1

x
t@f18~t!1f18~a2/t!#12

1

x
t@f18~t!1f18~a2/t!#21f1

1~t!

2
t2

a2 h1f̄1
1~a2/t!1h1f1

2~t!2
t2

a2 f̄1
2~a2/t!

5b1F f ~t!2
t2

a2 f̄ ~a2/t!G utu5a. (22)

In view of the above equation, we introduce the functionP(z)
defined by
P~z!5

¦

f1~z!2
z2

a2 h1f̄1~a2/z!1
1

x
z@f18~z!1f18~a2/z!#2@~11h1!f18~0!1b1Ā/ē#z2b1

3F(
n51

1`

Anzn2(
n51

1`

A2~n22!a
22n12zn1S A1Ā

z2

a2D ln~z2e!1
e2g1Az2

a4~z2e!G uzu,a

2h1f1~z!1
z2

a2 f̄1~a2/z!1
1

x
z@f18~z!1f18~a2/z!#2@~11h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

A2nz2n2(
n51

1`

An12a2n12z2n2S A1Ā
z2

a2D ln
z2a2/ē

z
1

g1Ā

z2a2/ēG uzu.a.

(23)
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We can find thatP(z) is analytic and single-valued in th
whole complex plane including the points at infinity. By Liou
ville’s theorem,P(z) is identically zero. We can then obtain th
following two equations:

f1~z!2
z2

a2 h1f̄1~a2/z!1
1

x
z@f18~z!1f18~a2/z!#

5@~11h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

Anzn2(
n51

1`

A2~n22!a
22n12zn

1S A1Ā
z2

a2D ln~z2e!1
e2g1Az2

a4~z2e!G uzu,a (24)

h1f1~z!2
z2

a2 f̄1~a2/z!2
1

x
z@f18~z!1f18~a2/z!#

52@~11h1!f18~0!1b1Ā/ē#z1b1

3F(
n51

1`

A2nz2n2(
n51

1`

An12a2n12z2n

2S A1Ā
z2

a2D ln
z2a2/ē

z
1

g1Ā

z2a2/ēG uzu.a. (25)

The compatibility between~24! and~25! gives the second com
patibility condition

b1 Im$A1%2~11h1!Im$f18~0!%5b1 ImH A

eJ . (26)

Noting thatA1 in ~19! and ~26! equals2F (1)(0)1A0 in Luo
and Chen@2#, and thatf18(0) equalsF (1)(0) in Luo and Chen@2#,
then it can be easily proved that the two compatibility conditio
~19! and ~26! are equivalent to the result obtained by Luo a
Chen~@2#, Eq. ~14!! for a perfectly bonded interface.

We can get the following first-order partial differential equ
tions for f1(z) from Eqs.~17!, ~18!, ~24!, and~25!

2~xh121!f1~z!1~11h1!zf18~z!

5~h12112xh1!f18~0!z1~n2212xh1!b1

3(
n52

1` S An2A
e2n

n D zn1b1(
n53

1`

~n22!Fa22n12A2~n22!

1
e2n13

a4 g1A1
e2n12

a2~n22!
ĀGzn ~ uzu,a! (27)

22~11x!h1f1~z!1~11h1!zf18~z!

5~h12112xh1!f18~0!z2~n1212x!b1

3(
n51

1` S A2n1A
a2nē2n

n
1g1Āa2~n21!ē2n11D z2n

2b1(
n51

1`

~n12!S An12a2n122
a2n12ē2n22

n12
ĀD z2n

~ uzu.a!. (28)

It can be easily checked that the left-hand side of Eq.~27! is in
agreement with the result derived by Ru@14# when settingf (z)
50 ~homogeneous interface! in Eq. ~4.17! of his paper. In Eqs.
~27! and~28!, we have expanded all of the terms into power ser
to facilitate the ensuing analysis.

From ~27!, we can get the expression forf1(z) in its definition
region uzu,a as follows:
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f1~z!5f18~0!z1b1(
n52

1`
n2212xh1

~n12x!h11n22 S An2A
e2n

n D zn

1b1(
n53

1`
n22

~n12x!h11n22 S a22n12A2~n22!

1
e2n13

a4 g1A1
e2n12

a2~n22!
ĀD zn ~ uzu,a!. (29)

From ~28!, we can similarly get the expression forf1(z) in its
continuation regionuzu.a as follows:

f1~z!52f18~0!z1b1(
n51

1`
n1212x

n1~n1212x!h1
S A2n1A

a2nē2n

n

1g1Āa2~n21!ē2n11D z2n1b1(
n51

1`
n12

n1~n1212x!h1

3S An12a2n122
a2n12ē2n22

n12
ĀD z2n ~ uzu.a!. (30)

Substituting~29! and ~30! into ~11! will result in expressions
for f2(z) as follows:

f2~z!5(
n51

1`

~Anzn1A2nz2n!1A ln~z2e!2A ln
z2a2/ē

z

1
g1Ā

z2a2/ē
2f18~0!z2b1(

n52

1`
n2212xh1

~n12x!h11n22

3S An2A
e2n

n D zn2b1(
n53

1`
n22

~n12x!h11n22

3S a22n12A2~n22!1
e2n13

a4 g1A1
e2n12

a2~n22!
ĀD zn

~a2/b,uzu,a! (31)

f2~z!5(
n51

1`

~Anzn1A2nz2n!1A ln~z2e!2A ln
z2a2/ē

z

1
g1Ā

z2a2/ē
1f18~0!z2b1(

n51

1`
n1212x

n1~n1212x!h1

3S A2n1A
a2nē2n

n
1g1Āa2~n21!ē2n11D z2n

2b1(
n51

1`
n12

n1~n1212x!h1
S An12a2n12

2
a2n12ē2n22

n12
ĀD z2n ~a,uzu,b!. (32)

Up to now, the boundary conditions~4! on the sliding interface
Ga have been completely satisfied.

3.2 Satisfaction of Boundary Conditions on the Perfect In-
terface Gb. The continuity condition of traction across interfac
Gb can be expressed as

@f2~j!1f3~j!#15@f2~j!1f3~j!#2 uju5b. (33)

The following expression can be obtained from the abo
equation:
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g~z!5f2~z!1f3~z!

5(
n51

1`

~Bnzn1B2nz2n!1A ln~z2e!2A ln~z2b2/ē!

1pA ln z1
g2Ā

z2b2/ē
a,uzu,b2/a (34)

where

g25
b2~b22ueu2!

ē3 p5
G3

G2

11k2

11k3
, (35)

and the Laurent series whose coefficientsB6n are to be deter-
mined is convergent in the annulus regiona,uzu,b2/a.

The continuity condition of displacements acrossGb can be
expressed as
e

h

o

Journal of Applied Mechanics
1

2G2
@k2f2

1~j!1f2
2~j!#5

1

2G3
@k3f3

2~j!1f3
1~j!# uju5b.

(36)

Substituting~34! into the above and eliminatingf2
1(j) and

f2
2(j) will yield

f3
1~j!1h2f3

2~j!5b2g~j! uju5b (37)

where the two dimensionless parametersh2 andb2 are defined by

h25
k3G21G3

k2G31G2
b25

k2G31G3

k2G31G2
. (38)

Consider the functionD(z) defined by
D~z!55 f3~z!2b2F(
n51

1`

Bnzn2A ln~z2b2/ē!1
g2Ā

z2b2/ēG2pA ln z1h2Pz1
P̄8b2

z
uzu,b

2h2f3~z!1b2F(
n51

1`

B2nz2n1A ln
z2e

z G1h2pA ln z1h2Pz1
P̄8b2

z
uzu.b

(39)
e

st

s
ue.
where

P5
1

4
~sxx

` 1syy
` !, P85

1

2
~syy

` 2sxx
` !1 isxy

` . (40)

It is apparent thatD(z) is analytic and single-valued in th
whole complex plane including the points at infinity. By Liou
ville’s theorem,D(z) is identically zero, i.e.,

D~z![0. (41)

Hence we can obtain the following two expressions forf3(z):

f3~z!5b2F(
n51

1`

Bnzn2A ln~z2b2/ē!1
g2Ā

z2b2/ēG1pA ln z

2h2Pz2
P̄8b2

z
uzu,b (42)

f3~z!5
b2

h2
F(

n51

1`

B2nz2n1A ln
z2e

z G1pA ln z1Pz

1
P̄8b2

h2z
uzu.b. (43)

We have checked carefully our results with those obtained
Luo and Chen~2, Eq.~19!! and found a discrepancy between t
two in the singular behavior off3(z) at z50. It can be proved
that their result can not guarantee the dislocation condition al
the circle when traversed counterclockwise a full circuit. Furth
more, our result is in agreement with that derived by Honein a
Herrmann@18#.

Remark. It can be deduced from Eq.~19!, in @2# that

c3~z!5
iG2~ b̂x2 i b̂y!

p~11k2!
ln z10~1! when z→`, (44)

while according to the definition for an edge dislocation with Bu
gers vectorb̂x1 i b̂y , the following asymptotic behavior forc3(z)
shall establish~@18#!
-

by
e

ng
er-
nd

r-

c3~z!5
iG3~ b̂x2 i b̂y!

p~11k3!
ln z10~1! when z→`. (45)

Apparently, Eq.~44! is not in agreement with~45!, while our
results~42! and ~43! are in accordance with~45!.

Substituting the above two expressions~42! and ~43! into ~34!
will result in the following expressions forf2(z):

f2~z!5~12b2!F(
n51

1`

Bnzn2A ln~z2b2/ē!1
g2Ā

z2b2/ēG
1(

n51

1`

B2nz2n1A ln~z2e!1h2Pz1
P̄8b2

z

a,uzu,b (46)

f2~z!5(
n51

1`

Bnzn2A ln~z2b2/ē!1
g2Ā

z2b2/ē
1S 12

b2

h2
D

3F(
n51

1`

B2nz2n1A ln
z2e

z G1A ln z2Pz2
P̄8b2

h2z

b,uzu,b2/a. (47)

The boundary conditions~5! on the perfect interfaceGb have
been completely satisfied in this subsection.

3.3 Determination of the Unknown Coefficients in the
Laurent Series. In order to simultaneously satisfy all of th
boundary conditions on interfacesGa andGb , the two expressions
for f2(z) andc2(z) obtained in the above two subsections mu
be compatible to each other~see Luo and Chen@2#, England@17#,
Worden and Keer@19#, and Chao and Tan@20#!. Physically, the
compatibility conditions forf2(z) andc2(z) mean that the stres
field and displacement field in the intermediate matrix are uniq

The compatibility condition forf2(z) in the annulusa,uzu
,b will result in
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(
n51

1`

Anzn1f18~0!z5~12b2!F(
n51

1`

Bnzn2A ln~z2b2/ē!1
g2Ā

z2b2/ēG1h2Pz (48)

(
n51

1`

B2nz2n1
P̄8b2

z
5(

n51

1`

A2nz2n2A ln
z2a2/ē

z
1

g1Ā

z2a2/ē
2b1(

n51

1`
n1212x

n1~n1212x!h1
S A2n1A

a2nē2n

n
1g1Āa2~n21!ē2n11D z2n

2b1(
n51

1`
n12

n1~n1212x!h1
S An12a2n122

a2n12ē2n22

n12
ĀD z2n. (49)

The compatibility condition forc2(z) in a,uzu,b will result in the identity

f̄2~a2/z!2f̄2~b2/z!1
a22b2

z
f28~z!50 a,uzu,b. (50)

The above identity is equivalent to the compatibility condition obtained by Worden and Keer@19#. Substituting~31! and~47! into the
above equation and also applying~48! and ~49! will result in the following equation:

(
n51

1`

~a2nAnz2n1a22nA2nzn!1Ā ln
z2a2/ē

z
2b1(

n52

1`
~n2212xh1!a2n

nh11n2212x S An2Ā
ē2n

n D z2n2f18~0!a2z21

2b1(
n53

1`
~n22!a2n

nh11n2212x Fa22n12A2~n22!1
ē2n13

a4 g1Ā1
ē2n12

a2~n22!
AGz2n

2(
n51

1`

b2nBnz2n1S b2

h2
21D F(

n51

1`

b22nB2nzn1Ā ln~z2b2/ē!G1Pb2z211
P8

h2
z1~a22b2!

3Ff18~0!z211 (
n521

1`

~n12!An12zn2(
n53

1`

~n22!B2~n22!z
2n2Ae21z212P̄8b2z23G50 a,uzu,b. (51)

The above Eq.~51! can be decomposed into the following two equations:

(
n51

1`

a22nA2nzn1S b2

h2
21D F(

n51

1`

b22nB2nzn1Ā ln~z2b2/ē!G1
P8

h2
z1~b22a2!(

n51

1`

~n12!An12zn50 (52)

(
n51

1`

a2nAnz2n1Ā ln
z2a2/ē

z
2f18~0!b2z212b1(

n52

1`
~n2212xh1!a2n

nh11n2212x S An2Ā
ē2n

n D z2n

2b1(
n53

1`
~n22!a2n

nh11n2212x Fa22n12A2~n22!1
ē2n13

a4 g1Ā1
ē2n12

a2~n22!
AGz2n1Pb2z21

2(
n51

1`

b2nBnz2n1~a22b2!FA1z212(
n53

1`

~n22!B2~n22!z
2n2Ae21z212P̄8b2z23G50. (53)

Expanding all of the terms in Eqs.~48!, ~49!, ~52!, and~53! and equating the same power ofz will result in the following set of linear
algebraic equations:

H A11~b221!B11f18~0!5~12b2!S ē

b2 A2
ē2

b4 g2ĀD1h2P

rA12B12f18~0!1~r21!A15
r

e
A1

r21

ē
Ā2P

(54)

H A21~b221!B25~12b2!S ē2

2b4 A2
ē3

b6 g2ĀD
A22r22B22

xb1

~11x!
A25

A

2e22
xb1

~11x!

Ā

2e2

(55)

An1~b221!Bn5~12b2!S ēn

nb2n A2
ēn11

b2n12 g2ĀD , (56a)

nb1a2n22An2@n221~n12x!~h12b1!#A2~n22!1@n221~n12x!h1#B2~n22!

5@n221~n12x!~h12b1!#F a2n24

~n22!ēn22 A1
a2n26

ēn23 g1ĀG1b1

a2n22

ēn Ā2@11~112x!h1#P̄8b2dn3 , (56b)

~b22a2!nAn1a22n14A2~n22!1S b2

h2
21Db22n14B2~n22!5S b2

h2
21D ēn22

~n22!b2n24 Ā2
P8

h2
dn3 , (56c)
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F12
b1~n2212xh1!

~n12x!h11n22Ga2nAn2
~n22!b1a2

~n12x!h11n22
A2~n22!2b2nBn1~b22a2!~n22!B2~n22!

5
~n22!b1a2n

~n12x!h11n22 F ē2n13

a4 g1Ā1
ē2n12

a2~n22!
AG1F12

b1~n2212xh1!

~n12x!h11n22G a2n

nēn Ā1~a22b2!P̄8b2dn3 for n53,4,5, . . . ,1`

(56d)
where d i j is the Kronecker delta andr5(a/b)2 is the volume
concentration of the inclusion.

Associating Eqs.~54!, ~55!, ~56!, ~19!, and~26!, then all of the
unknownsf18* (0)5af18(0), A6n* 5A6na6n and B6n* 5B6na6n

can be uniquely determined in the following decoupled way:

S A1*

B1*

f18* ~0!
D 5K1

21 Re$V11U1%1 iT1
21 Im$V1% (57)

S A2*

B2*
D5K2

21 Re$V2%1 iT2
21 Im$V2% (58)

S An*

A2~n22!
*

Bn*

B2~n22!
*

D 5Kn
21 Re$Vn1U3dn3%1 iTn

21 Im$Vn

1U3dn3% ~n53,4,5, . . . ,1`! (59)
Journal of Applied Mechanics
where

K15S 1 b221 1

2r21 21 21

b1 0 h121
D ,

T15S 1 b221 21

1 21 21

b1 0 2h121
D

K25S 1 b221

12
xb1

11x
2r22D , T25S 1 b221

11
xb1

11x
2r22D
Kn5S 1 0 ~b221! 0

nb1 2@n221~n12x!~h12b1!# 0 @n221~n12x!h1#

~r2121!n 1 0 S b2

h2
21D rn22

F12
b1~n2212xh1!

~n12x!h11n22G 2
~n22!b1

~n12x!h11n22
2r2n ~r2121!~n22!

D
Tn5S 1 0 ~b221! 0

2nb1 2@n221~n12x!~h12b1!# 0 @n221~n12x!h1#

~r2121!n 21 0 S 12
b2

h2
D rn22

F b1~n2212xh1!

~n12x!h11n22
21G 2

~n22!b1

~n12x!h11n22
r2n ~r2121!~n22!

D
V15S ~12b2!b̄r

b21r
b1b21

D A1S ~b221!~ b̄212br!

~r21!b̄21

0
D Ā, (60)

V25S 0.5~12b2!b̄2r2

0.5b22 DA1S ~b221!r~12rbb̄!

20.5b22
xb1

11x
D Ā,

Vn5S ~12b2!
b̄nrn

n
@n221~n12x!~h12b1!#

~n22!b̄n22

0
b1

~n221nh112xh1!b̄n22

D A1S ~b221!b̄n22rn~r2bb̄!

@n221~n12x!~h12b1!#
12bb̄

b̄n 1b1

1

b̄n

S b2

h2
21D b̄n22rn22

n22

~n22!b1~12bb̄!

~n221nh112xh1!b̄n 1F12
b1~n2212xh1!

~n12x!h11n22G 1

nb̄n

D Ā
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21
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G , U352aF 0

@11~112x!h1#r21P̄8
1

h2
P8

~r222r21!P̄8

G ,

b5
e

a
.

We can observe from the above that the three unknownsA1 ,
B1 , andf8~0! are independent of the interface parameterx, while
all the other unknown coefficients in the Laurent series will d
pend on the interface parameterx. It can be seen that the structu
of the resulting linear algebraic equations obtained previousl
simpler than that obtained by Luo and Chen@2# even the more
complicated sliding interface is considered in our discussion
suffices to solve independently a set of linear Eqs.~58! of second
order, a set of linear Eqs.~57! of third order, and sets of linea
Eqs.~59! of fourth order to uniquely determine all of the unknow
coefficients in the Laurent series. The problem of an edge di
cation interacting with arbitrary number of concentric circular
clusions with sliding interfaces can also be solved through ap
ing the decoupling relationship. In addition, the advantage of
methodology will become more apparent when the number of
interphase layers is increased. Here we point out that Ru@7# also
observed a similar decoupling relationship when solving a circu
inhomogeneity with stepwise graded interphase under thermo
chanical loadings. Since the fact that he only considered rem
uniform loadings, then it is only needed to treat a 232 real matrix
and a 434 real matrix to obtain stress distribution within th
circular inclusion. It is just due to the existence of this decoupl
relationship in the concentric circular inclusion that the no
methodology, whose main feature is the transfer matrix meth
proposed by Ru@7# can be utilized. If the circumferentially inho
mogeneous sliding interface model~Ru @14#! is adopted, the de-
coupling strategy will become invalid due to the fact that t
power series method will lead to a coupled infinite system
algebraic equations for the unknown coefficients.

3.4 Explicit Expressions for Muskhelishvili’s Potentials
f i„z… and c i„z…. Up to now, all of the coefficients have bee
uniquely determined. Then explicit expressions for the holom
phic functions can be expressed as

f1~z!5f18~0!z1b1(
n52

1`
n2212xh1

~n12x!h11n22 S An2A
e2n

n D zn

1b1(
n53

1`
n22

~n12x!h11n22 S a22n12A2~n22!

1
e2n13

a4 g1A1
e2n12

a2~n22!
ĀD zn zPS1 (61a)

c1~z!52b1(
n51

1`
~n12!~n1112xh1!a2

~n1212x!h11n S An122A
e2n22

n12 D zn

2b1(
n51

1`
~n11!~n12!12x

~n1212x!h11n S a22nA2n1
e2n11

a2 g1A

1
e2n

n
ĀD zn zPS1 (61b)
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f2~z!5(
n51

1`

B2nz2n1~12b2!F(
n51

1`

Bnzn2A ln~z2b2/ē!

1
g2Ā

z2b2/ēG1h2Pz1
P̄8b2

z
1A ln~z2e! zPS2

(62a)

c2~z!5b2(
n51

1`

nB2nz2n221~b221!b2

3F(
n51

1`

nBnzn222
A

z~z2b2/ē!
2

g2Ā

z~z2b2/ē!2G
2(

n51

1`

b2nBnz2n1S b2

h2
21D

3F(
n51

1`

b22nB2nzn1Ā ln~z2b2/e!G1Ā ln~z2e!

2
ēA

z2e
1@~12h2!P1Ae21#b2z211P̄8b4z23

1
P8

h2
z zPS2 (62b)

f3~z!5
b2

h2
F(

n51

1`

B2nz2n1A ln
z2e

z G1pA ln z

1Pz1
P̄8b2

h2z
zPS3 (63a)

c3~z!5
b2

h2
b2F(

n51

1`

nB2nz2n222
eA

z2~z2e!G
1b2F2(

n51

1`

b2nBnz2n1Ā ln
z2e

z
1

g2Ae2

b2~z2e!G
1~h221!Pb2z212pAb2z221

P̄8b4

h2
z231P8z

1pĀ ln z zPS3 . (63b)

The stress field can be obtained by substituting the above t
pairs of complex potentials into~1!. Or, equivalently,

sxx
~k!5Re$2fk8~z!2 z̄fk9~z!2ck8~z!%

syy
~k!5Re$2fk8~z!1 z̄fk9~z!1ck8~z!% with k51,2,3 (64)

sxy
~k!5Im$z̄fk9~z!1ck8~z!%.

The Peach-Koehler force, which is a measure of the force
ing on the dislocation due to its interaction with the inclusion, c
also be derived in terms of the above obtained complex poten
following the method adopted by Luo and Chen@2#, Qaissaunee
and Santare@3#. It is of interest to point out that when the three
phase composite system is only subjected to remote uniform lo
ings, then stress fields within the circular inclusionS1 are coinci-
dent with the expressions for the stress fields derived with a sin
sharp interface described by an imperfect interface model~see Ru
@14#!, and are also coincident with the expressions for the str
fields for a circular inhomogeneity with an arbitraryN-layered
perfectly bonded interphase~see Ru@7#!.

4 Application
In this section, we assume that a crack lies on the real axi

the interval@ t1 ,t2# as shown in Fig. 2. In addition we assume th
Transactions of the ASME
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the remote principal stresses are parallel to the two coordi
axes, then it suffices to only consider mode I crack. The resul
singular integral equations for unknown dislocation densityf (t)
are

E
t1

t2 f ~ t !

t2x
dt1E

t1

t2
K~ t,x! f ~ t !dt5

k211

2G2
pp~x! t1,x,t2

(65)

and the single-valuedness condition

E
t1

t2
f ~ t !dt50. (66)

For brevity, we omit the detailed expressions forK(t,x) and
p(x) in Eq. ~65!. The above singular integral equations are n
merically solved based on Gaussian-Chebyshev integration
mulas~Erdogan and Gupta,@21#!. Figure 3 illustrates the variation
of normalized stress intensity factor~SIF! k1* 5k1 /(syyAs),
wheres is the half-length of the cracks5(t22t1)/2, at t1 versus
G3 /G2 and imperfect parameterx with G1520G2 , n15n25n3

Fig. 2 A matrix crack in the three-phase cylinder composite
model
Journal of Applied Mechanics
ate
ing

u-
for-

50.3, a/b51/8, t153.5a, t254.5a under uniaxial tensionsyy
` .

Figure 4 shows the variation ofk1* (t1) versusb/a and x with
G1520G2 , G3510G2 , n15n25n350.3, t153.5a, t254.5a un-
der uniaxial tensionsyy

` . Figure 5 demonstrates the variation
k1* (t1) versussxx

` /syy
` and x with G1520G2 , G3510G2 , n1

5n25n350.3, a/b51/8, t153.5a, t254.5a under biaxial ten-
sionsxx

` ,syy
` . For comparison, the results calculated based on

two-phase model with a perfect interface~Erdogan et al.@22#! are
also depicted in Fig. 3. A comparison of Fig. 3 with Fig. 3 in Lu
and Chen@23# reveals that whenx→` ~i.e., perfect interface! our
numerical results are in accordance with those obtained by
and Chen@23#. Similarly, a comparison of Fig. 4 with Fig. 4 in
Luo and Chen@23# reveals that whenx→` our numerical results
are also in agreement with those obtained by Luo and Chen@23#.
Then the analytical solution derived in this paper is verified fro
one aspect. From Figs. 3 to 5, we can readily draw a conclus
that the degree of imperfection has a significant influence on
stress intensity factor. It can also be found from Fig. 4 that the
is more sensitive tob/a whenx is decreased. It can be observe
from Fig. 5 that there appears to be a linear relationship betw
SIF and ratiosxx

` /syy
` for a fixedx; in addition, we find an inter-

esting phenomenon thatsxx
` will exert no influence on SIF when

x513.1. Figure 6 illustrates the variations ofk1* (t1) versus crack
location t1 and x with G1520G2 , G3510G2 , n15n25n3

50.3, a/b51/8, t25a1t1 under uniaxial tensionsyy
` . We find

that the introduction of the sliding interface will increase the p
tential for the crack to extend when the crack is far away from
two interfacesGa andGb ; the introduction of the sliding interface
will retard the crack growth when the crack approaches one of
two circles. We illustrate in Fig. 7 the variations of vertical ope
ing displacementDuyG2 /(asyy

` ) versusx with G1520G2 , G3
510G2 , n15n25n350.3, a/b51/8, t152.5a, t255.5a under
uniaxial tensionsyy

` . We find thatDuy at the points on the left
portion of the crack will decline with the increment of the degr
of damage in the tangential direction on the interfaceGa ; while
Duy at the points on the right portion of the crack will grow wit
the increment of the degree of damage in the tangential direc
on the interfaceGa .
Fig. 3 Effects of G3 ÕG2 and x on stress intensity factor
JULY 2002, Vol. 69 Õ 535
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Fig. 4 Effects of b Õa and x on stress intensity factor

Fig. 5 Effects of sxx
` Õsyy

` and x on stress intensity factor
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Fig. 6 Effects of t 1 Õa and x on stress intensity factor

Fig. 7 Effects of x on vertical opening displacement Du yG2 Õ„asyy
`
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5 Conclusion
The present research analytically investigates the interac

problem between an edge dislocation and a three-phase cyl
model with a sliding interface. In the three-phase model, the d
age on the inclusion-matrix interface and interaction between
clusions can be simultaneously taken into account. Since the d
age on the inclusion-matrix interface is assumed to be unifo
then the conventional power series method is still effective; si
the three-phase composite system is considered, then only
Mechanics
tion
nder
m-
in-
am-
rm,
ce
the

power series method is appropriate to treat the problem. All of
coefficients in the Laurent series can be determined in a decou
manner. This decoupling strategy will make one successf
solve the interaction problem between an edge dislocation
arbitrary number of concentric circular inclusions with sliding
perfect interfaces in an unbounded medium. In addition, the pr
lem of a dislocation in the interfacial zone of the three-pha
elliptical inclusion, which was not solved successfully by Qa
saunee and Santare@3#, can also be solved by a similar approa
JULY 2002, Vol. 69 Õ 537
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adopted in the present study. Based on the analytical solu
derived in the present paper, we then investigate a crack in
matrix interacting with the sliding circular inclusion, which is a
important mode of failure in composite materials, to illustrate
influence of the imperfect interface on the stress intensity fac
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A Cracked Piezoelectric Material
Strip Under Transient Thermal
Loading
Considered in this paper is a piezoelectric material strip containing an embedded c
or an edge crack perpendicular to its boundaries. The problem is solved for a strip th
suddenly heated or cooled from the top surface. The bottom surface is assumed to b
temperature or thermally insulated. First the transient temperature and the stress d
butions in an uncracked strip are calculated. Then, these stresses are used as the
surface traction with opposite sign to formulate the mixed boundary value problem.
leads to a singular integral equation of Cauchy-type, which is then solved numeric
The numerically results for stress intensity factor are computed as a function o
normalized time and the crack size. The temperature and the thermal stress distrib
for the uncracked problem are also included.@DOI: 10.1115/1.1429935#
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1 Introduction
Recently, piezoelectric materials and structures have rece

considerable attention due to the potential for designing adap
structures that are both light in weight and possess adaptive
trol capabilities. Because of their brittleness, piezoelectric mat
als have a tendency to develop critical cracks during the manu
turing and poling process.

The problem of a strip with a crack perpendicular to its edg
under thermal stress has been studied by many authors. In@1#, an
elastic strip with an embedded and edge crack under trans
thermal stresses was investigated. The cracking in a plate of fi
thickness due to sudden thermal transient stresses was consi
for an edge crack~@2#!. A cracked thin layer bonded to a ver
thick substrate under ‘‘thermal shock’’ conditions has been c
sidered in@3#. In @4# an unconstrained elastic layer under statica
self-equilibrium thermal or residual stresses is studied. Discus
in @5# is the thermal stress problem of a functionally graded pl
as one of the advanced high-temperature materials capab
withstanding the extreme temperature environments, with
without an edge crack.

The mechanical, electrical, and thermal fields are coupled
most of the physical problems. Thermal effects could be impor
when piezoelectric materials have to undergo high or low te
perature gradients. Accordingly, the analysis of the fracture p
cess of piezoelectric materials could provide information to i
prove the design of piezoelectric devices operated in ther
environments. Isothermal behaviors of piezoelectric mater
with cracks have attracted many research activities in recent y
~@6–13#!. Due to mathematical difficulties, thermal effects ha
not received high concern. The problem of a two-dimensio
piezoelectric material with an elliptic cavity under a uniform he
flow was discussed in@14#. The limit situation was that the hole
was reduced to a slit crack. In what follows, we are interested
solving the problem of a piezoelectric material strip under tr
sient thermal stresses. The strip contains an internal crack o
edge crack perpendicular to its surface. The superposition t
nique is used to solve the governing equations. Once the temp

1Corresponding author.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Oct. 1
2000; final revision, July 13, 2001. Associate Editor: H. Gao. Discussion on the p
should be addressed to the Editor, Professor Lewis T. Wheeler, Department o
chanical Engineering, University of Houston, Houston, TX 77204-4792, and wil
accepted until four months after final publication of the paper itself in the AS
JOURNAL OF APPLIED MECHANICS.
Copyright © 2Journal of Applied Mechanics
ved
tive
on-

eri-
fac-

es

ient
nite
ered

n-
lly
sed
te

e of
nd

in
ant
m-
ro-
-
al

als
ears
e
al

at

in
n-
r an
ch-
era-

ture distribution is obtained, the thermal stresses of the uncrac
problem are evaluated. The perturbation problem is formulated
using the thermal stresses from the uncracked problem with
opposite sign as the crack surface traction. The problem is redu
to a singular integral equation of Cauchy-type, which is solv
numerically. The results are obtained for various parameters o
problem.

2 Temperature Distribution
The problem under consideration is a linear piezoelectroela

medium containing a crack normal to the surfaces of the strip
shown in Fig. 1. The crack problem may be solved by superp
tion. That is, one may first solve the thermal stress problem in
absence of any cracks and then solve the isothermal crack p
lem by using the equal and opposite of the thermal stresses a
crack surface traction. In the problem considered, the heat c
duction is one-dimensional, a straight crack does not obstruct
heat flow in this arrangement, determination of the tempera
distribution and the resulting thermal stresses would be q
straightforward and the related crack problem would be one
mode I.

Let us start with a one-dimensional thermal conduction pr
lem. The temperature fieldT under consideration is one of one
dimensional and is governed by

k3

]2T~z,t !

]z2 5rcv

]T~z,t !

]~ t !
, (1)

wherek3 is the coefficient of thermal conductivity,r the density,
andcv the specific heat. The corresponding thermal flows are

qz52k3]T/]z. (2)

8,
per
Me-
be
E

Fig. 1 A piezoelectric material strip with a crack „aÄ„c
Àb …Õ2…, if b is larger than zero the crack is embedded in the
strip, whereas b equals zero corresponds to an edge crack
problem.
002 by ASME JULY 2002, Vol. 69 Õ 539
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The initial conditions are specified to be

T~z,0!50. (3)

The following two kinds of boundary conditions ar
considered:

Boundary Condition a

T~0,t !5T0H~ t !, (4)

T~h,t !50. (5)

Boundary Condition b

T~0,t !5T0H~ t !, (6)

]T~h,t !/]z50. (7)

In Eqs.~4! and ~5!, H(t) is the Heaviside function.
The thermal Eq.~1! can be solved by means of separate va

ables. Without going into details, the results are as follows:

Boundary Condition a

T~z!52 (
m51

`
2T0

mp
sinS mp

h
zDe2m2p2t/t01

T0

h
~h2z!

5T0(
m51

`
2

mp
~12e2m2p2t/t0!sin

mp

h
z. (8)

Boundary Condition b

T~z!5T0S 124 (
m51,3,5

`
sin~mp/2!

mp
e2~mp/2!2t/t0 cos

mp

2h
~h2z!D ,

(9)

wheret05r cv h2/k3 .
If the plate is infinite~i.e., h5}) and the temperature and the

mal flow vanish at infinity, the temperature field is given by t
well-known solution

T~z!5T0 erfcS z

2A~k3 /rcv!t
D

5
2

p
T0E

0

`

~12e2~k3/rcv!s2t! sin~sz!
ds

s
. (10)

3 Thermal Stresses in the Uncracked Medium
OnceT(z) is known, the stresses and electric displacements

be found from

5
sxx

szz

txz

Dx

Dz

65F c11 c13 0 0 2e31

c13 c33 0 0 2e33

0 0 c44 2e15 0

0 0 e15 P11 0

e31 e33 0 0 P33

G5 «xx

«zz

2«xz

Ex

Ez

625
l11

l33

0
0

2b3

6T,

(11)
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where s i j ( i , j 5x,z) and Di are stresses and electric displac
ments, respectively.l i j , b i , ci j , ei j , andP i i stand, respectively,
for stress-temperature coefficients, pyroelectric constants, el
constants, piezoelectric constants, and dielectric permittivities

If we now assume that the plate is infinite along thex and
z-axis, ~i.e., 2},(x,z),}), free of surface traction and electri
charge atz50 andz5h, it may be shown that

szz50, sxz50, Dx50, Dz50, (12)

and all nonvanishing field quantities are independent ofx and z.
By solving «zz andEz from the second and the fifth equations
~11!, in terms of«xx and T, and then substituting into the firs
equation of~11!, it is found that

sxx5 c̄11«xx2l̄11T, (13)

where

c̄115c112
~c13P331e31e33!c132~e31c332c13e33!e31

c33P331e33
2 , (14)

l̄115l112
~c13P331e31e33!l331~e31c332c13e33!b3

c33P331e33
2 . (15)

The compatibility condition that needs to be satisfied is

d2«xx /dz250, (16)

giving

«xx5Az1B, (17)

sxx5 c̄11~Az1B!2l̄11T, (18)

whereA and B are unknown constants to be obtained from t
boundary conditions for the plate. For example,

• if the plate is unconstrained along its boundaries, we hav

E
0

h

sxx~z!dz50, E
0

h

sxx~z!zdz50; (19)

• for a fully constrained plate«xx50, giving A50, B50;
• and if the plate stretches uniformly but does not bend, th

A50, B is determined from the first one of Eqs.~19!.

In the crack problem under considered the equal and oppo
of the stress given by Eq.~18! will be used as the crack surfac
traction and the medium will be assume to be under plane-st
conditions.

4 The Crack Problem
The crack problem may be solved by treating the problem

isothermal and quasi-static, and by using the equal and oppo
value of the thermal stress obtained from Eq.~18! as the crack
surface traction. The plane piezoelasticity problem requires
solution of the following equilibrium equations:
c11

]2u

]x2 1c44

]2u

]z2 1~c131c44!
]2w

]x]z
1~e311e15!

]2f

]x]z
50

~c131c44!
]2u

]x]z
1c44

]2w

]x2 1c33

]2w

]z2 1e15

]2f

]x2 1e33

]2f

]z2 50

~e311e15!
]2u

]x]z
1e15

]2w

]x2 1e33

]2w

]z2 2P11

]2f

]x2 2P33

]2f

]z2 50
6 , (20)
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is
subject to the following boundary conditions on the crack face

sxx~0,z!5s0~z!, c>z<b, (21)

wheres0(y) is the equal and opposite value give in Eq.~18!.
Out side of the crack, the displacement should be continu

Therefore,

u~0,z!50, h>z>c, b>z>0. (22)

Due to the symmetry of the problem with respect to the pla
x50, the following conditions should be satisfied:

txz~0,z!50, Dx~0,z!50. (23)

On the surfacesz50 andz5h, the traction and electric dis
placement are considered to be

txz~x,0!50, szz~x,0!50, Dz~x,0!50, (24)

txz~x,h!50, szz~x,h!50, Dz~x,h!50. (25a)

Equations~24! and ~25a! represent traction and electric charg
free boundary conditions. If the strip stretches freely but with
bending, the boundary condition~25a! on z5h should be replaced
by

txz~x,h!50, ]w~x,h!/]x50, Dz~x,h!50. (25b)

Using the displacements and electric potential solutions sh
in Appendix A, the stresses and electric displacements for
piezoelectric strip are given as

txz~x,z!5
2

p E
0

`

s sinsx(
m51

6

C1meslmzFmds

1(
n51

3
1

2p E
2`

`

jeujulnxD1nGne2 i jzdj, (26)

szz~x,z!5
2

p E
0

`

s cossx(
m51

6

C2meslmzFmds

1(
n51

3
1

2p E
2`

`

jeujulnxD2nGne2 i jzdj, (27)

Dz~x,z!5
2

p E
0

`

s cossx(
m51

6

C3meslmzFmds

1(
n51

3
1

2p E
2`

`

jeujulnxD3nGne2 i jzdj, (28)

sxx~x,z!5
2

p E
0

`

s cossx(
m51

6

C4meslmzFmds

1(
n51

3
1

2p E
2`

`

jeujulnxD4nGne2 i jzdj, (29)

Dx~x,z!5
2

p E
0

`

s sinsx(
m51

6

C5meslmzFmds

1(
n51

3
1

2p E
2`

`

jeujulnxD5nGne2 i jzdj, (30)

where the coefficientsCjm and D jn , ( j 51, . . . ,5), aregiven in
Appendix B.

The six unknowns forFm and three unknowns forGn will be
determined from the boundary conditions~21!–~25!. To do this,
we introduce a displacement discontinuity functiong(z) along the
cracked plane

]u~0,z!/]z5g~z!. (31)
Journal of Applied Mechanics
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Boundary condition~22! requires that

g~z!50, h>z.c, b.z>0. (32)

In the case of an embedded crack,g(z) satisfies the following
single-valued condition

E
b

c

g~z!dz50. (33)

In the case of an edge crack, the single-valued condition
g(y)50 at (x50,y5h).

After substituting from Eq.~A5! in Appendix A into Eq.~31!,
and by inverting the Fourier integrals we find

(
n51

3

B1nGn5 i j21E
b

c

g~r !ei jrdr. (34)

Conditions~23! require that

(
n51

3

D1nGn50 (35)

(
n51

3

D5nGn50. (36)

From Eqs~34!–~36!, Gn can be determined as

Gn~j!5 i j21bn~j!E
b

c

g~r !ei jrdr, n51,2,3 (37)

where the coefficientsbn (n51,2,3) are given in Appendix C.
By applying Eqs. ~26!–~28! and ~37! to the homogeneous

boundary conditions~24! and ~25a!, and using the well-known
integral @15#

exp~slnx!5
2

p E
0

` j sin~jx!

s2ln
21j2 dj, Re~ln!,0,

we obtain

(
m51

6

C1meslmhFm5
i

2ps Eb

c

g~r ! f 1~s,r !dr, (38)

(
m51

6

C1mFm5
i

2ps Eb

c

g~r ! f 2~s,r !dr, (39)

(
m51

6

C2meslmhFm5
i

2ps Eb

c

g~r ! f 3~s,r !dr, (40)

(
m51

6

C2mFm5
i

2ps Eb

c

g~r ! f 4~s,r !dr, (41)

(
m51

6

C3meslmhFm5
i

2ps Eb

c

g~r ! f 5~s,r !dr, (42)

(
m51

6

C3mFm5
i

2ps Eb

c

g~r ! f 6~s,r !dr, (43)

where the coefficientf m , (m51, . . . ,6), aregiven in Appendix
D. In the case of boundary condition~25b! considered, Eq.~40!
has a different form as follows:

(
m51

6

A2meslmhFm5
i

2ps Eb

c

f̄ 3~s,r !g~r !dr, (44)

where f̄ 3 is shown in Appendix D.
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The linear algebraic Eqs.~38!–~43! can be used to determine
all the remaining unknownsFm , (m51, . . . ,6), interms ofg, the
results are

Fm5
i

2ps Eb

c

cm~s,r !g~r !dr, m51, . . . ,6, (45)

where the coefficientscm(s,r ) are given in Appendix E.
The as-yet-unknown functiong is then determined by applying

~29! to crack surface boundary condition~21!

E
b

c

@h1~z,r !1h2~z,r !#g~r !dr5s0~z!, c>z>b, (46)

where the kernelsh1 andh2 are given by

h1~z,r !5
i

p2 E
0

`

L1~s,z,r !ds, (47)

h2~z,r !5
1

2p i E2`

`

L2~j!ei j~r 2z!dj, (48)

with

L1~s,z,r !5 (
m51

6

C4meslmzcm~s,r !, (49)

L2~j!52(
n51

3

D4nbn . (50)

It can be shown that the value ofL2(j) is L2(j)5sgn(j)L0,
whereL0 is a constant which depend only on the material pro
erties. From Eq.~48! it is found that

h2~z,r !5
L0

p

1

r 2z
. (51)

The singular integral equation forg can be derived by combining
Eqs.~46!–~51!, the result is

L0

p E
b

c 1

r 2z
g~r !dr1E

b

c

h1~z,r !g~r !dr5s0~z!, c>z>b,

(52)

which can be reduced to standard form by setting

~z,r !5
c2b

2
~ z̄, r̄ !1

c1b

2
. (53)

The result is

L0

p E
21

1 1

r̄ 2 z̄
g~r !dr̄1aE

21

1

h1~z,r !g~r !dr̄5s0~z!,

1> z̄>21. (54)

Note that in this problem timet enters into the analysis throug
s0 only, and Eq. ~54! must be solved for each value oft
separately.

5 Thermal Stress Intensity Factor
The integral equation~54! has a Cauchy-type kernel. The crac

tip behavior can be characterized by a standard square-root s
larity. Consequently, the solution of Eq.~54! may be expressed a

g~r !5
1

A12 r̄ 2 (n51

`

anTn~ r̄ !, (55)

for the embedded crack, and

g~r !5
1

A12 r̄
(
n50

`

anTn~ r̄ !, (56)
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for the edge crack problem, whereTn is the Chebyshev polyno
mial of the first kind anda0 ,a1 , . . . are unknown constants.

Applying Eqs.~55!–~56! to Eq. ~54! and following the proce-
dure outlined in@4#, for the embedded crack problem the singu
integral equation~54! is reduced to

L0(
n51

`

anUn21~ z̄!1a(
n51

`

anE
21

1

h1~r ,z!
Tn~ r̄ !

A12 r̄ 2
dr̄5s0~z!,

(57)

whereUn is the Chebyshev polynomial of the second kind.
Similarly, for the edge crack problem the result is

(
n50

`

anS L0

p

loguB~ z̄!u

A12 z̄
Tn~ z̄!1

L0

p E
21

1 Tn~ r̄ !2Tn~ z̄!

A12 r̄ ~ r̄ 2 z̄!
dr̄

1
c

2 E21

1

h1~z,r !
Tn~ r̄ !

A12 r̄
d r̄ D 5s0~z!, (58)

where

B~ z̄!5
11A~12 z̄!/2

12A~12 z̄!/2
. (59)

The linear algebraic equations~57!–~58! can be solved by trun-
cating the series and using a collocation technique~@4#!. For the
embedded crack problem, the stress intensity factorK ahead of the
crack tips atz5b andz5c can be defined and calculated as

K~b!5~A2@b2z# !z→b2sxx~z!5L0Aa(
n51

`

~21!nan , (60)

K~c!5~A2@z2c# !z→c1sxx~z!52L0Aa(
n51

`

an . (61)

For the edge crack problem the stress intensity factor is obta
as

K~c!5~A2@z2c# !z→c1sxx~z!52L0Ac(
n50

`

an . (62)

6 Numerical Results
Suppose the piezoelectric material strip undergoes a sud

temperature increase or decrease on the top surface, the bo
surface is assumed to be free of temperature~boundary condition
a! or thermally insulated~boundary condition b!. The numerical
results of the temperatureT(y,t), the thermal stresssxx(x,t), and
the stress intensity factorK have been obtained for a central
cracked strip, and for an edge cracked strip with various cr
lengths. The following material properties is used:

c1157.4131010N/m2, c3358.3631010N/m2,

c1254.5231010N/m2,

c1353.9331010N/m2, c4451.3231010N/m2,

l1150.6213106N/m2K, l3350.5513106N/m2K,

e31520.160C/m2, e3350.347C/m2, e15520.138C/m2,

P1150.826310210C/Vm, P3350.903310210C/Vm,

b3522.9431026C/Km2.

Time is represented through the dimensionless Fourier num
defined by

F05t/t05tk3 /rcvh2. (63)
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The Temperature and Thermal Stress Distributions. As-
sume the top surface of the strip is heating from init
temperature zero toT0 suddenly, the calculated temperature d
tributions are shown in Fig. 2. The two kinds of boundary con
tions on the other surface give the same temperature distribu
at the early time. As a result, the stresses at the early time hav
same values for the different boundary condition on the ot
surface. These stresses are plotted in Fig. 3. Note that in the
ing problem the temperatureT is positive. As time goes to infinity
the temperature varies linearly fromT0 on the top surface to zero
on the bottom surface for the case one. For the second kin
thermal boundary condition, as time goes to infinity the tempe
ture approachesT0 throughout the strip. In the problem unde
consideration, whenF0 is larger than 0.05, the two boundary co
ditions give different temperature and then thermal stress distr
tion that are plotted in Fig. 4.

Plotted in Fig. 5 are the variations of thermal stress with time
different position of the strip. The figure clearly shows that at
increases there is a general peak for each curve. The peak v
of the thermal stress for various positions are reached at s
time after the thermal shock. After that time the stress decre
with time. The thermal stresssxx(x,t), approaches zero whent
goes to infinity, means that the thermal stress occurs only in t
sient state. Since the thermal stresssxx is statically self-
equilibrating, large compressive stress occurs near the surfa
and the tensile stress appears inside the strip.

The Embedded Crack Problem. Suppose the crack is lo
cated in the center of the strip. As mentioned above, if the stri
heated suddenly on its surface, large tensile stress will occu
side the strip. Accordingly, the crack will open up and the str
intensity factor will be positive. Figures 6 and 7 show, resp
tively, the thermal stress intensityK(c) for the upper crack tip and
K(b) for the lower crack tip. From the figures it may be observ
that for a given crack length generallyK first increases, goes
through a maximum, and then decreases ast increases. As was
expected, the stress intensity factor approaches zero whent goes
to infinity.

The peak values of the thermal stress intensity factor for dif
ent crack length are depicted in Fig. 8. TheK values are normal-
ized such that they do not depend on crack lengtha. It is found
that the stress intensity factors have lager values at the crac
near the hotter surface than those at the tip near the cooler sur

The Edge Crack Problem. If the top surface of the strip is
cooled toT0 suddenly, the strip will undergo tensile stresses n
the surfaces. Some numerical results of the thermal stress inte
factor are shown in Figs. 9–11 and Table 1 for different bound
conditions on the other surface. Similar to the embedded cr

Fig. 2 Transient temperature distributions for different bound-
ary conditions „B, C…
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problem, the stress intensity factor occurs at transient state.
steady thermal stress intensity factor is zero. Figure 11 plots
peak values of the thermal stress intensity factor with cra
length. The results are also tabulated in Table 1. It can be sh
that the peak value of the thermal stress intensity factor incre
with crack length to a maximum value and then decreases. If

Fig. 3 Transient thermal stresses distributions in an un-
cracked strip

Fig. 4 Transient thermal stresses distribution in an uncracked
strip „continued …

Fig. 5 Transient thermal stresses against time for different
position
JULY 2002, Vol. 69 Õ 543
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assume a pre-existing crack, its length being set asc0 , it will start
propagating when the thermal stress intensityK(c0) reaches the
fracture toughnessKIc . The crack will propagate continually a
least to a new lengthc1 , where the thermal stress intensity fact

Fig. 6 Transient thermal stress intensity factors K „b … at the
embedded crack tip for different crack length „b¿cÄh …

Fig. 7 Transient thermal stress intensity factors K „c … at the
embedded crack tip for different crack length „b¿cÄh …

Fig. 8 Peak values of the thermal stress intensity factor at the
embedded crack tips for different crack length „b¿cÄh …
544 Õ Vol. 69, JULY 2002
t
r

K(c1) again reaches the fracture toughnessKIc .
The results shown in Fig. 11 indicate that the thermal str

intensity factor with increasing crack length goes through a ma
mum with the region of crack instability bounded by two valu
of crack length. This behavior is in contrast with the Griffith cr
terion for constant load, where crack instability is bounded by o
value of crack length, crack propagation being catastrophic wh
ever the crack length exceeds this value.

7 Conclusions
In conclusion, both an embedded crack and edge crack

piezoelectric material strip under transient thermal loading h
been investigated theoretically. The top surface of the strip un
goes a sudden heating~for the embedded crack problem! or cool-
ing ~for the edge crack problem!. Two kinds of boundary condi-
tions on the bottom surface of the strip are considered, i.e., z
temperature and zero thermal flow on the bottom surface. For
geometry and thermal conditions under consideration, the ther
stresses and hence the thermal stress intensity factors occur
at transient state. The steady values of the thermal stress inte
factor are always zeroes. At the early time of heating or cooli
the two boundary conditions on the other surface give the sa
results. A large difference is observed when heating or coo
time becomes large.

Fig. 9 Transient thermal stress intensity factors against time
for the edge crack problem

Fig. 10 Transient thermal stress intensity factors with crack
length for the edge crack problem
Transactions of the ASME
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Appendix A
Due to the symmetry with respective tox50 plane, the solu-

tions to the governing Eqs.~20! for displacements and electri
potential can be expressed in terms of unknownsFm(s) and
Gn(s) in the following form:

~u w f!T5
2

p E
0

`

~A1m sinsx A2m cossx A3m cossx!T

3Fmeslmzds1
1

2p

3E
2`

`

~B1n B2n B3n!TGneujulnxe2 i jzdj, (A1)

where lm , and ln are eigenvalues, while (A1m ,A2m ,A3m) and
(B1n ,B2n ,B3n) are eigenvectors of the following characteris
equations:

Fig. 11 Peak values of the thermal stress intensity factor for
the edge crack problem

Table 1 The peak values of thermal stress intensity factor for
an edge cracked strip with different crack length under sudden
cooling

c/h

K(c)/l11T0Ah

Case 1 Case 2

0.005 0.0458 0.0458
0.01 0.0568 0.0568
0.05 0.0705 0.0705
0.1 0.0660 0.0660
0.15 0.0581 0.0581
0.2 0.0492 0.0492
0.3 0.0324 0.0324
0.4 0.0186 0.0186
0.44 0.0140 0.0142
Journal of Applied Mechanics
al
oci-

s-

ic

F c112c44lm
2 ~c131c44!lm ~e311e15!lm

~c131c44!lm c33lm
2 2c44 e33lm

2 2e15

~e311e15!lm e33lm
2 2e15 P112P33lm

2
G H A1m

A2m

A3m

J 50,

(A2)

F c442c11ln
2 i

usu
s

~c131c44!ln i
usu
s

~e311e15!ln

i
usu
s

~c131c44!ln c332c44ln
2 e332e15ln

2

i
usu
s

~e311e15!ln e332e15ln
2 2P331P11ln

2

G
3H B1n

B2n

B3n

J 50. (A3)

Since the stresses and electric displacements must vanishx
approaches infinity, the eigenvaluesln , (n51,2,3), are selected
such that

Re~ln!,0. (A4)

There are six roots forlm , and three roots forln . In terms of
these eigenvalues, the solution to Eq.~20! is

u~x,z!5
2

p (
m51

6 E
0

`

sinsxA1meslmzFmds

1
1

2p (
n51

3 E
2`

`

eujulnxB1ne2 i jzGndj, (A5)

w~x,z!5
2

p (
m51

6 E
0

`

cossxA2meslmzFmds

1
1

2p (
n51

3 E
2`

`

eujulnxB2ne2 i jzGndj, (A6)

f~x,z!5
2

p (
m51

6 E
0

`

cossxA3meslmzFmds

1
1

2p (
n51

3 E
2`

`

eujulnxB3ne2 i jzGndj, (A7)

where Fm and Gn , (m51, . . . ,6,n51,2,3), can be determined
from the boundary conditions.

Appendix B

C1m5c44lmA1m2c44A2m2e15A3m

D1n52 ic44B1n1c44 sgn~j!lnB2n1e15 sgn~j!lnB3n

C2m5c13A1m1c33lmA2m1e33lmA3m

D2n5c13 sgn~j!lnB1n2 ic33B2n2 ie33B3n

C3m5e31A1m1e33lmA2m2P33lmA3m

D3n5e31 sgn~j!lnB1n2 ie33B2n1 i P33B3n

C4m5c1A1m1c13lmA2m1e31lmA3m

D4n5c11 sgn~j!lnB1n2 ic13B2n2 ie31B3n

C5m5e15lmA1m2e15A2m1P11A3m

D5n52 ie15B1n1e15 sgn~j!lnB2n2P11 sgn~j!lnB3n
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Appendix C

b15~D12D532D13D52!/D

b25~D51D132D11D53!/D

b35~D11D522D51D12!/D

D5B11~D12D532D13D52!1B12~D51D132D11D53!

1B13~D11D522D51D12!

Appendix D

f 1~s,r !52(
n51

3 E
2`

` s

j2ln
21s2 D1nbnei j~2h1r !dj

5p i(
n51

3

Im~D1nbnes~h2r !/ln/ln!

f 2~s,r !52(
n51

3 E
2`

` s

j2ln
21s2 D1nbnei jrdj

5p i(
n51

3

Im~D1nbnesr/ln/ln!

f 3~s,r !5(
n51

3 E
2`

` ujuln

j2ln
21s2 D2nbnei j~2h1r !dj

52p i(
n51

3

Re~D2nbnes~h2r !/ln/ln!

f 4~s,r !5(
n51

3 E
2`

` ujuln

j2ln
21s2 D2nbnei jrdj

5p i(
n51

3

Re~D2nbnesr/ln/ln!
ie

i

c
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f 5~s,r !5(
n51

3 E
2`

` ujuln

j2ln
21s2 D3nbnei jr ~2h1r !dj

52p i(
n51

3

Re~D3nbnes~h2r !/ln/ln!

f 6~s,r !5(
n51

3 E
2`

` ujuln

j2ln
21s2 D3nbnei jrdj

5p i(
n51

3

Re~D3nbnesr/ln/ln!

f̄ 35(
n51

3 E
2`

` s sgn~l!ln

j2ln
21s2 B2nbnei j~r 2h!dj

52p i(
n51

3

Im~B2nbnes~h2r !/ln!

Obviously, f i and f̄ 3u , i 51, . . . ,6, arepure imaginaries. When
evaluating the above infinity integrals we have used the theor
residues.

Appendix E
The coefficientscm(s,r ), (m51,2, . . . ,6), are

~c1 c2 c3 c4 c5 c6!T5G21~ f 1 f 2 f 3 f 4 f 5 f 6!T,

where
G53
C11e

sl1h C12e
il2h C13e

sl3h C14e
sl4h C15e

sl5 j C16e
sl6h

C11 C12 C13 C14 C15 C16

C21e
sl1h C22e

sl2h C23e
sl3h C24e

sl4h C25e
sl5h C26e

sl6h

C21 C22 C23 C24 C25 C26

C31e
sl1h C32e

sl2h C33e
sl3h C34e

sl4h C35e
slsh C36e

sl6h

C31 C32 C33 C34 C35 C36

4 .
ing

pl.

in
hear

i-
J.

in

c-

f a
’’
If a bending free boundary condition~25b! is considered,f 3

should be replaced withf̄ 3 , andC2 j , j 51, . . . ,6, in thethird row
of G should be replaced, respectively, byA2 j , j 51, . . . ,6.

References
@1# Rizk, A. A., and Radwan, S. F., 1992, ‘‘Transient Thermal Stress Problem

a Cracked Semi-infinite Medium,’’ J. Therm. Stresses,15, pp. 451–468.
@2# Rizk, A. A., and Radwan, S. F., 1993, ‘‘Fracture of a Plate Under Trans

Thermal Stresses,’’ J. Therm. Stresses,16, pp. 79–102.
@3# Rizk, A. A., and Erdogan, F., 1989, ‘‘Cracking of Coated Materials Und

Transient Thermal Stresses,’’ J. Therm. Stresses,12, pp. 125–168.
@4# Erdogan, F., and Wu, B. H., 1996, ‘‘Crack Problem in FGM Layers Und

Thermal Stresses,’’ J. Therm. Stresses,19, pp. 237–265.
@5# Noda, N., 1997, ‘‘Thermal Stresses Intensity Factor for Functionally Grad

Plate With an Edge Crack,’’ J. Therm. Stresses,20, pp. 373–387.
@6# Shindo, Y., Watanabe, K., and Narita, F., 2000, ‘‘Electroelastic Analysis o

Piezoelectric Ceramic Strip With a Central Crack,’’ Int. J. Eng. Sci.,38, pp.
1–19.

@7# Wang, T. C., 2000, ‘‘Analysis of Strip Electric Saturation Model of Cra
for

nt

er

er

ent

f a

k

Problem in Piezoelectric Materials,’’ Int. J. Solids Struct.,37, pp. 6031–6049.
@8# Chao, L.-P., and Huang, J. H., 2000, ‘‘On a Piezoelectric Material Contain

a Permeable Elliptical Crack,’’ Int. J. Solids Struct.,37, pp. 5161–5176.
@9# Pak, Y. E., 1990, ‘‘Crack Extension Force in a Piezoelectric Material,’’ J. Ap

Mech.,57, pp. 647–653.
@10# Kwon, S. M., and Lee, K. Y., 2000, ‘‘Analysis of Stress and Electric Fields

a Rectangular Piezoelectric Body With a Center Crack Under Anti-plane S
Loading,’’ Int. J. Solids Struct.,37, pp. 4859–4869.

@11# Lee, K. Y., Lee, W. G., and Pak, Y. E., 2000, ‘‘Interaction Between a Sem
infinite Crack and a Screw Dislocation in a Piezoelectric Material,’’ ASME
Appl. Mech.,67, pp. 165–170.

@12# Calderon-Moreno, J. M., 2001, ‘‘Stress Induce Domain Switching of PZT
Compression Tests,’’ Mater. Sci. Eng., Ser. A.,315, pp. 227–230.

@13# Wang, B. L., and Noda, N., 2000, ‘‘Mixed Mode Crack Initiation in Piezoele
tric Ceramic Strip,’’ Theor. Appl. Fract. Mech.,34, pp. 34–47.

@14# Lu, P., Tan, M. J., and Liew, K. M., 1998, ‘‘Piezothermoelastic Analysis o
Piezoelectric Material With an Elliptic Cavity Under Uniform Heat Flow,
Arch. Appl. Mech.,68, pp. 719–733.

@15# Gradshteyn, I. S., and Ryzhik, I. M., eds., 1980,Tables of Integral, Series, and
Products, Academic Press, San Diego, CA, p. 406.
Transactions of the ASME



cs but
xceed
line
to

uld be
s
, New

s who
m the
Journal of
Applied

Mechanics Brief Notes
A Brief Note is a short paper that presents a specific solution of technical interest in mechani
which does not necessarily contain new general methods or results. A Brief Note should not e
1500 wordsor equivalent~a typical one-column figure or table is equivalent to 250 words; a one
equation to 30 words!. Brief Notes will be subject to the usual review procedures prior
publication. After approval such Notes will be published as soon as possible. The Notes sho
submitted to the Editor of the JOURNAL OF APPLIED MECHANICS. Discussions on the Brief Note
should be addressed to the Editorial Department, ASME International, Three Park Avenue
York, NY 10016-5990, or to the Editor of the JOURNAL OF APPLIED MECHANICS. Discussions on
Brief Notes appearing in this issue will be accepted until two months after publication. Reader
need more time to prepare a Discussion should request an extension of the deadline fro
Editorial Department.
h

o
o
r
i
w

e
s
i

s

f
p
r

nce

ions
te
er

For
ried
re,
n
th-
ing

rity
a

con-
are
late
gen-
is,

-
lly

r the
lu-
on.
mil-

y at
for

usual

and
erse

plate
Comparison of the Two Formulations
of w-u-v and w-F in Nonlinear Plate
Analysis

J. Lee
Air Force Research Laboratory~VASS!, Wright-Patterson
AFB, OH 45433
e-mail: Jon.lee@wpafb.af.mil

In a moderately large deflection plate theory of von Karman a
Chu-Herrmann, one may consider thin-plate equations of eit
the transverse and in-plane displacements,w-u-v formulation, or
the transverse displacement and Airy function, w-F formulati
Under the Galerkin procedure, we examine if the modal equati
of two plate formulations preserve the Hamiltonian prope
which demands energy conservation in the conservative lim
no damping and forcing. In the w-F formulation, we have sho
that modal equations are Hamiltonian for the first four symmet
modes of a simply-supported plate. In contrast, the correspond
modal equations ofw-u-v formulation do not exhibit the Hamil-
tonian property when a finite number of sine terms are included
the in-plane displacement expansions.
@DOI: 10.1115/1.1458556#

1 Problem Statement
In the plate theory of von Karman and Chu-Herrmann~@1#!, one

considers not only the inertia and plate bending due to transv
displacementw, but also a first-order effect of the in-plane di
placementsu and v, giving rise to membrane stretching. This
w-u-v formulation of a moderately large deflection plate theo
~@2#!. However, when the inertia of in-plane motion is neglected
a thin plate, one can replace the two in-plane equations foru and
v by a compatibility relation for the Airy functionF, hence the
alternatew-F formulation. Although the two plate formulation
are completely equivalent in theory, they are not in practice. T
is becausew, u, v, and F are all reduced to a finite degree-o
freedom representation by whatever the means used for com
tion, i.e., the finite difference, finite element, or Galerkin rep

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Oct.
2000; final revision, Nov. 18, 2001. Associate Editor: R. C. Benson.
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sentation. Hence, it is a matter of uncertainty to claim equivale
of the two plate formulations in actual computations.

Under a Galerkin representation, we compare modal equat
for the first four symmetric modes of a simply-supported pla
obtained under the two plate formulations. This calls for furth
clarifications. First, why use the Galerkin representation?
simply-supported and clamped plates, we have previously car
out the Galerkin procedure by symbolic manipulation softwa
such as, MATHEMATICA™~@3#!, though others could have bee
used as well. This permits us to readily verify equality of ma
ematical expressions, aside from the bookkeeping aid in track
myriad expansion terms arising from the geometric nonlinea
~@4#!. Second, why a simply-supported plate? It is known for
rectangular simply-supported plate that plate modes can be
structed by a product of simply-supported-beam modes which
simple sine functions, along each plate coordinate. Here, by p
modes we mean the plate bending modes, which are the ei
functions of biharmonic operator. The last and crucial issue
how are we to compare thew-F and w-u-v formulations? In a
recent dissertation work, Geveci@5# has attempted such a com
parison on a clamped plate by visually examining numerica
generated trajectories of the transverse displacement unde
two plate formulations. Unfortunately, his outcome is inconc
sive for there is apparently no frame of reference for comparis
Since plate equations are embodied by the existence of Ha
tonian, the sum of kinetic and strain~potential! energies~@1#!,
modal equations must also preserve the Hamiltonian propert
any level of modal truncation. Hence, a metric is established
comparison of the plate formulations.

2 Synopsis of Plate Equations for a Moderately Large
Deflection

Following Chu and Herrmann@1#, we begin with the force bal-
ance equations integrated across the plate thickness in the
Cartesian coordinates (x,y,z) with displacements (u,v,w)

]Nx

]x
1

]Nxy

]y
5rh

]2u

]t2 ,
]Nxy

]x
1

]Ny

]y
5rh

]2v
]t2 , (1)

]2Mx

]x2 12
]2Mxy

]x]y
1

]2M y

]y2 1
]

]x S Nx

]w

]x D1
]

]y S Ny

]w

]y D
1

]

]x S Nxy

]w

]y D1
]

]y S Nxy

]w

]x D5rh
]2w

]t2 . (2)

Only the inertial terms are retained in the right-hand sides,
excluded are the external forcing, rotatory effects, and transv
shear forces~see Eqs.~1!-~54!–~1!-~60! of Chia @2#!. Although
they are general statements about the forces exerted on a

2,
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segment of thicknessh and mass densityr, the phenomenology o
plate theory enters through the stress resultants (Nx ,Ny ,Nxy) and
bending and twisting moments (Mx ,M y ,Mxy). For the von
Karman-Chu-Herrmann plate equation, we have

Nx5
Eh

12n2 ~«x1n«y!, Ny5
Eh

12n2 ~n«x1«y!,

Nxy5
Eh

2~11n!
«xy ,

where

«x5
]u

]x
1

1

2 S ]w

]x D 2

, «y5
]v
]y

1
1

2 S ]w

]y D 2

,

«xy5
]u

]y
1

]v
]x

1
]w

]x

]w

]y
,

E is Young’s modulus of elasticity andn Poisson’s ratio. Further

Mx52DS ]2w

]x2 1n
]2w

]y2 D , M y52DS n
]2w

]x2 1
]2w

]y2 D ,

Mxy52D~12n!
]2w

]x]y
,

whereD5Eh3/12(12n2).
Chu and Herrmann@1# have also presented total energy of

plate with sidesLx andLy as sum of the kinetic energy

Uk5
1

2
rhE

0

LxE
0

Ly

~ u̇21 v̇21ẇ2!dxdy, (3)

where the overhead dot denotesd/dt, and the strain energy which
for convenience we split into bending

Ub52
1

2 E0

LxE
0

LyS Mx

]2w

]x2 12Mxy

]2w

]x]y
1M y

]2w

]y2 Ddxdy,

(4)

and membrane stretching

Um5
1

2 E0

LxE
0

Ly

~Nx«x1Nxy«xy1Ny«y!dxdy. (5)

We now define the kinetic potentialP5Uk2Ub2Um . By
Hamilton’s variational principle, it is standard to rederive~1! and
~2! from stationary variationdP50 with respect to (du,dv,dw).
Hence, the energy conservation is fully embodied by plate E
~1! and ~2!.

For a thin plate, i.e.,h/Lx!1, one may neglect the inertia in~1!,
hence

]Nx

]x
1

]Nxy

]y
50,

]Nxy

]x
1

]Ny

]y
50. (6)

This brings about amazing simplifications. First,~6! is satisfied by
a functionF(x,y) defined by

Nx5
]2F

]y2 , Ny5
]2F

]x2 , Nxy52
]2F

]x]y
. (7)

Second, by virtue of~6! a half the terms involving (Nx ,Ny ,Nxy)
drops out of~2!, hence

rh
]2w

]t2 1DS ]4w

]x4 12
]4w

]x2]y2 1
]2w

]y4 D
5Nx

]2w

]x2 12Nxy

]2w

]x]y
1Ny

]2w

]y2 . (8)
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3 Two Formulations of the Plate Equations
To proceed further, it is more convenient to express equati

of Section 2 in a dimensionless form by introducing new variab
denoted by an overhead bar,

~ x̄,ȳ!5~x,y!
1

Lx
, w̄5

w

h
, ~ ū,v̄ !5~u,v !

Lx

h2 , t̄5t
p2

Lx
2 AD

rh
,

~N̄x ,N̄y ,N̄xy!5~Nx ,Ny ,Nxy!
Lx

2

12D
,

~Ūk ,Ūb ,Ūm!5~Uk ,Ub ,Um!
rL x

2

p4h2D
, (9)

~ «̄x ,«̄y ,«̄xy!5~«x ,«y ,«xy!
Lx

2

h2 , F̄5F
1

12D
,

wherer 5Lx /Ly . We point out that (ū,v̄) are also scaled by the
factor (h/Lx).

The w-u-v Formulation. After introducing~9! into ~8!, we
drop all the overhead bars in the resulting equation

]2w

]t2 1
1

p4 S ]4w

]x4 12r 2
]4w

]x2]y2 1r 4
]2w

]y4 D
5

12

p4 S Nx

]2w

]x2 12rNxy

]2w

]x]y
1r 2Ny

]2w

]y2 D . (10)

We must now remember that not only~10! but all the subsequen
equations are also henceforth dimensionless. The dimension
~6! becomes

]Nx

]x
1r

]Nxy

]y
50,

]Nxy

]x
1r

]Ny

]y
50, (11)

where

Nx5
]u

]x
1nr

]v
]y

1
1

2 S ]w

]x D 2

1
1

2
nr 2S ]w

]y D 2

,

Ny5n
]u

]x
1r

]v
]y

1
1

2
nS ]w

]x D 2

1
1

2
r 2S ]w

]y !2,

and

Nxy5
1

2
~12n!S r

]u

]y
1

]v
]x

1r
]w

]x

]w

]y D .

Writing out ~11! in (u,v) yields the in-plane displacement equ
tions

]2u

]x2 1d1r 2
]2u

]y2 1d2r
]2v

]x]y
1

]w

]x

]2w

]x2 1d2r 2
]w

]y

]2w

]x]y

1d1r 2
]w

]x

]2w

]y2 50,
(12)

d1

]2v
]x2 1r 2

]2v
]y2 1d2r

]2u

]x]y
1d1r

]w

]y

]2w

]x2 1d2r
]w

]x

]2w

]x]y

1r 3
]w

]y

]2w

]y2 50,

where d15(12n)/2 and d25(11n)/2. Compare~10! and ~12!
with Eq. ~2.19c! and ~2.15a,b! of Geveci@5#.

Underu̇5 v̇50, ~3! reduces to the dimensionless kinetic ener

Uk5
1

2 E0

1E
0

1

ẇ2dxdy. (13)

Also, ~4! and ~5! in dimensionless form are
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Ub5
1

2p4 E
0

1E
0

1H S ]2w

]x2 D 2

12nr 2
]2w

]x2

]2w

]y2 1r 4S ]2w

]y2 D 2

12~12n!r 2S ]2w

]x]yD 2J dxdy, (14)

Um5
6

p4 E
0

1E
0

1S «x
212n«x«y1«y

21
~12n!

2
«xy

2 Ddxdy,

(15)

where

«x5
]u

]x
1

1

2 S ]w

]x D 2

, «y5r
]v
]y

1
1

2
r 2S ]w

]y D 2

, and

«xy5r
]u

]y
1

]v
]x

1r
]w

]x

]w

]y
.

The w-F Formulation. By virtue of dimensionless~7!

Nx5r 2
]2F

]y2 , Ny5
]2F

]x2 , Nxy52r
]2F

]x]y
, (16)

we express~8! in w andF instead,

]2w

]t2 1
1

p4 S ]4w

]x4 12r 2
]4w

]x2]y2 1r 4
]2w

]y4 D
5

12r 2

p4 S ]2w

]x2

]2F

]y222
]2w

]x]y

]2F

]x]y
1

]2w

]y2

]2F

]x2 D , (17)

together with the compatibility relation

r 22
]4F

]x4 12
]4F

]x2]y2 1r 2
]2F

]y4 5~12n2!S S ]2w

]x]yD 2

2
]2w

]x2

]2w

]y2 D .

(18)

Again, ~17! and ~18! are comparable with Eqs.~2.21! and ~2.23!
of Geveci@5#. In contrast to~15!, the membrane strain energy
now expressed inF instead,

Um5
6

p4~12n2! E0

1E
0

1H S ]2F

]x2 D 2

22nr 2
]2F

]x2

]2F

]y2 1r 4S ]2F

]y2 D 2

12~11n!r 2S ]2F

]x]yD 2J dxdy. (19)

4 Modal Equations Under the Galerkin Representa-
tion

In theory, the two plate formulations are completely equival
in that by ~16! one can freely interchange in-plane displaceme
with the Airy function. It is, however, not so in practice. This
becauseu, v, w, and F are approximated by a finite degree-o
freedom representation by whatever the means that one use
computation, i.e., the finite difference, finite element, or Galer
representation. To test the interchangeability argument un
Galerkin representation, we consider the first four symmetric p
modes

w5 (
n51,3

(
m51,3

an,m~ t !wn~x!wm~y!, (20)

where w i(j)5A2 sin(ipj) are the orthonormalized simply
supported beam modes. It is indeed fortuitous thatwn(x)wm(y)
are the plate modes of a simply-supported plate. We point out
the clamped-beam modes cannot form clamped-plate modesa la
~20!. This does not, of course, mean that clamped plate is
amenable to the Galerkin procedure; it is that results are so
what more complicated to present than the simply-supported p
case.
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In this note, we restrict ourselves to the immovable pla
edges; i.e.,u(x,y)5v(x,y)50 for x5(0,1) at y50 and 1, and
y5(0,1) atx50 and 1. In thew-u-v formulation, we introduce
the following in-plane displacement expansions:

u5 (
i 52,4,6

(
j 51,3, . . . ,N

bi , jf i~x!f j~y!,

v5 (
i 51,3, . . . ,N

(
j 52,4,6

ci , jf i~x!f j~y!. (21)

With f i(j)5A2 sin(ipj) we see that the immovable plate edg
conditions are fully guaranteed. Also, one summation of~21! is
limited to the indices~2,4,6! consistent with~20!, whereas the
other summation is truncated at the upper limitN. On the other
hand, for thew-F formulation it is customary to express the Air
function by

F52
Cyx

2

2
2

Cxy
2

2r 2 1~12n2!

3 (
p50,2,4, . . .
~p5qÞ0!

(
q50,2,4, . . .

f p,q cos~ppx!cos~qpy!. (22)

Under expansion~20!, it turns outf p,q50 for p, q.6 so that~22!
is a truncated double series. It is fair to say that the controvers
w-F formulation arises from imposing the boundary conditio
for F in an average~integral! sense~@6,7#!. First, the cosine
expansion is justified in that *0

1(]2F/]x]y)x50,1dy
5*0

1(]2F/]x]y)y50,1dx50 imply zero shear stresses around t
plate edges in an average sense. Second, zero in-plane disp
ments around the plate edge are expressed by the following
gral constraints:

E
0

1E
0

1H 1

~12n2! S r 2
]2F

]y2 2n
]2F

]x2 D2
1

2 S ]w

]x D 2J dxdy50,

(23)

E
0

1E
0

1H 1

~12n2! S ]2F

]x22nr 2
]2F

]y2 D2
r 2

2 S ]w

]y D 2J dxdy50,

from which Cx and Cy are evaluated. Much has been argued
justify the integral boundary conditions imposed onF ~see Refs.
@6–9#!, and hence we have nothing new to add here. We sh
however, adopt here a utilitarian view to judge the efficacy of~22!
a posteriori by the consistency of modal equations that are
rived from it.

5 Two Plate Equations for w and F
For thew-F formulation, we first evaluate from~23!

Cx52
p2

2
~~11nr 2!a1,1

2 1~119nr 2!a1,3
2 1~91nr 2!a3,1

2

19~11nr 2!a3,3
2 !,

Cy52
p2

2
~~r 21n!a1,1

2 1~9r 21n!a1,3
2 1~r 219n!a3,1

2

19~r 21n!a3,3
2 !.

Next, by inserting~20! and ~22! into ~18! we expressf p,q in the
quadratican,m

f 0,25~a1,1
2 22a1,1a1,319a3,1~a3,122a3,3!!/8r 2,

f 0,45~a1,1a1,319a3,1a3,3!/16r 2,

f 0,65~a1,3
2 19a3,3

2 !/72r 2,

f 2,05r 2~a1,1
2 22a1,1a3,119a1,3~a1,322a3,3!!/8, . . . ,

f 6,45236r 2a3,1a3,3/~36116r 2!2, f 6,650, and

f p,q50 for p,q>8.
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They may be compared withbp,q in Table 1 of Levy@8# by letting
ai , j→(wi , j /h), f p,q→4bp,q /Eh2 and r 51.

With Cx , Cy , and f p,q , we can sort out from~17! modal equa-
tions for ai , j in an oscillator form by defining column vectorq
5(q1 ,q2 ,q3 ,q4),(a1,1,a1,3,a3,1,a3,3)

q̈1Cq1K50, (24)

where

C5S ~11r 2!2 0 0 0

0 ~119r 2!2 0 0

0 0 ~91r 2!2 0

0 0 0 81~11r 2!2

D
is the stiffness matrix. The diagonalC testifies town(x)wm(y)
being the plate modes. And, cubic amplitude~column! vector K
5(k1 ,k2 ,k3 ,k4) has the components

k154k1q1
313k5q1

2q212k14q1q2
213k6q1

2q312k11q1q2q3

1k12q2
2q312k15q1q3

21k13q2q3
212k9q1q2q412k10q1q3q4

1k18q2q3q412k19q1q4
2,

k25k5q1
312k14q1

2q21k11q1
2q312k12q1q2q31k13q1q3

2

1k9q1
2q41k18q1q3q414k2q2

312k20q2q3
213k7q2

2q4

12k16q2q4
2,

k35k6q1
31k11q1

2q21k12q1q2
212k15q1

2q312k13q1q2q3

1k10q1
2q41k18q1q2q412k20q2

2q314k3q3
313k8q3

2q4

12k17q3q4
2,

k45k9q1
2q21k10q1

2q31k18q1q2q312k19q1
2q41k7q2

3

12k16q2
2q41k8q3

312k17q3
2q414k4q4

3,

wherekn (n51 – 20) are relegated to the Appendix.
Let us now identify the Hamiltonian for~24!. With the conju-

gate p5q̇ the inertial term gives rise to kinetic energyHk

5
1
2pTp, and the stiffness matrix generates bending strain ene

Hb5
1
2qTCq, where the superscriptT denotes the transposed. W

then deduce the following membrane strain energy:

Hm5k1q1
41k2q2

41k3q3
41k4q4

41k5q1
3q21k6q1

3q31k7q2
3q4

1k8q3
3q41k9q1

2q2q41k10q1
2q3q41k11q1

2q2q31k12q1q2
2q3

1k13q1q2q3
21k14q1

2q2
21k15q1

2q3
21k16q2

2q4
21k17q3

2q4
2

1k18q1q2q3q41k19q1
2q4

21k20q2
2q3

2,

by integrating( i 51
4 * kidqi and eliminating all redundant quarti

terms~@10#!. From total HamiltonianH(p,q)5Hk1Hb1Hm , we
can rederive~24! directly from the Hamilton equations of motio
~@11#!

q̇i5
]H

]pi
, ṗi52

]H

]qi
, (25)

hence ~24! is Hamiltonian. Note that being Hamiltonian is
stronger dynamical property than energy-conserving. In f
the existence of Hamiltonian is anticipated from the ene
discussion in the beginning of this note. Though tedious,
can showH(p,q) is really the total energyUk1Ub1Um . That
is, ~13! reduces toUk5

1
2(ȧ1,1

2 1ȧ1,3
2 1ȧ3,1

2 1ȧ3,3
2 ) which is Hk ,

~14! becomesUb5
1
2((11r 2)2a1,1

2 1(119r 2)2a1,3
2 1(91r 2)2a3,1

2

181(11r 2)2a3,3
2 ) which is nothing butHb , and finally Um

5Hm by ~19!.
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6 Three Plate Equations forw, u, and v
Instead off p,q , we evaluatebi , j andci , j by inserting~21! into

~12!. Afterward, the modal equations are derived from~10! just as
we have done so from~17! in the w-F formulation. They are
again put in oscillator form~24! with the sameC as in Section 5,
but nowK5(R1 ,R2 ,R3 ,R4) has the following components:

R15$a1
1q1

31a2
1q1

2q21a3
1q1q2

21a4
1q1

2q31a5
1q1q2q31a6

1q2
2q3

1a7
1q1q3

21a8
1q2q3

21a9
1q1q2q41a10

1 q1q3q41a11
1 q2q3q4

1a12
1 q1q4

2%1$b1
1q2

31b2
1q3

31b3
1q1

2q41b4
1q2

2q41b5
1q3

2q4

1b6
1q2q4

21b7
1q3q4

21b8
1q4

3%,

R25$a1
2q1

31a2
2q1

2q21a3
2q1

2q31a4
2q1q2q31a5

2q1q3
21a6

2q1
2q4

1a7
2q1q3q41a8

2q2
31a9

2q2q3
21a10

2 q2
2q41a11

2 q2q4
2%

1$b1
2q1q2

21b2
2q2

2q31b3
2q3

31b4
2q1q2q41b5

2q2q3q4

1b6
2q3

2q41b7
2q1q4

21b8
2q3q4

21b9
2q4

3%,

R35$a1
3q1

31a2
3q1

2q21a3
3q1q2

21a4
3q1

2q31a5
3q1q2q31a6

3q1
2q4

1a7
3q1q2q41a8

3q2
2q31a9

3q3
31a10

3 q3
2q41a11

3 q3q4
2%

1$b1
3q2

31b2
3q1q3

21b3
3q2q3

21b4
3q2

2q41b5
3q1q3q4

1b6
3q2q3q41b7

3q1q4
21b8

3q2q4
21b9

3q4
3%,

R45$a1
4q1

2q21a2
4q1

2q31a3
4q1q2q31a4

4q1
2q41a5

4q2
31a6

4q2
2q4

1a7
4q3

31a8
4q3

2q41a9
4q4

3%1$b1
4q1

31b2
4q1q2

21b3
4q2

2q3

1b4
4q1q3

21b5
4q2q3

21b6
4q1q2q41b7

4q1q3q41b8
4q2q3q4

1b9
4q1q4

21b10
4 q2q4

21b11
4 q3q4

2%.

Table 1 Numerical coefficients for K ÄR under NÄ7, rÄ1, and
nÄA0.1

an
1 (n51 – 12) 21.31/28.95/127/28.95/23.56/270/127/270/247.93/

247.93/257/163.47
an

2 (n51 – 11) 23/127/11.73/2139.8/270.21/223.86/259.45/751.53/
585.46/2680.04/1679.93

an
3 (n51 – 11) 23/11.73/270.21/127/2139.8/223.86/259.45/585.46/

751.53/2680.04/1679.93
an

4 (n51 – 9) 224.1/224.1/259.89/163.7/2228.32/1689/
2228.32/1689/1712.69

bn
1 (n51 – 8) 21.11/21.11/21.39/2.36/2.36/6.49/6.49/20.28

bn
2 (n51 – 9) 23.13/24.03/21.8/4.01/9.41/7.34/8.52/3.86/20.8

bn
3 (n51 – 9) 21.8/23.13/24.03/7.34/4.01/9.41/8.52/3.86/20.8

bn
4 (n51 – 11) 20.52/1.37/7.29/1.37/7.29/18.26/18.26/8.42/

20.34/21.94/21.94

Table 2 Numerical coefficients for Um ÕqÄR under NÄ7, r
Ä1, and nÄA0.1

an
1 (n51 – 12) 21.32/28.94/127.1/28.94/23.43/269.97/127.1/269.97/

247.89/247.89/260.5/164.03
an

2 (n51 – 11) 22.98/127.1/11.72/2139.95/269.97/223.94/260.5/
752.26/586.62/2682.17/1693.46

an
3 (n51 – 11) 22.98/11.72/269.97/127.1/2139.95/223.94/260.5/

586.62/752.26/2682.17/1693.46
an

4 (n51 – 9) 223.94/223.94/260.5/164.03/2227.39/1693.46/
2227.39/1693.46/1732.87

bn
1 (n51 – 8) 20.94/20.94/21.46/1.67/1.67/9.57/9.57/20.14

bn
2 (n51 – 9) 22.82/24.83/21.61/3.34/15.99/8/9.57/4.26/2.06

bn
3 (n51 – 9) 21.61/22.82/24.83/8/3.34/15.99/9.57/4.26/2.06

bn
4 (n51 – 11) 20.49/1.67/8/1.67/8/19.13/19.13/8.52/20.43/6.18/6.18
Transactions of the ASME
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We observe the following. First, eachRi has 20~56!/3!3!! cubic
terms, corresponding to the combinations with repetitions
forming qlqmqn out of q. Second, the cubic terms in eachRi are
split into two curly brackets. In the first curly brackets, the ter
with coefficientan

i have the same cubic pattern as inki , and we
call them Type I cubic terms. The remaining terms in the sec
curly brackets with coefficientbn

i are called Type II cubic terms
For a givenN, there are3

2(N11) components each forbi , j and
ci , j so that solution of~12! requires inverting a matrix of 3(N
11)33(N11), which for instance is 636 for N51. It is there-
fore not feasible to present the analytical expressions foran

i and
Journal of Applied Mechanics
of

s

nd

bn
i , hence we shall present only their numerical values evalua

for r 51 and n5A0.1. For N57 the values ofan
i and bn

i are
summarized in Table 1. Beyond the huge array of numerical d
presented in the table, the point of contention is that one can
deduceHm directly from K5R. To see this, for instance,b1

1

Þ 1
3b1

2 in Table 1, andb1
1 and 1

3b1
2 are the coefficients ofq2

3q1 .
Hence, the modal equations forq are not Hamiltonian in the
w-u-v formulation or, put it more informally, cubic vectorK5R
is not energy-conserving when we truncate~21! at N57. Now, to
infer energy-conserving cubic vector we first evaluateUm from
~15!,
Um55.33q1
41188.01q2

41188.01q3
41433.22q4

422.98q1
3q222.98q1

3q32227.39q2
3q42227.39q3

3q4223.94q1
2q2q4223.94k10q1

2q3q4

111.72q1
2q2q3269.97q1q2

2q3269.97q1q2q3
2163.55q1

2q2
2163.55q1

2q3
21846.73q2

2q4
21846.73q3

2q4
21260.5q1q2q3q4

182.01q1
2q4

21293.31q2
2q3

220.94q1q2
320.94q1q3

321.61q2
3q321.61q2q3

320.49q1
3q411.67q1q2

2q411.67q1q3
2q417.99q2

2q3q4

17.99q2q3
2q419.57q1q2q4

219.57q1q3q4
214.26q2q3q4

220.14q1q4
312.06q2q4

312.06q3q4
3,
val-
re

of
s
g
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ds,
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Fig. 1 Approach to the energy-conserving cubic vector. - d-
maximum positive deviation; -- d-- maximum absolute negative
deviation.

Table 3 Percent deviation ranges in the numerical coefficients
of cubic terms

N Type I cubic terms Type II cubic terms

7 ~21.37,0.7%! ~2140%,94%!
11 ~20.32%,0.19%! ~278%,12%!
15 ~20.13%,0.077%! ~242%,4.3%!
19 ~20.063%,0.039%! ~223%,2%!
23 ~20.036%,0.022%! ~214%,1.1%!
27 ~20.022%,0.014%! ~29%,0.7%!
31 ~20.015%,0.009%! ~26%,0.46%!
35 ~20.01%,0.007%! ~24.3%,0.32%!
with ~21! truncated also atN57. Then, by~25! ]Um /]qi5Ri are
components of the energy-conserving cubic vector and their
ues ofan

i and bn
i are summarized in Table 2. We can therefo

quantify departure ofK5R from the energy-conserving]Um /
]Um /]q5R by comparingan

i and bn
i in Tables 1 and 2. It is

found thatan
i differ only slightly in small percent range~21.37

percent, 0.7 percent!, whereas the values ofbn
i deviate greatly

within a large percent range of~2140 percent, 94 percent!. These
deviation deviation ranges are entered into the row entries
Table 3 forN57 under Type I and II cubic terms, respectively. A
summarized in Table 3,K approaches the energy-conservin
]Um /]q asN is incremented by 4. Finally, atN535 thean

i have
almost attained the energy-conserving values, yet the percen
viation range ofbn

i is still more than61 percent.

7 Concluding Remarks
We began by presenting thin-plate equations of a modera

large deflection theory under thew-u-v and w-F formulations.
The main issue here is to ask if Hamiltonian property surviv
through the Galerkin procedure by which modal equations
derived for the first four symmetric modes of a simply-suppor
plate. The modal equations are indeed Hamiltonian in thew-F
formulation, whereas the corresponding modal equations
w-u-v formation are not and hence do not conserve the p
energy. In Table 3 the departure from energy conservation
been quantified by the percent deviations in Type I and II cu
amplitude terms. As the worst-case scenario, we plot in Fig. 1
percent deviations of Type II cubic terms overN57 – 35. By ex-
trapolating the maximum absolute negative deviation out to 1 p
cent, we findN;55 as a conservative estimate. In other wor
the expansions foru and v must include at least 84 sine term
each to assure less than61 percent deviation in the coefficientbn

i

from the energy-conserving cubic vector.
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Appendix

The Constantskn „nÄ1– 20….

k15
3

4
~4r 2n1~r 411!~32n2!!,

k25
3

4
~36r 2n1~81r 411!~32n2!!,

k35
3

4
~36r 2n1~811r 4!~32n2!!,

k45
243

4
~4r 2n1~r 411!~32n2!!,

k5523~12n2!, k6523r 4~12n2!,

k752243r 4~12n2!, k852243~12n2!,

k95227r 4S 11
1

~114r 2!2D ~12n2!,

k105227S 11
r 4

~41r 2!2D ~12n2!, k115
48r 4~12n2!

~11r 2!2 ,

k125224r 4S 9

8
1

8

~11r 2!2 1
25

8~114r 2!2D ~12n2!,

k135224r 4S 9

8r 4 1
8

~11r 2!2 1
25

8~41r 2!2D ~12n2!,

k14512r 4S 9

8
1

1

2r 4 1
2

~11r 2!2 1
1

8~114r 2!2D ~12n2!

13~~11r 2n!19r 2~r 21n!!,

k15512r 4S 1

2
1

9

8r 4 1
2

~11r 2!2 1
1

8~41r 2!2D ~12n2!

13~9~11r 2n!1r 2~r 21n!!,

k16527S 1

2
172r 4S 1

4
1

1

~119r 2!2 1
1

16~419r 2!2D D ~12n2!

127~~11r 2n!19r 2~r 21n!!,

k17527r 4S 1

2
172S 1

4r 4 1
1

~91r 2!2 1
1

16~914r 2!2D D ~12n2!

127~9~11r 2n!1r 2~r 21n!!,

k18512r 4S 9S 11
1

r 4D1
225

4 S 1

~41r 2!2 1
1

~114r 2!2D D ~12n2!,

k195
243

2
r 4S 1

~41r 2!2 1
1

~114r 2!2D ~12n2!127~~11r 2n!

1r 2~r 21n!!,

k20524r 4S 17

~11r 2!2 1
625

16 S 1

~41r 2!2 1
1

~114r 2!2D D ~12n2!

13~91r 2n19r 2~r 219n!!.
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An Infinite Plate Weakened by
Periodic Cracks
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An infinite plate weakened by doubly distributing cracks is stud
in this paper. Two loading cases, the remote tension and the
mote shear stresses, are assumed. Analysis is performed f
cracked cell cut from the infinite plate. It is found that the eige
function expansion variational method is efficient to solve
problem. The stress intensity factor, the T-stress, and the ela
response are evaluated. The cracked plate can be equivalent t
orthotropic medium without cracks. The equivalent elastic co
stants are presented.@DOI: 10.1115/1.1458558#

1 Introduction
Multiple crack problems in plane elasticity were investigated

many investigators~@1–3#!. A doubly periodic crack problem is a
particular one in this field, as was studied in~@4,5#!. In the fore-
going studies, the obtained results are limited to evaluate
stress intensity factor and some discrepancy has been found
tween the sources. Also, the effective elastic properties of so
with many cracks were investigated~@6#!. Recently, the doubly
periodic cracks were modeled by a superposition of many row
collinear cracks. The derivation was rather complicated and o
the normal loading case was considered~@7,8#!.

In this paper, an infinite plate weakened by doubly distribu
cracks is studied. The plate is subjected to the remote tensio
the remote shear stress. In both cases, the boundary value
lems can be reduced into a complex mixed one for a crac
rectangular cell. It is found that the EEVM~eigenfunction expan-
sion variational method! is efficient to solve the problem~@9#!.
The particular advantage of EEVM is that the relevant compu

Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF
MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, Feb. 1
2001; final revision, Nov. 22, 2001. Associate Editor: J. R. Barber.
02 by ASME Transactions of the ASME



h

t

n

i

l

ic
ote

ted

ked
-

er.
tion does not depend on any boundary collocation scheme w
is necessary in the boundary collection method. Generally, if
boundary collocation method is used, the boundary colloca
scheme will influence the final results. For both normal and sh
loading cases, the stress intensity factors and the deformatio
sponses are evaluated. From the obtained results it is shown
the cracked plate can be equivalent to an orthotropic med
without cracks.

2 Analysis
Based on the complex variable function method in plane e

ticity ~@10#!, the stresses (sx ,sy ,sy) and the displacements (u,v)
are expressed in terms of two complex potentialsf(z) andv(z)
such that

sx1sy54 Ref8~z!
(1)

sy2 isxy5f8~z!1~z2 z̄!f9~z!1v8~ z̄!
Journal of Applied Mechanics
ich
the
ion
ear

re-
that
um

as-

2G~u1 iv !5kf~z!2~z2 z̄!f8~z!2v~ z̄! (2)

whereG is the shear modulus of elasticity, andk5~32n!/~11n!
for the plane stress problem withn being the Poisson’s ratio.

In the following analysis, an infinite plate with doubly period
cracks as shown in Fig. 1 is first considered under the rem
tensionssx50, sy5p. The relevant elastic constants are deno
by n0 , G0 , E0 (E052G0(11n0)), and n050.3 is used in this
paper. In the analysis, it is convenient to cut a rectangular crac
cell from the infinite plate~Fig. 1~a!!. Clearly, the boundary con
dition for the cracked rectangle will be

v5 v̄56vb , sxy50 ~2b<x<b,y56h! (3a)

u5ū56ub , sxy50 ~x56b,2h<y<h! (3b)

wherevb andub are two unknown values to be determined lat
Clearly, the conditions in Eq.~3! are a complex mixed one.
Fig. 1 An infinite plate with the doubly periodic cracks, „a… the cracked rectangle in tension loading, „b… the
cracked rectangle in shear loading
JULY 2002, Vol. 69 Õ 553
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To solve the problem, we introduce the following complex p
tentials~@9#!:

f~z!5(
k51

2M

Xkf
~k!~z!, v~z!5(

k51

2M

Xkv
~k!~z! (4)

where

f~k!~z!5v~k!~z!5Az22a2z2k22, ~1<k<M !
(5)

f~k!~z!52v~k!~z!5z2~M2k!21, ~M11<k<2M !

andXk are the unknown coefficients. As shown previously~@9#!,
the displacements, strains, and stresses derived from the com
potentialsf(z) and v(z) in Eq. ~4! satisfy all governing equa
tions of plane elasticity and the traction-free condition on
crack faces.

It is proved that, for the following mixed boundary condition
for a cracked region~@9#!

s i j nj5 p̄i ~on Cp! ui5ūi ~on Cu!, (6)

whereCp is the portion of boundary where the tractions are giv
and Cu is the portion of boundary where the displacements
applied, and the actual solution can be obtained from the sta
ary condition of a functionalP defined as

P5E E
S
A~ei j !dF2E

Cp

p̄iuids2E
Cu

s i j nj~ui2ūi !ds (7)

whereA(ei j ) is the strain energy andS is the region of integra-
tion. Simply using the following steps:~a! substituting all the
quantities derived from the complex potentials in Eq.~4! and the
boundary values in Eq.~6! into Eq. ~7! and ~b! letting the func-
tional P be a stationary value, we can construct a system of a
braic equations for the undetermined coefficientsXk (k
51,2, . . . 2M ) in Eq. ~4!. This method for evaluating the stres
field for a cracked region is called EEVM@9#.

The actual solution for the problem can be obtained in the
lowing way. Under the conditionsvb51 andub50 in Eqs.~3a!
and ~3b!, the obtained stresses are denoted bysx(1) , sy(1) , and
sxy(1) . Similarly, under the conditionsvb50 andub51 in Eqs.
~3a! and ~3b!, the obtained stresses are denoted bysx(2) , sy(2) ,
and sxy(2) . The loading conditions along the boundary in F
1~a! lead to

vbE
0

b

sy~1!~x,h!dx1ubE
0

b

sy~2!~x,h!dx5bp

(8)

vbE
0

h

sx~1!~b,y!dy1ubE
0

h

sx~2!~b,y!dy50.

Thus, two unknown valuesvb andub can be determined from th
above equations, and the final solution is obtainable. In cas
usingM58, the calculated results for the model I stress intens
factor and the T-stress can be, respectively, expressed as

K15A1~h/b,a/b!p~pa!1/2, T52B1~h/b,a/b!
1

12~a/b!
p.

(9)

The calculatedA1(h/b,a/b) andB1(h/b,a/b) values are listed in
Table 1. It is found that the obtained results coincide with
previous ones~@5,7#!. For choosing the value ofM, we performed
computation for the cases ofM53,4, . . . , and thevalue ofM is
determined when the stable numerical results are obtained.

Clearly, from the deformation response in they-direction, the
cracked rectangle can be modeled by an orthotropic medium w
out the cracks. It is known that the constitutive equation in
orthotropic medium takes the form~@11#!
554 Õ Vol. 69, JULY 2002
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1

E1
sx2

n21

E2
sy , «y52

n12

E1
sx1

1

E2
sy , gxy5

1

G12
sxy

(10)

where there is a relation as follows:

~E2n12!/~E1n21!51. (11)

From the assumed loading condition and the numerical solu
mentioned above, we have

sx,av50, sy,av5p, «x,av5
ub

b
, «y,av5

vb

h
(12)

Table 1 The calculated nondimensional stress intensity
factors and the T-stresses

A1(h/b,a/b) values~see Fig. 1 and Eq.~9!!

a/b 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
h/b50.4 0.966 0.900 0.853 0.847 0.886 0.977 1.140 1.4
h/b50.6 0.993 0.977 0.967 0.977 1.019 1.104 1.252 1.5
h/b50.8 1.000 1.003 1.013 1.038 1.086 1.168 1.304 1.5
h/b51.0 1.003 1.012 1.031 1.062 1.113 1.194 1.325 1.5
h/b51.5 1.004 1.017 1.039 1.075 1.128 1.209 1.340 1.6
h/b52.0 1.004 1.017 1.040 1.076 1.127 1.216 1.344 1.5

B1(h/b,a/b) values~see Fig. 1 and Eq.~9!!

a/b 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
h/b50.4 0.846 0.636 0.436 0.278 0.167 0.090 0.045 0.0
h/b50.6 0.883 0.743 0.597 0.461 0.342 0.242 0.161 0.0
h/b50.8 0.894 0.779 0.662 0.546 0.437 0.335 0.241 0.1
h/b51.0 0.898 0.793 0.687 0.581 0.477 0.376 0.278 0.1
h/b51.5 0.900 0.800 0.699 0.599 0.499 0.399 0.299 0.2
h/b52.0 0.900 0.800 0.700 0.600 0.500 0.401 0.301 0.2

A2(h/b,a/b) values~see Fig. 1 and Eq.~18!!

a/b 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
h/b50.4 1.025 1.088 1.170 1.258 1.345 1.431 1.535 1.7
h/b50.6 1.011 1.043 1.090 1.147 1.212 1.292 1.405 1.6
h/b50.8 1.007 1.027 1.059 1.102 1.160 1.239 1.361 1.5
h/b51.0 1.005 1.021 1.047 1.085 1.140 1.219 1.344 1.5
h/b51.5 1.004 1.017 1.040 1.076 1.129 1.208 1.330 1.5
h/b52.0 1.004 1.017 1.040 1.075 1.128 1.205 1.324 1.5

Fig. 2 Normalized elastic constant C1„h Õb ,aÕb …„ÄE2 ÕE0…
Transactions of the ASME
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where the subscript ‘‘av ’’ means that the relevant quantity shou
be understood in the sense of average on some portion o
boundary.

Substituting Eq.~12! into Eq. ~10! yields

E25
hp

vb
, n2152

hub

bvb
. (13)

The calculatedE2 values are expressed by

E25C1~h/b,a/b!E0 (14)

and the calculatedC1 values are plotted in Fig. 2.
Since the crack does not influence the relevant stress-strai

lation in thex-direction, we haveE15E0 and n125n0 . Clearly,
the results obtained forE2 , n21 andE1(5E0), n12(5n0) may not
satisfy the relation Eq.~11! exactly. In fact, in the range forh/b
and a/b used in the numerical example, the rati
(E2n12)/(E1n21) are varying within the range from 0.9990 t
1.0013. This is to say that the proposed assumption coincides
the physical situation very well.

Since the relation~11! is satisfied almost exactly, by using th
relations E15E0 , n125n0 and Eq. ~14!, it follows n21/n0
5C1(h/b,a/b). Therefore, from the functionC1(h/b,a/b) we
can also obtain information for the reduction of Poisson’s rati

The response of the periodic cracks to the shear loading ca
investigated in a similar manner~Fig. 1~b!!. In this case we as-
sume that only the remote shear traction is nonzero such
sxy5q.

Similar to the tension case, the boundary conditions for
cracked cell are

u5ū56ub , sy50 ~2b<x<b,y56h! (15a)

v5 v̄56vb , sx50 ~x56b,2h<y<h! (15b)

whereub andvb are two unknown values to be determined by

E
0

b

sxy~x,h!dx5bq

(16)

E
0

h

sxy~b,y!dy5hq.

In this case, the eigenfunction expansion form Eq.~4! is still used
with the following components:

f~k!~z!5v~k!~z!5 iAz22a2z2k22, ~1<k<M !
(17)

f~k!~z!52v~k!~z!5 iz2~M2k!21, ~M11<k<2M !.

As before, letting the corresponding functional as in Eq.~7! be
a stationary value yields the final solution. Finally, the calcula
mode II stress intensity factor is expressed by

K II5A2~h/b,a/b!q~pa!1/2. (18)

The calculatedA2 values are listed in Table 1.
From Table 1 we see that, in the case ofh/b50.4,A1(h/b,a/b)

is generally lower thanA2(h/b,a/b). However, in the case o
h/b>1.0, the two valuesA1(h/b,a/b) and A2(h/b,a/b) are ap-
proximately on the same level.

From the numerical solution we can obtain the average st
and strain for the cracked rectangle

sxy,av5q, gxy,av5
ub

h
1

vh

b
. (19)

As before, substituting Eq.~19! into Eq. ~10! yields

G125qS ub

h
1

vb

b D 21

. (20)

Similarly, the calculatedG12 values can be expressed as

G125C2~h/b,a/b!G0 . (21)
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The nondimensional valuesC2 values are plotted in Fig. 3. From
Figs. 2 and 3 we see that, for the same values ofh/b and a/b,
C1(h/b,a/b) is generally lower thanC2(h/b,a/b). That is to say
the reduction of rigidity in the normal loading case is higher th
one in the shear loading case.

3 Conclusion
For an infinite plate with periodic cracks, the elastic respon

for any cracked cell to the external loading can be obtained.
eigenfunction expansion variational method is an effective way
solve the cracked cell problem with finite dimension. The su
gested method can provide the accurate result for the stress i
sity factors and the elastic response with relatively less effort.
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Nonlinear Time-Dependent
Thermoelastic Response in a
Multilayered Anisotropic Medium
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A time-dependent nonlinear thermoelastic problem of a multil
ered anisotropic medium with a certain specific form
temperature-dependent material properties in generalized pl
deformation is analyzed by flexibility/stiffness matrix technique
the article. The closed-form general solutions of temperature,
placements, and stresses can then be obtained in the Fourier
the Laplace transform domains by using the technique of Kir
hoff transformation. The effects of temperature-dependent m
rial properties on the distributions of temperature and therm
stresses are also calculated and discussed.
@DOI: 10.1115/1.1458555#

1 Introduction
Time-dependent thermal and mechanical analysis of anisotr

multilayered medium has attracted increasing attention over
past few decades due to its wide applications. This note is ma
concerned with nonlinear time-dependent thermal stress prob
of a multilayered anisotropic medium with temperature-depend
material properties. Besides the nonlinear and transient chara
istics, the inherent heterogeneous and anisotropic nature of
ered composites in both thermal and elastic behaviors make
analysis of such materials very difficult and complicated. Con
quently, even for a nonlinear heat conduction problem with l
early temperature-dependent material properties, the analytica
lutions are only confined to the cases in a homogeneous si
layer ~Halle @1#, Peletier@2#, Suzuki et al.@3#, Ozisik @4#, and Tao
@5#! or two-layer slab~Chang and Payne@6#!. The methods of
flexibility/stiffness~Thangjitham and Choi@7#, Chen and Jang@8#,
and Chen et al.@9#! and transfer matrix~Bahar and Hetnarsk
@10#! are very efficient analytical matrix approaches and ha
been successfully developed to solve the problems of multilaye
medium by the investigators abovementioned in recent years.
isting literature reveals that the nonlinear transient thermoela
problem of a multilayered anisotropic medium with temperatu
dependent material properties, however, has seldom been s
by an analytical approach. Most of the investigations are devo
to the numerical study~Noor and Tenek@11#!. In this note, the
nonlinear time-dependent thermoelastic problem of a multilaye
anisotropic medium subjected to thermal and/or mechanical lo
ings with temperature-dependent material properties under
state of generalized plane deformation is dealt with by the met
of a flexibility/stiffness matrix. Exact solutions are obtained on

1To whom correspondence should be addressed.
Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF

MECHANICAL ENGINEERSfor publication in the ASME JOURNAL OF APPLIED ME-
CHANICS. Manuscript received by the ASME Applied Mechanics Division, May
2001; final revision, Oct. 5, 2001. Associate Editor: L. T. Wheeler.
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when the temperature-dependent material properties are con
to some specific expressions. The original nonlinear tim
dependent differential equation of heat conduction is first line
ized by the Kirchhoff transformation. By utilizing the Fourier an
Laplace transform techniques, the general solutions to this lin
ized heat conduction and thermoelastic problem for layers w
monoclinic properties are then derived. The flexibility/stiffne
matrix method is then adopted to obtain the complete solution
the entire layered medium by introducing the thermal and m
chanical boundary and layer interface conditions. As a numer
illustration, the distributions of time-dependent temperature a
thermal stresses in a laminated anisotropic slab subjected
uniform surface temperature rise are presented for some stac
sequences of fiber-reinforced layers. Moreover, the effects
temperature-dependent material properties on the distribut
of temperature and thermal stresses are also calculated
discussed.

2 Governing Equations and General Solutions
Suppose a layered slab, as shown in Fig. 1, composed oN

fiber-reinforced layers is deformed under the state of general
plane deformation such that no normal strain occurs in
y-direction and all field variables are functions of coordinatesx, z
and timet only.

T5T~x,z,t !, (1a)

u5u~x,z,t !, (1b)

v5v~x,z,t !, (1c)

w5w~x,z,t ! (1d)

whereT is the temperature field; andu, v, and w represent the
displacement components in thex, z, and z-directions,
respectively.

The temperature field satisfies the transient-state nonlinear
conduction equation

]

]x S k̃11~T!
]T

]x D1
]

]z S k̃33~T!
]T

]zD5r~T!c~T!
]T

]t
(2)

wherek̃i j (T), i , j 51,2,3 are the coefficients of heat conductivit
which are temperature-dependent, in the structural coordinate
the medium as shown in Fig. 1.

The relations between heat fluxes and temperature gradient

H qx

qy

qz

J 5F k̃11~T! k̃12~T! 0

k̃12~T! k̃22~T! 0

0 0 k̃33~T!
G 5

2
]T

]x
0

2
]T

]z
6 (3)

where qx , qy , and qz are the heat fluxes alongx, y, and
z-direction, respectively.

The Kirchhoff transformation is then adopted by introducing
function, U, which is called the equivalent or effective temper
ture defined as

U5E
T0

T k̃11~T!

k̃110

dT (4)

where k̃i j 0 is the material conductivity coefficients at referen
temperatureT0 .

After using this transformation, the nonlinear transient h
conduction Eq.~2! becomes a more convenient form as follow
,

02 by ASME Transactions of the ASME
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Fig. 1 Configuration of N-layer anisotropic medium
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d to
]2U

]x2 1
]

]z F S k̃33

k̃11
D ]U

]z G5S rc

k̃11
D ]U

]t
(5)

wherer and c denote the density and the specific heat, resp
tively.

The heat conduction coefficients of material are assumed t
linear functions of the temperature as follows:

k̃i j 5 k̃i j 0@11m1~T2T0!#. (6)

Therefore,k̃33/ k̃115 k̃330/ k̃110 and the relation betweenU and T
can be obtained:

U~x,y,z!5T~x,y,z!2T01
m1

2
@T~x,y,z!2T0#2. (7)

Moreover, the equations of heat fluxes~3! can also be converted
into the following equations in terms ofU:

qx52 k̃110

]U

]x
, qy52 k̃120

]U

]x
, qz52 k̃330

]U

]z
. (8)

Consequently, it is obvious that Eq.~5! becomes linear eithe
for steady-state problems or for time-dependent problems in
the thermal diffusivity,k̃11/rc, is independent of the temperatur
In this note, the problem studied is only confined to the condit
that the term ofk̃11/rc, is also temperature-independent. T
thermal expansion coefficients of material,a i j , are also assumed
to be linear functions of the temperature as follows:

a i j 5a i j 0@11m2~T2T0!# (9)

wherea i j 0 is the thermal expansion coefficients at reference te
peratureT0 .

Under the condition of generalized plane thermoelasticity
equilibrium equations of a given layer expressed in terms of
displacement components and temperature can then be rearra
and reduced to the linear forms expressed as

C̃11

]2u

]x2 1C̃55

]2u

]z2 1C̃16

]2v
]x2 1C̃45

]2v
]z2 1~C̃131C̃55!

]2w

]x]z

5b10

]V

]x
(10a)
hanics
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C̃16

]2u

]x2 1C̃45

]2u

]z2 1C̃66

]2v
]x2 1C̃44

]2v
]z2 1~C̃361C̃45!

]2w

]x]z

5b60

]V

]x
(10b)

~C̃131C̃55!
]2u

]x]z
1~C̃361C̃45!

]2v
]x]z

1C̃55

]2w

]x2 1C̃33

]2w

]z2

5b30

]V

]z
(10c)

whereC̃i j ( i , j 51;3) denote the elastic stiffness constants; and

b105C̃11ã1101C̃12ã2201C̃13ã3301C̃16ã120 (11a)

b305C̃13ã1101C̃23ã2201C̃33ã3301C̃36ã120 (11b)

b605C̃16ã1101C̃26ã2201C̃36ã3301C̃66ã120 (11c)

V5~T2T0!1
m2

2
~T2T0!2. (11d)

It can be seen that ifm25m1 , then U5V; moreover, ifm2
50, thenV5T. Since the heat conduction equation contains n
elastic energy term, and the inertia is neglected in the momentu
balance equations, these analyses may be, in general, referre
as weak coupled thermoelasticity in thermal stress literature~Bo-
ley and Weiner@12#!.

To solve the linearized field Eqs.~5! and ~10a! to ~10c!, the
Fourier and Laplace transforms are applied over the variablesx
and t. The transform pairs for an arbitrary functiong(x,t) are
defined as

ḡ~s,t !5E
2`

`

g~x,t !eisxdx,g~x,t !5
1

2p E
2`

`

ḡ~s,t !e2 isxds

(12a)

ḡ* ~s,t !5E
0

`

ḡ~s,t !e2ptdt,ḡ~s,t !5
1

2p i Ev2 i`

v1 i`

ḡ* ~s,p!eptdp

(12b)
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where an overbar denotes the Fourier transformed quan
a superscript* represents the Laplace transformed quantity; a
s and p are the Fourier and Laplace transform paramete
respectively.

In the Fourier and Laplace transform domain, the govern
equations for the thermoelasticity, Eqs.~10a!–~10c!, under the
condition ofm15m2 can be arranged and rewritten by a system
linear nonhomogeneous ordinary differential equations expre
as follows:

M1

d2c̄*

dz2 1M2

dc̄*

dz
1M3c̄* 5c̄0* (13a)

where c̄* (s,z,p)5$ū* (s,z,p) v̄* (s,z,p)w̄* (s,z,p)%T is the dis-
placement vector in the Fourier and Laplace transform dom
M i(s,p), i 51,2,3, are the 333 symmetric matrices which ar
functions of elastic stiffness constants and transform paramets
andp; and the vectorc̄0* (s,z,p) is related to equivalent tempera
ture fieldŪ* (s,z,p) having the form

c̄0* ~s,z,p!5H 2 isb10Ū* ~s,z,p!

2 isb60Ū* ~s,z,p!b30

d

dz
Ū* ~s,z,p!J . (13b)

Consequently, it is easy to solve Eq.~13! to give the displace-
ments and stresses in the transform domain~@7#!.

Similarly, under the condition that the field variables and th
first derivatives with respect tox vanish asx→6`, and the initial
value is zero, the heat conduction of Eq.~5! can be expressed a

]2Ū*

]z2 1S rcp1s2k̃11

k̃33
D Ū* 50. (14)

Consequently, it is easy to solve Eq.~14! to give the equivalent
temperature field in the transform domain as

Ū* ~s,z,p!5H1 cosh~kz!1H2 sinh~kz! (15)

where H j (s,p), j 51,2, are the unknown constants to b
evaluated from the proper boundary conditions andk

5sA(rcp/s21 k̃11)/ k̃33. It is noted that the variabless and p in
the above equation are regarded as parameters. When the La

transform parameterp50, thenk5sAk̃11/ k̃33, and this case re-
duces to the condition of steady-state. The transformed heat fl
are then obtained by taking the Fourier and Laplace transform
Eq. ~8! and using Eq.~15!.

3 Flexibility and Stiffness Matrix Formulation
The flexibility matrix equation of heat conduction can be fo

mulated by establishing the relations between equivalent temp
ture and heat flux in the transform domains on the upper
lower surfaces of each layer. For an imperfectly bondedN-layer
medium with interlayer thermal resistance subjected to arbitr
temperature variations on the bounding surfaces, the the
boundary and interface conditions are prescribed as follows:

Ū1*
15ŪU* (16a)

q̄k*
25q̄k11* 1 , (16b)

q̄k*
25

1

Rk
~Ūk11* 1 2Ūk*

2!, k51,2, . . . ,~N21! (16c)

ŪN*
25ŪL* (16d)

whereŪk*
2 andŪk11* 1 are the transformed equivalent temperatu

on the lower~2! and upper~1! surfaces ofkth and (k11)th
layers, respectively;q̄k*

2 andq̄k11* 1 are the transformed transvers
heat fluxes on the lower and upper~1! surfaces ofkth and (k
558 Õ Vol. 69, JULY 2002
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11)th layers, respectively;Rk is the interlayer thermal contac
resistance, which is defined as the reciprocal of interlayer ther
conductanceh between thekth and (k11)th layers, i.e.,Rk
51/h. For a perfect bonded interface,Rk is equal to null, and the
temperature distributions become continuous between two a
cent surfaces, i.e.,Ūk*

25Ūk11* 1 ; ŪU* andŪL* represent the trans
formed equivalent temperature on the upper and lower surface
the multilayered medium, respectively.

By denotingq̄1* 5q̄1*
1 and q̄N11* 5q̄N*

2 the transformed trans
verse heat fluxes on the upper and lower bounding surfaces o
multilayered medium, respectively, andq̄k11* 5q̄k*

25q̄k11* 1 , k
51,2, . . . , (N21), the common interfacial transverse heat flux
between thekth and (k11)th layers, the successive applicatio
of the equations in Eqs.~16a!–~16d! lead to the global flexibility
matrix equations for theN-layer medium written as

F11
1 q̄1* 1F12

1 q̄2* 5ŪU* (17a)

F12
k q̄k* 1~F22

k 1F11
k112Rk!q̄k11* 1F12

k11q̄k12* 50,

k51,2, . . . ,~N21! (17b)

F12
N q̄N* 1F22

N q̄N11* 52ŪL* . (17c)

The above equations can also be expressed in matrix form a

Fq̄* 5Ū* (18)

whereF is an (N11)3(N11) symmetric global flexibility ma-
trix with half-bandwidth two and is the given function of therm
properties, the thickness of each layer and transformed param
p ands; q̄* is the global vector containing the unknown interfac
transverse heat fluxes in the transformed domain,
$q̄1* q̄2* . . . q̄N11* %, and Ū* is the vector containing the trans
formed equivalent surface temperature and zero elements.

The stiffness matrix equations of moment balance can be
mulated in the same way by establishing the relations betw
stresses and displacements in the transform domains on the u
and lower surfaces of each layer. By using the boundary co
tions of applied tractions and/or displacements at the upper
the lower surfaces of the multilayered medium, the continu
conditions of transformed normal stress,s̄zz* , transformed shear
stresses,t̄xz* andt̄yz* , as well as the continuity conditions of trans
formed displacements,ū* , v̄* and w̄* , a system of algebraic
equations can be formulated and expressed as

K d̄* 5 f̄ * 1 r̄ * (19)

whereK is a 3(N11)33(N11) symmetric global flexibility ma-
trix with half-bandwidth six and is the given function of elast
stiffness constants, the thickness of each layer and transfor
parametersp ands; d̄* is a global vector containing the unknow
displacements in the transform domain, i.e.,

$ iw̄1* ū1* v̄1* iw̄2* ū2* v̄2* . . . iw̄N11* ūN11* v̄N11* %,

f̄ * is a vector of transformed traction forces applied on the surf
and zero elements, andr̄ * is a vector related to equivalent tem
perature.

The solution procedures are to solve the Eq.~18! to evaluate the
heat fluxes and the equivalent temperature first and then to d
mine the displacements and the stresses by Eq.~19!. Moreover,
the inversion integral of Fourier transform with respect to E
~12a! is evaluated by numerical integration based upon trape
dal rule, while the inversion integral of Laplace transform for E
~12b! is numerically carried out by Fourier series expansion
veloped by Durbin@13#.
Transactions of the ASME
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Fig. 2 Distributions of „a… temperature T, „b… distributions of normal stress
sxx , „c… distributions of shear stress txy , „d… normal stress syy at time instant
tÄ2 min. without interlayer thermal resistance „uÄ30 deg …
e-
ra-

top
4 Numerical Examples and Discussions
Thermal and mechanical boundary conditions of

@0 deg/90 deg/u/2u#S balanced symmetrically laminated slab a
prescribed as follows:

T1
1~x!5H TU1T0 ; uxu<a

T0 ; otherwiseJ (20a)

TN
2~x!5T0 ; uxu,` (20b)

sZZ
11~x!5tXZ

11~x!5tYZ
11~x!50; uxu,` (20c)

sZZ
N2~x!5tXZ

N2~x!5tYZ
N2~x!50; uxu,`. (20d)
hanics
a
re

These equations imply that a uniform temperature riseTU is im-
posed in a region of 2a on the top surface of the laminated m
dium, while the surfaces otherwise remain the original tempe
ture T0 . Moreover, all the surfaces are free of traction.

Therefore, the equivalent temperature distribution on the
surface of the slab becomes

U1
1~x!5UU~x!5H TU1

m1

2
TU

2 ; uxu<a

0; otherwise
J . (21)

Taking Fourier and Laplace transforms over Eq.~21! yields
JULY 2002, Vol. 69 Õ 559
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1* ~s,z,p!5
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~2TU1m1TU

2 ! (22)

while the thermal and mechanical boundary conditions of E
~20b!–~20d! in the Fourier and Laplace transform domains a
still equal to zero. The same thermal and elastic properties
given in the literature~@8,9#! are adopted for our following nu
merical calculation in order to make comparison and investig
the effects of temperature-dependent material properties on t
dependent thermoelastic response. The unidirectional fi
reinforced constituting layer is composed of fiber T300 graph
and matrix epoxy. For a specific fiber volume fractionVf50.5, the
gross thermal and elastic properties at reference temperatur
obtained as

C1105114 Gpa, C2205C33058.7 Gpa, C1205C13053.3 Gpa,

C23053.4 Gpa, C44052.7 Gpa, C5505C66058.7 Gpa,
560 Õ Vol. 69, JULY 2002
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k110542.1 W/m•K, k2205k33050.466 W/m•K,

a11050.02531026 m/m•K, a2205a330532.431026 m/m•K,

r051.443103 kg/m3, c051.763103 J/kg•K.

Eight layered composite slabs with the same layer thickn
1.25 mm and fiber angles 30 and 90 deg. are considered, res
tively, in the article. The parameters of temperature-depend
material properties for coefficients of thermal conductivity,m1 ,
and thermal expansion coefficients,m2 , are assumed to be iden
tical ~denoted thereafter bym! and equal to 0.001, 0.005, an
0.01, respectively. The dimension of a heated area is taken t
2a5H510 mm, whereH is the overall thickness of the slab
Figure 2 shows the distributions of temperature and stress com
nentssxx , syy , andtxy , through the thickness atx50 with fiber
angleu530 deg for different nonlinear parameterm at time in-
stant t52 min without interlayer thermal contact conductanc
Transactions of the ASME
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Fig. 3 Distributions of „a… temperature T, „b… normal stress sxx , „c… normal
stress syy , „d… normal stress szz at time instant tÄ10 sec. with interlayer ther-
mal resistance at interface between fourth and fifth layers „hÄ100 WÕm2K,
uÄ30 deg …
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Figure 3 shows the distributions of temperature and stress com
nentssxx , syy , andszz, through the thickness atx50 with fiber
angleu590 deg for different nonlinear parameterm at time in-
stant t510 sec with interlayer thermal contact conductanceh
5100 W/m2

•K at the interface between the fourth and fifth laye
only. It can be seen that the temperature is continuously dis
uted through the thickness of the medium if there is no interla
thermal resistance. However, the temperature distribution
comes discontinuous, as expected, at the interface between
layers having interlayer thermal resistance. Moreover, the di
bution of stress component,szz, is continuous through the thick
ness as expected; while the distributions of stress compon
sxx , syy , and txy , are not continuous through the thicknes
because the latter are not the continuity conditions of layered
hanics
po-

rs
rib-
yer
be-
two
tri-

nts,
s,
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dium as described in the previous section. Since the value
thermal conductivity is assumed to increase with increasing t
perature, the distributions of temperature predicted by nonlin
theory are, therefore, always higher than by linear theory due
faster heat conduction rate. Consequently, the induced the
stresses evaluated by nonlinear theory are also larger than b
linear theory. The maximum discrepancy in thermal stresses
tween two theories is significant and approximately more than
percent even whenm50.001.

5 Concluding Remark
The nonlinear time-dependent thermoelastic response of a

tilayered anisotropic slab subjected to thermal loading w
JULY 2002, Vol. 69 Õ 561
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temperature-dependent material properties are analyzed by
technique of flexibility/stiffness matrix. Compared to the conve
tional solution procedure, it is well known that this method pr
vides a higher computational efficiency by significantly reduc
the number of equations that must be solved for the required
known constants. It is seen that the closed-form general solut
are possible to obtain in the transform domains only in the cas
which the material properties exhibit some specific linear fu
tions of temperature. The analytical solutions and results un
special condition given here may not only be used as a too
design and analysis but also serve a useful purpose in providi
check upon other solution procedures. The results show tha
effects of nonlinear parameter on the distributions of tempera
and stress become appreciable if the nonlinear parameterm be-
comes larger. The discrepancy between linear and nonlinear
tions will be more than 20 percent when the nonlinear param
m is larger than 0.001.
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